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Resum del projecte: cal adjuntar dos resums del document, l'un en anglès i l'altre en la llengua del document, on 
s'esmenti la durada de l'acció 
Resum en la llengua del projecte (màxim 300 paraules) 
We present two new stabilized high-resolution numerical methods for the convection–diffusion–reaction (CDR) and the 
Helmholtz equations respectively. The work embarks upon a priori analysis of some consistency recovery procedures for 
some stabilization methods belonging to the Petrov–Galerkin framework. It was found that the use of some standard 
practices (e.g. M-Matrices theory) for the design of essentially non-oscillatory numerical methods is not feasible when 
consistency recovery methods are employed. Hence, with respect to convective stabilization, such recovery methods are 
not preferred. Next, we present the design of a high-resolution Petrov–Galerkin (HRPG) method for the 1D CDR problem. 
The problem is studied from a fresh point of view, including practical implications on the formulation of the maximum 
principle, M-Matrices theory, monotonicity and total variation diminishing (TVD) finite volume schemes. The current 
method is next in line to earlier methods that may be viewed as an upwinding plus a discontinuity-capturing operator. 
Finally, some remarks are made on the extension of the HRPG method to multidimensions. Next, we present a new 
numerical scheme for the Helmholtz equation resulting in quasi-exact solutions. The focus is on the approximation of the 
solution to the Helmholtz equation in the interior of the domain using compact stencils. Piecewise linear/bilinear 
polynomial interpolation are considered on a structured mesh/grid. The only a priori requirement is to provide a mesh/grid 
resolution of at least eight elements per wavelength. No stabilization parameters are involved in the definition of the 
scheme. The scheme consists of taking the average of the equation stencils obtained by the standard Galerkin finite 
element method and the classical finite difference method. Dispersion analysis in 1D and 2D illustrate the quasi-exact 
properties of this scheme. Finally, some remarks are made on the extension of the scheme to unstructured meshes by 
designing a method within the Petrov–Galerkin framework.  
 
Durada de l'acció: 01/01/2006 - 31/12/2009. 

Resum en anglès (màxim 300 paraules) 
We present two new stabilized high-resolution numerical methods for the convection–diffusion–reaction (CDR) and the 
Helmholtz equations respectively. The work embarks upon a priori analysis of some consistency recovery procedures for 
some stabilization methods belonging to the Petrov–Galerkin framework. It was found that the use of some standard 
practices (e.g. M-Matrices theory) for the design of essentially non-oscillatory numerical methods is not feasible when 
consistency recovery methods are employed. Hence, with respect to convective stabilization, such recovery methods are 
not preferred. Next, we present the design of a high-resolution Petrov–Galerkin (HRPG) method for the 1D CDR problem. 
The problem is studied from a fresh point of view, including practical implications on the formulation of the maximum 
principle, M-Matrices theory, monotonicity and total variation diminishing (TVD) finite volume schemes. The current 
method is next in line to earlier methods that may be viewed as an upwinding plus a discontinuity-capturing operator. 
Finally, some remarks are made on the extension of the HRPG method to multidimensions. Next, we present a new 
numerical scheme for the Helmholtz equation resulting in quasi-exact solutions. The focus is on the approximation of the 
solution to the Helmholtz equation in the interior of the domain using compact stencils. 

 
 



           

 
 

Resum en anglès (màxim 300 paraules) – continuació -. 
Piecewise linear/bilinear polynomial interpolation are considered on a structured mesh/grid. The only a priori requirement 
is to provide a mesh/grid resolution of at least eight elements per wavelength. No stabilization parameters are involved in 
the definition of the scheme. The scheme consists of taking the average of the equation stencils obtained by the standard 
Galerkin finite element method and the classical finite difference method. Dispersion analysis in 1D and 2D illustrate the 
quasi-exact properties of this scheme. Finally, some remarks are made on the extension of the scheme to unstructured 
meshes by designing a method within the Petrov–Galerkin framework.  
 

