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Sharp Remez inequality

S. Tikhonov and P. Yuditskii

ABSTRACT. Let an algebraic polynomial P, (¢) of degree n be such that |P,({)] <1
for ( € E C T and |E| > 2r — s. We prove the sharp Remez inequality

sup | P (O)] < Ty (sec %),
CeT 4
where ¥, is the Chebyshev polynomial of degree n. The equality holds if and only if

0
), co,c1 € R.

2

This gives the solution of the long-standing problem on the sharp constant in the
Remez inequality for trigonometric polynomials.

P, (&%) = ¢inz/2en)g (sec Z cos

1. Introduction
Let ¥,,(x) be the Chebyshev polynomial of degree n, i.e.,
1 n n
Tp(x) = §<(x—|— Va2 —1)" + (z — Va? - 1) >

for every x € R and |B| denote the Lebesgue measure of a measurable set B.
The Remez inequality [22] for algebraic polynomials P, asserts that

2+ s
P ()] <%, :
xg[l—al),(l] [ Pu) <2 — 5)

for every P, satisfying
fo: L1 P (@) <1} 225, 0<s<2

Moreover, the equality holds if and only if
P,(x) =£%,

) =27, (2

The Remez inequality plays an important role in many problems in approximation

theory, harmonic and functional analysis (see, for example, [3], 4} [5, 25] and references
therein).

:I:2x+s>
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A similar question for trigonometric polynomials is a widely studied and open prob-
lem. In more detail, consider the space of (complex) trigonometric polynomials of
degree at most n € N; i.e.,

N, = {Qn D Qu(T) = Z e ¢, eC, xz¢€ [O,27r)}.

|k|<n

PROBLEM A. How large can ||Qn||L.(j0,27)) be if

(1.1) er [0,27) : |Qn ()] <1}‘ > o — s
holds for some 0 < s < 2mw?

In other words, we study the best constant in the Remez inequality

(1.2) 1Qnllco.2m) < C(1,9)||@nllc(o,2e0\B) Qn €Ny, |B| = s.

The problem of finding the sharp constant in the Remez inequality, or at least of
obtaining some suitable bounds on this constant, has been extensively studied starting
from the 1990s (see, e.g., [1l, 2, B, 8], @, 11, 13), 14, 15|, 20]) but some estimates were
established much earlier |24, 26].

The sharp constant in (1.2)) is known only in the case of an interval, that is, (see,

e.g., [8])
a
(1.3) [@Qnllcio2mn < (i'zn(CSC §)HQHHC[_@,@}, [~a,a] C [-m, 7]

In the general case the problem remains open. Erdélyi [8] proved that

C(n,s) < exp(4ns), s < g
Later on, this result was slightly improved in [13] as follows C(n,s) < exp(2ns).
Moreover, it is known [20] that, for a fixed n,

2
C’(n,s)zl—i—@—l—O(s‘l) as s — 0.

Several papers studied the behavior of the constant C'(n, s) in (1.2)) for B with large
measure (|B| = s > 7), see [9, 13} [18]. In this case, we have

ot 18 < (5 )

2m — S8

where A is an absolute constant which can be taken as 17.
The solution of the aforementioned Problem A is given as follows.

THEOREM 1.1. Let Q € M, be such that (1.1)) holds for some 0 < s < 2w. Then

s
(1.4) 1@l cro,2m) < ‘Izn<sec Z)
Moreover the equality holds if and only if

S T — Cp

Q(z) = 1%y, (sec 1598

), co,c1 € R.
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Estimate (1.4]) confirms a conjecture by Erdélyi [9], also stated in [13].
The proof of Theorem is based on a solution of the following more general
problem.

