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Abstract

We consider a uniformly elliptic operator L4 in divergence form associated
with an (n + 1) x (n 4+ 1)-matrix A with real, merely bounded, and possibly non-
symmetric coefficients. If

wa(r) = sup ][ A(z)—][ A(dz,
rernt JBrr) Brr)

then, under suitable Dini-type assumptions on w4, we prove the following: if
@ is a compactly supported Radon measure in R"*! n > 2, and T, f(x) =
f ViTa(x, y) f(y)du(y) denotes the gradient of the single layer potential associ-
ated with L 4, then

L+ 1Tl 2y 20 = 1A IRull 2y — 220
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where R, indicates the n-dimensional Riesz transform. This allows us to provide
a direct generalization of some deep geometric results, initially obtained for R,
which were recently extended to 7}, associated with L, with Holder continuous
coefficients. In particular, we show the following:

(1) If j is an n-Ahlfors-David-regular measure on R"*! with compact support,
then 7}, is bounded on L?(w) if and only if 4 is uniformly n-rectifiable.

(2) Let E C R™! be compact and H"(E) < oo. If Tpn), is bounded on
L2(H"|g), then E is n-rectifiable.

(3) If 11 is a non-zero measure on R"*+! such that lim sup,_, “(Z(r’g;,r)) is positive

and finite for pu-a.e. x € R**! and liminf,_ o £ ((I;(r)g;,r)) vanishes for p-a.e.

x € R then the operator T}, is not bounded on Lz(u).

(4) Finally, we prove that if ; is a Radon measure on R”*! with compact support
which satisfies a proper set of local conditions at the level of a ball B =
B(x, r) C R"™* ! such that £ (B) ~ r" and r is small enough, then a significant
portion of the support of 11| g can be covered by a uniformly n-rectifiable set.
These assumptions include a flatness condition, the L?(j1)-boundedness of T,
on a large enough dilation of B, and the smallness of the mean oscillation of
T, at the level of B.

Key words. Riesz transform - Layer potentials - Second order elliptic equations -
Dini mean oscillation - David—Semmes problem - Uniform rectifiability - Rectifiability

Mathematics Subject Classification (2020): 42B37 - 42B20 - 35J15 - 28A75 -
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1. Introduction

The aim of this paper is to extend and provide a unified approach to several
recent results on the connection of the L?-boundedness of gradients of single-layer
potentials associated with an elliptic operator in divergence form defined on a set
E and the geometry of E. The importance of these operators stems from their role
in the study of boundary value problems and free boundary problems for harmonic
and elliptic measure, as well as the study of analytic capacity (see for instance
[2-6,8,18,23,29,30,34,38] and the references therein).

The investigation of geometric properties of singular integrals has produced
many important results starting with Calderén’s proof in [9] of the boundedness of
Cauchy transform on Lipschitz graphs with small Lipschitz constant. A prototypical
example of a singular integral operator is the Riesz transform, which is the higher
dimensional analogue of the Cauchy transform. If y is a Radon measure on R"*1,
n > 1, its associated (d-dimensional) Riesz transform is defined as

Rifo) = [ S, oS e L,



Arch. Rational Mech. Anal. (2023) 247:38 Page 3 of 59 38

whenever the expression above makes sense. For § > 0, we define the §-truncated
Riesz transform as

R ()= / e ) ).

[x—y|>6 |x -

and if f = 1 on R"*!, we use the notation R p(x) = R;’il(x) and Rgu(x) =
Rﬁ, 51(x). We say that RY is bounded on L* (1) if Rﬁ’ 5 is bounded on L2(n)
uniformly on § > 0. In this case, we write

d . d
IR 2y— 1200 = ;ulg IR sl L2y —£2()-
>

Given x € R"*! and r > 0, we denote by B(x, r) the open ball of center x and
radius r. We say that a non-negative Borel measure has growth of degree d or, for
brevity, d-growth, and we write u € M _‘i (R™*1), if there exists co > 0 such that

;/,(B(x, r)) < cor? forall x e R*!, > 0.