 
 
 
 
2.- Memòria del treball (informe científic sense limitació de paraules). Pot incloure altres fitxers de 
qualsevol mena, no més grans de 10 MB cadascun d’ells. 
 

1. Introduction 

1.1 Overview and aim of the research 
The motivation for the current research is the need to develop new numerical methods 
capable of providing secure and reliable solutions to the problems of fluid mechanics and their 
interaction with structures. The work presented here is the first step towards the above 
objective. This is done by the study of the convection–diffusion–reaction and the Helmholtz 
equations. These equations are of vital importance as they are the simplest models related to 
transport processes and wave propagation phenomenon respectively that arise in problems 
related to fluid mechanics and fluid-structure interaction. For the same reason, it is a standard 
practice to first validate any new design of a numerical method to these simple model 
equations and later extend them to the Navier-Stokes equations (equations that model the 
physics of Newtonian fluids). The focus of the research is threefold: 
 

a. Analysis of a consistency recovery procedure for some stabilization methods 
belonging to the Petrov–Galerkin framework. The model problem studied here is the 
1D convection–diffusion equation 

b. Design of a high-resolution Petrov–Galerkin method for the 1D convection–diffusion–
reaction (CDR) problem 

c. Design of a numerical scheme that provides quasi-exact solutions for the Helmholtz 
equation 

 
1.2 Summary of publications 
The exposition of the research work is made as a summary of derived publications. The work 
summarized here contains three publications: two are published journal papers and one 
paper submitted to a journal for review. The list of the same is as follows: 
 



           

 
 

I. Prashanth Nadukandi, Eugenio Oñate and Julio Garcia, “Analysis of a consistency 
recovery method for the 1D convection–diffusion equation using linear finite 
elements,” International Journal for Numerical Methods in Fluids 2008, Vol. 57, No. 9, 
pp. 1291–1320, DOI:  http://dx.doi.org/10.1002/fld.1863 

II. Prashanth Nadukandi, Eugenio Oñate and Julio Garcia, “A high-resolution Petrov–
Galerkin method for the 1D convection–diffusion–reaction problem,” Computer 
Methods in Applied Mechanics and Engineering 2010, Vol. 199, No. 9–12, pp. 525–
546, DOI: http://dx.doi.org/10.1016/j.cma.2009.10.009 

III. Prashanth Nadukandi, Eugenio Oñate and Julio Garcia, “Quasi-exact solution of the 
Helmholtz equation. Part-I: Analysis of some compact stencils,” International Journal 
for Numerical Methods in Engineering (submitted) 

 
These three publications correspond respectively to the three stages mentioned earlier. The 
following sections summarize the work presented in these research articles. 

2. Analysis of a consistency recovery method 

In this section we summarize the analysis of a consistency recovery method for the 1D 
convection–diffusion equation. We refer to the publication I for a detailed exposition of the 
work summarized here. 
 
Naturally, any attempt towards the design of an improved numerical method begins with a 
choice of one among the various existing frameworks of stabilized methods. Following this 
line, the point of departure for the research was initially set to a method that has been gaining 
momentum in the literature: consistency recovery procedures for existing lower-order 
stabilization methods. For residual-based stabilization methods such as streamline-upwind 
Petrov–Galerkin (SUPG) and finite calculus (FIC), the higher-order derivatives of the residual 
that appear in the stabilization term vanish when simplicial elements are used or for certain 
structured finite elements (e.g. bilinear interpolation on rectangular elements). Consistency 
recovery methods have been advocated for these cases and have been shown to result in 
improved accuracy for some problems. Within the variational multi-scale (VMS) framework, 
the sub-grid scale method using orthogonal sub-scales (OSS) attempts to recover the lost 
consistency by using a fine-scale projected residual in the stabilization term. The FIC/SUPG 
method may also be cast into an OSS form with very little manipulation using an auxiliary 
convective projection equation. This part of the research work discusses the gain/loss by 
recovering the consistency of the discrete residual in the stabilization terms via the form that 
includes the convective projection (as in the OSS method). The model problem studied here 
is the 1D convection-diffusion equation.  
 