PROBLEM B. Let
Po(Q) = Ao+ AiC+- -+ A", (=€,
and
Pu(B) = {P(Q): IPa(O)] < 1€ € B,
where E C T is a measurable set. For a fived s € (0,27) find
sup{Pnrenpa%E) |Po(e)| - |E] = 27 — s}
c€l0,2m)

Since for a trigonometric polynomial Qy,(z) = Y. _, ., cxe™ one has Qn(x)e™" =

S

PQn(em) with [|Qn|lc = HPQNHC and |Qn(‘730)| = |P2n(€ix0)|u where
max | Py, ()] = | Py (™)],

Pn€Pn(E)
ce0,2m)

Theorem will follow from the corresponding solution of Problem B for even-degree
polynomials. For the partial case of even trigonometric polynomials, i.e., having the
form P,(cost), see also the recent preprint [10]. We point out that we solve Problem
B for all integer n.

Now we can state our main result.

THEOREM 1.2. Let P,(() be an algebraic polynomial of degree n bounded by one on
a subset E of the unit circle T. If |E| > 21 — s for some 0 < s < 27, then

(1.5) sup |P,(¢)| < % (sec f) :
CeT 4
Moreover, the equality holds if and only if
(1.6) P, (e?) = ¢ln=/2teg <sec Z cos = _2 CO) , ¢co,c1 €R.

We reduce Problem B to Problems C and D below.
PROBLEM C. Let E be a closed proper subset of T,

g
(1.7) E =T\ U(emﬂ',eibﬁ), 0<g< oo

j=0
Let ‘

Po(Q) = Ao+ AiC+ -+ A", (=€,
and
Pu(B) = {P.(Q): IP(OI < 1.C € B,

Find

ic
Pnrcgi}({m [ Pa(e™)].
c€(ag,bg)
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PROBLEM D. Let E and P,(F) be given as in Problem C. Find

1c -
Pnrenng) | P (e")], c € (ag,by), c is fized.

In the next Section we reveal the structure of extremal polynomials in Problem D.
We describe them by means of certain conformal mappings on the comb domains, see
Theorem [2.1} Particularly, this allows us to define the so-called n-regular extension for
a given set F and to give a relation between the solutions of Problems C and D. In
Section 3 we prove our main theorem. First, in Lemma [3.1] we show that an extremal
configuration of a set E for Problem B belongs to the class of n-regular sets (a set
which coincides with its n-regular extension). Second, in Lemma we prove that
among these sets a single-arc set is extremal. Finally, we obtain an explicit formula for
extremal polynomials using some elementary conformal mappings.

2. Comb domains and solutions of Problems D and C

Comb-domains and the corresponding conformal mappings were introduced by
Akhiezer and Levin, see [16]. Nowadays they are actively used in spectral theory
(see, e.g., [17]) and approximation theory (see, e.g., [23]). For a modern presentation,
see [12]. In this paper we will employ only the periodic n-regular comb domains.

DEFINITION 1. Let g € N and {hy}]_, be a collection of positive numbers. The
periodic n-reqular comb domain is of the form

H(hOa"' 7hg) = H(hOa 7hg;w0>"' awg)

g

k=0 meZ

where wy, = 27?%, 0 < Jkx <n; see Fig. 1.

ho
hy

A
VAV,
. _10\ / \ak bk/ 2

V4

FIGURE 1. Comb domain and graph of the function cos £60(z) on the period

For IT = II(ho, - - - , hy), consider the conformal mapping 6 defined as follows:
(2.1) 6:C, —1I, O(iy) ~ iy as y— oo.



SHARP REMEZ INEQUALITY 5
We say that a set E' is n-regular if
E = {e"'Z 1z € G_I(R)},

where 6 is given by ([2.1)). Note that in this case the endpoints of the gaps in ([1.7)) are
given by

ap = 60~ (wp — 0), 0<k<yg;
be =0 ' (we+0), 0<k<yg.
THEOREM 2.1. For an extremizer T, (&%, €' E) of Problem D, cy € (ag,by), there

exists the representation

(2.2) T, () = s cos g@(z),

where 0 is a conformal mapping C, — 11 with the normalization
(2.3) 0(iy) ~ iy as Yy — oo.
Moreover,

(2.4) 0(ag) = 0—, O(bo) =0+

Consequently, the extremizer does not depend on a position of ¢y in the given gap
(ao,b(]).