Any such measure is in fact a Radon measure. Measures with polynomial growth
are crucial for the study of singular integrals; for instance, if © is a non-negative
measure on R"*! without atoms and its associated Riesz transform RZ is bounded
on L?(w), then p € M_‘i(R"“) (see [12, p. 56], where this is proved for more
general singular integral operators, and also Lemma 3.17).

A Borel measure u is said d-Ahlfors-David regular (also abbreviated by d-AD-
regular) if there exists C > 0 such that

c 'l < u(B(x, r)) <cr! forall x € supp , 0 < r < diam(supp ).

If H? stands for the d-dimensional Hausdorff measure in R"*!, we say that a set
E C R"is d-AD-regular if H?|g is a d-AD-regular measure.

A set E C R""! is called d-rectifiable if there exists a countable family of
Lipschitz maps f;: R? — R™*! such that

H(E\U £ ®D) =0,
j

A measure u is d-rectifiable if it vanishes outside a d-rectifiable set E and it is
absolutely continuous with respect to 4| .

We say that a set E C Rt is uniformly d-rectifiable if it is d-AD regular and
there exist 6, M > 0 such that for all x € E and all » > 0 there is a Lipschitz
mapping g from the ball B4(0, r) C R? to R"*! with Lip(g) < M such that

HY(E N B(x,r) N g(Ba(0, 1)) > 0rd.

We also say that a measure p is uniformly n-rectifiable if it is d-AD-regular and it
vanishes outside of a uniformly d-rectifiable set.

The notion of uniform rectifiability of a set E was introduced by David and
Semmes in their seminal works [13,14] as the optimal geometric property that
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E should have so that operators in a pretty general subclass of singular integral
operators are L (H"| g)-bounded. They proved in [ 13] that a d-AD-regular measure
won R+ is uniformly d-rectifiable if and only if all the singular integral operators
with smooth and anti-symmetric convolution-type kernel are bounded on L2 ().
They also raised the question, commonly referred to as David and Semmes’ problem,
if the L%(w)-boundedness of the d-Riesz transform Rﬂ associated with a d-AD-
regular measure u implies its uniform d-rectifiability.

A positive answer to this question was first provided in the planar case d =
n = 1 by Mattila, Melnikov, and Verdera in [26], who used the connection of the
Cauchy transform with the so-called Menger curvature of a measure. However,
their method cannot be generalized to higher dimensions. More recently, Nazarov
and Volberg along with the fourth named author proved in [31] the analogous result
in the case d = n for any integer n > 1 using a different set of delicate techniques
(we will often refer to it as the 1-codimensional case). We point out that the full
David-Semmes’ conjecture is still open for d-AD-regular measures of dimension
d=2,...,n—2.

The n-dimensional Riesz transform in R”*+! has a natural generalization to the
context of elliptic PDEs. Let A(:) = (a;})i, je{1,...n+1) be an (n + 1) x (n + 1)-
matrix whose entries a;; are measurable real-valued functions in LOO(R”“). We
say that A is uniformly elliptic if there exists A > 0 such that

(A(X)E, €) > A"g)>  forallé € R"™ ! and ae. x € R*H!, (1.1)
(A(X)E, ) < AlE|In|  forall€,n e R™ and ae. x € R™, (1.2)

We consider the second order equation in divergence form
Lau(x):=—div(A()Vu()(x) =0, x e R (1.3)

to be understood in the sense of distributions. If A is a uniformly elliptic matrix
with bounded measurable coefficients, the operator L 4 has a fundamental solution
I"4(x, y) which, if §, is the Dirac mass at y, satisfies LsI"4(-, y) = §, in the sense
of distributions. For the construction of the fundamental solution associated with
L 4 we refer to [21].

For a non-negative Radon measure p on R"*! we define the gradient of the
single layer potential

Tuf(x):=/V1FA(x,y)f(y) du(y),  for f € Lig(w), (1.4)

to be interpreted in the sense of the truncations

Tos f ()= / ViTaGe ) ) du(y),  for f € LL ().

lx—y[>8

For f = 1 we use the notations Tsu:=T7), 51 and T:=T, 1. We also denote that

I T//. [ L2(w)—L2(n) "= ;ug [ TMsS ||L2(/L)*>L2([,L)‘
>
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Furthermore, we observe that in the case A = Id, it readily follows by defi-
nition that L4 = —A and so VI'j4 equals the Riesz kernel up to a dimensional
multiplicative constant.