We present the von Neumann analysis of the FIC method with recovered consistency 
(FIC_RC) for the 1D convection-diffusion problem and we compare it with the standard 
Bubnov–Galerkin linear finite element method and FIC/SUPG methods. The transient 
analysis is done by examining the discrete dispersion relation of the stabilization methods. 
The spectral results for the semi-discrete and fully discrete problem are presented with time 
integration done by the trapezoidal and second-order backward differencing formula 
schemes. The effect of lumping the effective mass matrix is considered relative to using a 
consistent form. The effect of refinement in space and time is also discussed. Finally, an 
optimal expression for the stabilization parameter for the FIC_RC method on a uniform grid 
and for the steady state is given and its performance in the transient mode is discussed.  
 
The section on the stabilization parameter for the FIC_RC/OSS method illustrates certain 
subtle features on further examination: 
 

1) Due to the difference in the equation stencils near the boundary to those in the 
interior we will always get boundary oscillations using a uniform expression for the 
stabilization parameter (therein denoted by ®®). Thus discontinuity capturing/filtering is 
essential in this case. 



           

 
 

2) On the discrete structure of the method: The system matrix can never be made into 
an M-matrix (by the choice of α) for Peclet numbers greater than one. This is a crucial 
point to be considered in the development of discontinuity capturing methods 

3) Using the suggested expression in the paper for α we get nodally exact solutions on a 
uniform mesh in 1D. It is remarkable that in this case the system matrix is not even a 
Monotone matrix (by the definition of Collatz). Nevertheless, it verifies the necessary 
and sufficient condition for a Discrete Maximum Principle (DMP) to hold (Varga R., 
“On a discrete maximum principle”, SIAM Journal on Numerical Analysis1966, Vol.3, 
No.2, pp 355). 

4) It can be shown that α should be necessarily negative for the interior nodes for a 
DMP to hold. 

 
The above points indicate that one cannot use the theory of M-Matrices to design a 
discontinuity capturing method should the consistency recovery procedure be applied. The M-
Matrices theory is an important tool as they are the simplest a priori conditions that we can 
impose on the discrete system associated with a numerical method and almost all 
discontinuity capturing methods are designed based on this. Due to these difficulties we 
currently do not prefer the consistency recovery method with respect to convective 
stabilization. 

3. The convection–diffusion–reaction problem 

In this section we summarize the design of a high-resolution Petrov–Galerkin (HRPG) method 
using linear finite elements for the problem defined by the residual: 
 

 
 
The structure of the method in 1D is identical to the Consistent Approximate Upwind-Petrov–
Galerkin (CAU/PG) method except for the definitions of the stabilization parameters. Such a 
structure may also be attained via the Finite Calculus (FIC) procedure by an appropriate 
definition of the characteristic length. The prefix high-resolution is used here in the sense 
popularized by Harten, i.e. second order accuracy for smooth/regular regimes and good 
shock-capturing in nonregular regimes. The design procedure embarks on the problem of 
circumventing the Gibbs phenomenon observed in L2L2-projections. Next we study the 
conditions on the stabilization parameters to circumvent the global oscillations due to the 
convective term. A conjuncture of the two results is made to deal with the problem at hand 
that is usually plagued by Gibbs, global and dispersive oscillations in the numerical solution. It 
is shown that the method indeed reproduces stabilized high-resolution numerical solutions for 
a wide range of values of u; k; s and fu; k; s and f . Finally, some remarks are made on the extension of 
the HRPG method to multidimensions. 
 
In the following we outline the proposed HRPG method for the 1D CDR problem. 
 