PROOF. The proof is based on Markov’s method of correction of an extremal func-
tion [23 Chapter 7|, see also |7, Theorem 3.2].

Let ¢ € (ag,by) and T, (e"*) = T, (e*, e, F) be an extremizer in Problem D. We
write it as follows

Tn(eiz> = ei%F(z),

where F' is an entire function such that F(z + 2m) = (—1)"F(z). Without loss of
generality we assume that F/(cy) > 0. Noting that the function ¢'Z (F(z) + F(%))/2 is
also an extremizer in Problem D, we may suppose that F(z) € R whenever z € R. We
divide the rest of the proof into 6 steps.

Step 1. We show that F' has no complex zeros. Assume that F'(zg) = 0, Im 2o > 0,
which gives that F(Zg) = 0. Define the Markov correction function (6 > 0)

(C—e™)(1— Ce_m’))
(€ —e=)(1—Ce=) )

which is a polynomial of degree at most n satisfying T),(¢’?) = Q(e). Since the
expression in the brackets is equal to

Q(0) = Tw(0) (1 s

g_ eiCQ 2

C _ eizo

1—5(

whenever ¢ € T, we have maxccp |1,(¢)] > maxcep |Q(C)| for small enough 6. This
contradicts that 7, is an extremizer.
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Step 2. We prove that zeros of F' are simple. Here we use the similar correction

function (6 > 0) } }
- slezemu )
e —Cem)

20 =1, (

and follow the proof of the previous step.
Step 3. Let us show that between two consecutive zeros of F' (take, for example,
F(z1) = F(29) = 0) there is y such that |F(y)| = 1 and ¢ € E. Assume the reverse:
Q) {e¥:y€(z21,2)}NE=92 or (i) max |F(y)| < 1.

ye(21,22)
Then we define the correction function (6 > 0)

2 z—co
00) = ¢¥ GO, GO = F(O) (1—5. s % )
2

Sin 5 S1n

On the set I1 = (21 —¢, 21 +¢)U (22 — ¢, 20 +¢) taking sufficiently small ¢ and §, we have
|G(z)] < 1. In the case (i) the function |G(z)| on the set Iy = (21 + €, 29 — €), should
not be restricted. In the case (ii) since max,¢y, |F'(2)| has a fixed value less then one,
for sufficiently small § we obtain |G(z)| < 1. Finally, on the set I3 = [—m, 7|\([; U I5)
we always have max.cr, |G(2)| < 1. Then maxeep|T,(¢)| > maxeep |Q(C)] gives a
contradiction.

Step 4. The following condition holds: F(ag) = F(by) = 1. In our normalization
this corresponds to (2.4). Here we assume that F(by) < 1 and take the first zero
F(&) =0, £ > by. Considering the function (6 > 0)

a0 = F(Q) (1 - 5T)

S1n -

implies a contradiction.

Step 5. Let {2;}7_, be zeros of the function F(z) in a period, respectively, {e*}7_,
are zeros of T,,(¢). Between each two of them (including the pair (z,, z,.1), with the
agreement z,.1 := z1 + 2m) there is at least one critical point y; such that F'(y;) = 0.
Since

FI(2) = e (i1 (0) = i5Tul(() )

the total number of these points in a period is at most n. Thus all critical points
of the function F(z) are real. Also, by step 3, in each interval (zj, zx+1) there is a
point zy, €t € F, such that |F(z;)| = 1. Therefore at the critical point we have
|F(yx)| = 1. An example of such a function is shown in Fig. 1. According to the
Marchenko-Ostrovskii theorem, see, e.g., [23], Section 7.3|, the function F'(z) possesses
the comb representation F(z) = cos 26(z) with 6(z) normalized by (2.3). Since F(2)
is periodic, F'(z +2m) = (—1)"F(z), the corresponding comb domain is periodic. That
is, (2.2)) is proved.

Step 6. We prove the last assertion of the theorem. Let ¢ be an arbitrary point in
(ap,bp). We will show that

(2.5) |[Pa(e)] < |Tu(€)],  VPu(C) € Pu(E).
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First we note that there is a polynomial Q,,(¢) € P,(F) of the form
@u(e?) = e™PG(2), G(2) =G(2)
such that |Q,(e)| = |P,(e)|. For an arbitrary positive ¢ consider the function
H.(z) =(1+¢)F(z) — G(2).

This function attains positive and negative values at points {z}}_;, since F'(xy) = £1,
see step 5. Therefore each interval (xy,zy1) (with our agreement x, = 1 + 27)
contains at most one zero of H.(z). In particular, the interval (ag,by) may have at
most one zero of this function. But, due to step 4,

H.(ag) = (1+¢)—G(ap) >0 and H.(by) = (1+¢)— G(ag) > 0.
Thus, for all € > 0, H.(z) is positive on this interval and we obtain
|Pa(e”)] = |Qn(e)| = |G(e")] < F(e™) = |To(e™)],
that is, (2.5)) holds.

REMARK 2.2. In fact, we proved that

T, (e, e E) = e/ sup |P,(e")], Ve e (ag,by),
P,ePn(E)
which also implies the uniqueness of the extremal polynomial. Since the extremizer does
not depend on the position of ¢y € (ag,by), in what follows we write T,,(¢, (ag, bo), E)
instead of T, ({, e E).

Moreover, from the proof we see that a polynomial of the presented form 18
extremal on every set E, which contains at least one of possibly two different points
it~ (2mk/n=£0) for k = 1,---,n — 1, together with the endpoints € and ™. Such
collections of points form the so-called maximal Chebyshev sets [23], Section 7.2| for
the given extremal function. Note also the fact that every periodic comb generates a
periodic function is shown in [6l, Appendix Al.

DEFINITION 2. Let E be a closed proper subset of T. Let T,(C, (ag,by), E) be the
extremizer associated to the gap (ag,by) presented in the form (2.2)). We will call

~

E = {eiz 1z € 9’1(]1%)}

the n-regular extension of the set E associated to the gap (ag,by). This is the mazimal
possible set on which T,((, (ag, bo), E) remains extremal in the sense of Problem D.

REMARK 2.3. Since the n-reqular extension does not depend on ¢ € (ag,by) we
obtain a connection between the solutions of Problems C and D. Let c, = 07 (ihy).
Then

max |P,(e")| = max |P,(e")

PnePn(E) PoEPy(E)
c€(aq,bg)

= Ty (e, (ao, by), B)| = cosh gho.
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Without loss of generality, we will assume that c, = 0 and impose the third normaliza-
tion condition for 0 (see (2.3)) given by
(2.6) 6(0) = ihy.

3. Proof of Theorem [1.2]
We start with the following two lemmas.

LEMMA 3.1. For any
g
E:T\U(eiaf,eibj), 1<g< o
j=0
there is an n-reqular set

g*
Er = ']I‘\U(ei“;,eibﬂ*‘), 1 <g" < oo,
=0

such that |E*| = |E| and moreover,
Gr%la}g ) |Tn(6ic7 (aUa bO): E)| = |Tn(17 (a07 bo)a E)| < |TN<1’ (CLE;, bS)a E*)l
c&(ap,00

PROOF. In the proof we deal with the gap corresponding to 7 = 0, so the depen-
dence of (ag, by) will be dropped.

Let E be not n-regular. Consider E. Since the extension is proper, we have
|E| > |E| and moreover, T,(¢, E) = T,(¢, E). Note that E has a finite number of
gaps, i.e., g < oo. This is because a number of critical points (where the derivative

of e=2 T},(e#) is zero) on a period is finite and each gap contains a critical point, see
Fig. 1.

gLet II = II(hg,h1,--- ,hg) be the comb associated to the extremal polynomial
T,(¢*, E). Let also IT,, = I(hg+h, hq, - - - , hg) with h > 0 and d), be the corresponding
conformal mapping normalized exactly as (2.3), and respectively T, (e, E;) =
Ccos %@L(z)e% (by Theorem .