           

 
 

 
 

4. The Helmholtz equation 

In this section we summarize the design of a numerical scheme that provides quasi-exact 
solutions for the Helmholtz equation. We refer to the publication III for a detailed exposition of 
the work summarized here. 
 
We study the Helmholtz equation given by  and subjected to 
Dirichlet boundary conditions. The focus is on the approximation of the Helmholtz equation in 
the interior of the domain using compact stencils. We present some observations and related 
dispersion analysis of a simple domain-based scheme that results in quasi-exact solutions for 
the Helmholtz equation. The scheme consists of taking the average of the equation stencils 
obtained by the standard Galerkin finite element method (FEM) and the classical finite 
difference method (FDM). The salient features of this scheme are as follows. Piecewise 
linear/bilinear polynomial interpolation are considered on a structured mesh/grid. No 
stabilization parameters are involved in the definition of the scheme. The only a priori 
requirement is to provide a mesh/grid resolution of at least eight elements per wavelength. 
This requirement is inevitable for the discretization to decently represent an oscillatory field 
except when sinusoidal interpolations are used. Even for the later case a mesh/grid resolution 
of at least two elements per wavelength is needed for a perfect reconstruction of the 
oscillatory solution. For the simple 1D case the scheme mimics the alpha-interpolation 
method (AIM) which marks the point of departure of the exposition. Dispersion analysis in 1D 
and 2D illustrate the quasi-exact properties of this scheme. The implementation of this 
scheme for 3D problems is straight-forward. Finally, some remarks are made on the 
extension of the scheme to unstructured meshes. 



           

 
 

5. Conclusions 

The work summarized here presents two new numerical methods to solve the convection–
diffusion–reaction and the Helmholtz equations respectively. A priori to the design of these 
two numerical methods, discrete dispersion analysis of some existing stabilization methods 
within the Petrov–Galerkin framework was done. Although the later analysis was directed at 
examining the gain/loss by recovering the consistency of the discrete residual in the 
stabilization terms, the results obtained here had important repercussions in the later part of 
the work. 
 
A high-resolution Petrov–Galerkin method is presented for the 1D convection–diffusion–
reaction problem. The prefix high-resolution is used here in the sense popularized by Harten, 
i.e. second order accuracy for smooth/regular regimes and good shock-capturing in 
nonregular regimes. The HRPG method could be understood as the combination of 
upwinding plus a nonlinear discontinuity capturing operator. The distinction is that in general 
(multidimensions) the upwinding provided is not streamline and the discontinuity-capturing is 
neither isotropic nor purely crosswind. The HRPG form can be considered as a particular 
class of the stabilized governing equations obtained via a finite-calculus (FIC) procedure. For 
the 1D problem the HRPG method is similar to the CAU method with new definitions of the 
stabilization parameters. The 1D examples presented demonstrate that the method provides 
stabilized and essentially non-oscillatory i.e. monotone to-the-eye solutions for a wide range 
of the physical parameters and boundary conditions. It is interesting to note that the HRPG 
method without the linear upwinding term does solve all the steady-state examples to give 
high-resolution stabilized results. Nevertheless the presence of the linear perturbation terms 
improves the convergence of the nonlinear iterations especially for the transient problem. 
 
A new numerical scheme was proposed for the Helmholtz equation that reproduces numerical 
solutions that are quasi–exact. The scheme consists of considering the discrete system 
obtained by taking the average of the systems obtained from the standard Galerkin FEM and 
the classical FDM. In this approach no stabilization parameters are involved. The only a priori 
requirement is to provide a mesh/grid resolution of at least eight elements per wavelength. 
This requirement is inevitable for the discretization to decently represent an oscillatory field 
except when sinusoidal interpolations are used. Even for the later case a mesh/grid resolution 
of at least two elements per wavelength is needed for a perfect reconstruction of the 
oscillatory solution. The implementation of this scheme for 3D problems is straight-forward. 
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