We will show that ]E;| is decreasing with i and tends to zero as h — oco. In the
same time, T, (1, E;) = cosh §(h + hy), increasing with h. Therefore, for some h, > 0,
we will have \Eh\ = |E| and cosh § (h, + ho) > cosh $hy. Thus, one can set £* = Ep..

It is left to verify that |E;| is decreasing with h and that |EL\ — 0 as h — co. First,
define wy,(¢) = eié;(z), ¢ = €. Since é;l(z) is 2m-periodic this map is well-defined. This
is a conformal mapping of the unit disk on the radial slit domain (the unit disk with
the system of radial slits), that is,

g
w%D—)D\U{w:ei”“y, 0 <y < h+ hg, O<y<hk71<k<’g\}::ﬂh.
k=0
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According to the principle of harmonic measure [19] Chapter 3], the harmonic measure
w(0, T, €2,) is monotonic with A. On the other hand, since By = w, ' (T) and wy,(0) = 0,
we have

1 —~ —_~
%‘Ehl = w<07 Eh7 D) = W(O, T7 Qh)

Second, consider the conformal mapping é;L : C, — Ilj, which satisfies another

normalization B N N

‘gh(—l) = 0, Gh(l) = 271', Qh(OO) = OQ.
We define

~ -1 ~—1

—C_(h) =0, (i(h+ ho)), Ci(h) =0, (2r+i(h+ ho)).

By Carathéodory kernel convergence theorem [21) p. 28|, in this normalization the
sequence of conformal mappings has a limit, and lim,_,., C+(h) = co. Comparing 6
and 6, we obtain

1 2
— 0 h — oo.
2Bl < C_(h)+ C.(h) o >
OJ
LEMMA 3.2. Let
g
E:T\U(emj,eibj), I<g<oo
be an n-reqular set. Then there exists
g—1 .
E =T\ U(eiaj, ei)
§=0
such that |E| = |E| and |T,(1, E)| < |T.(1, E)|.
PROOF. Let I =II(hg, hi,- -, h,). Using again the principle of harmonic measure

with respect to the length of the slit i, for the set Ej, associated to the comb
I, = (ho, ha, -+ By, hy), hy < hy,
we have that [Ej, | > |E| and

n
T,(1, E')| = cosh §h0 = |T,(1, Eh9)|-

In this way, decreasing ﬁg, we can delete one of the gaps, i.e., to obtain ﬁg = 0 and,
respectively, the set E := E,. Thus, the number of gaps is now one less.

Repeating the proof of Lemma with respect to E, we increase the value of h
in II(ho + h,hy,--- ,hy—1). Then, ﬁnally, we obtain for some h, > 0 the comb II :
II(ho + hu, by, - -+, hy—1) and the set E such that |E| = |E| and |T,(1, E)| < | T, (1, E)|

O
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PROOF OF THEOREM [1.2l In light of Lemma [3.1] the extremal configuration cor-
responds to a regular set E. In Lemma [3.2| we proved that the extremal configuration
corresponds to the case of a single gap, i.e., to the set of the form

Es _ T\ (6_i8/2,6i8/2),

which corresponds to the comb II = II(hg). Due to the extremality, we can claim that
for an arbitrary polynomial P, (¢) such that

{z €[0,27) : [P,(e")] < 1}| = 27 — s,
we have
h
(3.1) sup | P (O)| < |To(1, Ey)| = coshn—.
CeT 2

It remains to find the relation between the value hy and the length of the gap s.
In term of the variables

w(() =", (=,
we have a conformal mapping of the unit disk D on the domain
Q=D\{w=u:uc (e 1)}

such that w(0) = 0 and, by symmetry, w(() is real for real (. We point out that the
preimage of the radial slit is the arc (e7%/2, ?%/2).
By a standard change of variables
1— 1-—
1+¢ 1+ w(()
we pass to a conformal mapping of the upper half-plane C, to the upper half plane
with a cut along a single vertical interval

C \{u=1in:ne(0,x)},

(3.2) A=

where
1-— €_h0 ho
(33) R = m = tanh ?
Respectively, the preimage of this vertical interval is the interval (—\g, Ag) C R, where
1 —eis/2 S
(34) )\0 = Zm = tan Z

It is well known (and easy to check directly) that this conformal mapping is of the form

p(\) = Cy/A2 =2, C>0.

To find C, we use the normalization condition (i) =i. We have

2 _ )2 3
p(A) = Y0 and particularly p(0) = I
V14N

itR

K.
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By (3.3) and (3.4) we have

S
tan 1

= sinf = tanh —,
1 + tan? 4 2

S
4

‘

or cosh %0 = sec 7. We substitute this value of hg in (3.1)), as the result we obtain ([1.5)).
Further, since

p? +1=(A+1)cos? Z,
using (3.2)), we obtain

4w 4¢ 9 S
= cos” —.
(I+w)2  (14¢)? 4
Thus
w2 4 p—1/2 B s L2y (12 B s 5
5 = sec 4 5 = Sec  CoS
and, finally,

) 1/2\n —1/2\n
Tn(Ca Es) = 6”12/2 (w ) "‘2(10 )

Due to the fixed normalizations ¢, = 0 and 7,(1, E) > 0, this extremal polynomial is
unique, see Remarks [2.2 and Generally, we can choose an arbitrary normalization

point ¢, = ¢y € [0, 27) and multiply the extremal polynomial by a unimodular constant.
Thus, we obtain (|1.6]). d

= ™23, (sec i cos g) .

Acknowledgment

S. Tikhonov was partially supported by MTM 2017-87409-P, 2017 SGR 358, and
the CERCA Programme of the Generalitat de Catalunya. P. Yuditskii was supported
by the Austrian Science Fund FWF, project no: P29363-N32. The authors would like
to thank the organizers of the IX Jaen Conference on Approximation Theory (Ubeda,
Jaen, Spain), where a part of this work was carried out.

References

[1] V. Andrievskii, A note on a Remez-type inequality for trigonometric polynomials, J. Approx.
Theory 116 (2002), 416-424.

[2] V. Andrievskii, S. Ruscheweyh, Remez-type inequalities in the complex plane, Constr. Approx.
25 (2007), 221-237.

[3] P. Borwein, T. Erdélyi, Polynomials and Polynomial Inequalities, Springer, New York, 1995.

[4] A. Brudnyi, Yu. Brudnyi, Local inequalities for multivariate polynomials and plurisubharmonic
functions, Frontiers in interpolation and approximation, Pure Appl. Math. (Boca Raton), 282,
17-32, 2007.

[5] A. Brudnyi, Y. Yomdin, Norming sets and related Remez-type inequalities, J. Aust. Math. Soc.
100 (2016), 163-181.

[6] D. Damanik, P. Yuditskii, Counterexamples to the Kotani-Last conjecture for continuum
Schrodinger operators via character-automorphic Hardy spaces, Adv. Math. 293 (2016), 738-
781.



12
7]
18]
19]

[10]

[11]

[12]

[13]
[14]
[15]
[16]

[17]
[18]

[19]
20]
21]
22]
23]
24]
[25]

[26]

S. TIKHONOV AND P. YUDITSKII

B. Eichinger, P. Yuditskii, Ahlfors problem for polynomials, Sb. Math. 209 (2018), 320-351;
English translation from Mat. Sb. 209 (2018), 34-66.

T. Erdélyi, Remez-type inequalities on the size of generalized polynomials, J. London Math. Soc.
(2) 45 (1992), 255-264.

T. Erdélyi, Remez-type inequalities and their applications, J. Comput. Appl. Math. 47 (1993),
167-210.

T. Erdélyi, The sharp Remez-type inequality for even trigonometric polynomials on the period,
arXiv:1809.07466.

T. Erdélyi, P. Nevai, Lower bounds for derivatives of polynomials and Remez type inequalities,
Trans. Amer. Math. Soc. 349 (1997), 4953-4972.

A. Eremenko, P. Yuditskii, Comb functions, Recent advances in orthogonal polynomials, special
functions, and their applications, Contemp. Math., vol. 578, Amer. Math. Soc., Providence, RI,
99-11, 2012.

M. I. Ganzburg, Polynomial inequalities on measurable sets and their applications, Constr. Ap-
prox. 17 (2001), 275-306.

M. I. Ganzburg, On a Remez-type inequality for trigonometric polynomials, J. Approx. Theory
164 (2012), 1233-1237.

A. Kro6, On Remez-type inequalities for polynomials in R™ and C™, Anal. Math. 27 (2001),
55-70.

B. Ya. Levin, The connection of a majorant with a conformal mapping. II. Classification of closed
sets on R and representation of a majorant. ITI. Teor. Funktsii Funktsional. Anal. i Prilozhen. 52
(1989), 3-33; English translation in J. Soviet Math. 52 (1990), 3351-3372.

V. Marchenko, Sturm-Liouville Operators and Applications, Providence, 2011.

F. L. Nazarov, Local estimates for exponential polynomials and their applications to inequalities
of the uncertainty principle type, Algebra i Analiz 5 (1993), 3-66; English translation in St.
Petersburg Math. J. 5 (1994), 663-717.

R. Nevanlinna, Analytic Functions, Springer-Verlag, Berlin, Heidelberg, 1970.

E. Nursultanov, S. Tikhonov, A sharp Remez inequality for trigonometric polynomials, Construc-
tive Approx. 38 (2013), 101-132.

Ch. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, 1975.

E. Remes, Sur une propriété extremale des polyndémes de Tchebychef, Commun. Inst. Sci.
Math. et Mecan., Univ. Kharkoff et Soc. Math. Kharkoff, IV. Ser. 13 (1936), 93-95. Online:
http://www.math.technion.ac.il/hat /fpapers/remezppr.pdf

M. Sodin, P. Yuditskii, Functions that deviate least from zero on closed subsets of the real axis,
Algebra i Analiz 4 (1992), 1-61; English translation in St. Petersburg Math. J. 4 (1993), 201-249.
S. B. Stechkin, P. L. Ulyanov, Sequences of convergence for series, Trudy Mat. Inst. Steklov 86
(1965), 3-83; English translation in Proc. Steklov Inst. Math. (1967), 1-85.

V. Totik, Metric properties of harmonic measures, Mem. Amer. Math. Soc. 184 (2006), no. 867,
163 pp.

P. Turédn, Eine Neue Methode in der Analyses und Deren Anwendungen, Acad. Kiado, Budapest,
1953.

S. TikHONOV, CENTRE DE RECERCA MATEMATICA, CAMPUS DE BELLATERRA, EDIFICI C

08193 BELLATERRA (BARCELONA), SPAIN, ICREA, Pa. LLufs COMPANYS 23, 08010 BARCELONA,
SPAIN, AND UNIVERSITAT AUTONOMA DE BARCELONA 08193 BELLATERRA (BARCELONA), SPAIN

FE-mail address: stikhonov@crm.cat

P. YUuDITSKII, ABTEILUNG FUR DYNAMISCHE SYSTEME UND APPROXIMATIONSTHEORIE, JO-

HANNES KEPLER UNIVERSITAT LINZ, A-4040 LiNz, AUSTRIA

E-mail address: Petro.Yudytskiy@jku.at


http://arxiv.org/abs/1809.07466
http://www.math.technion.ac.il/hat/fpapers/remezppr.pdf

	1. Introduction
	2. Comb domains and solutions of Problems D and C
	3. Proof of Theorem ??
	Acknowledgment
	References