Under the sole assumption that the entries of A are in L, the kernel V1T o (-, -)
does not necessarily satisfy local L* estimates, let alone a modulus of continu-
ity, and so it is not necessarily of Calderén-Zygmund type. We need to impose
some additional regularity conditions on A for this to happen. For instance, an ad-
equate framework is provided by matrices with Héolder continuous entries. Many
important geometric results that are known for the Riesz transform, such as the 1-
codimensional version of the David-Semmes’ problem, have been successfully gen-
eralized by Conde-Alonso, Prat, and the last three named authors (see [10,33,35]).
For more details we refer to the discussion of the corollaries of Theorem 1.1.

In the present paper, we are concerned with elliptic operators whose coefficients
may have a Lebesgue measure zero set of points of discontinuity. Namely, we will
assume that they are of Dini mean oscillation-type.

Let « > 1. We say that a function 8: [0, oo] — [0, oo] is k-doubling if

1
0(t) <k 6(s) for zt <s<tandt>0. (1.5)

We denote by £¢ the Lebesgue measure on R? and for aset E ¢ R"+!, we will
also use the notation £"T1(E) = |E|. When we write integrals, we often prefer the
more compact and standard notation d£¢(x) = dx.

We say that a k-doubling function 6 belongs to the class DS(«x) (Dini in small
scales), if it is L!-measurable and

! dr
/ 0(t) — < o0. (1.6)
0 t

Given d > 0, we say that 6 belongs to the class DLy (k) (d-Dini in large scales) if
it is £!-measurable and

o dr
) e(l‘)m < OQ.

We remark that, if 0 < di < db, then DLy, (k) C DLy, (k). Moreover, for 6 <
DS(x) we define

r dr
39(;»);:/ 9(;)7, r>0 (1.7)
0
and, ford > 0 and 0 € DL;(k),
od (). pd 009 dr 0 18
o (r):=r ; (f)m, r> (1.8)

Forx € R"! r > 0,andan (n + 1) x (n + 1)-matrix A we denote

Ay = A(y)dy

]f A=t
B(x,r) |B(x, )| JBx,rn
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and, for p > 1, define its mean oscillation function wy4 : [0, c0) — [0, 00) as

wa(r):= sup ][ |AG) — Arr|dz.
B(x,r)

xeRn+l!

By [24, p.495]], there exists a dimensional constant x such that w4 satisfies (1.5).

We say that an (n + 1) x (n + 1)-matrix A € DMOj; (resp. A € DMOy) if
w4 € DS(k) (resp. wg € DL,,_1(x)). We also say that A € DDMOj; if A € DMOj;
and J,,, satisfies (1.6), i.e.,

dr dr ! dt
/ / a)A()——z—f wA(1) logIT < 4o00. 1.9
0

Finally, we define
DMO:=DDMO, N DMO;.

The acronym DMO (resp. DDMO) stands for Dini mean oscillation (resp. double
Dini mean oscillation), and the subscripts in DMO; and DMOy indicate that the
associated Dini condition is required at small and large scales respectively. Due to
(1.9), we may also use the terminology log-Dini mean oscillation instead of double
Dini mean oscillation.

Furthermore, DMO includes the class of matrices with «-Holder continuous
coefficients for o € (0, 1). Indeed, if there exists C;, > O such that

laij(x) —a;ij(y)] < Cplx — y|*, foralli, j e {l,...,n+1}, x,y e R*,
(1.10)
thenwa (1) < t*andso A € DMO. Our condition even includes matrices that satisfy
(1.10) for @ € (0, 1) when |x — y| < 1and (n — 1 — &) when |x — y| = 1. In fact,
it is clear that if A is uniformly continuous with a Dini modulus of continuity then
it is of Dini mean oscillation. In the converse direction, as proved in [22, Appendix
Al, if A is of Dini mean oscillation, then it agrees (Lebesgue) almost everywhere
with a uniformly continuous function with modulus of continuity J,,, . However, as
we are mostly interested in sets with Lebesgue measure zero, we highlight that we
cannot assume that A is uniformly continuous and thus more delicate arguments
are required.
A variant of the example in [15, p. 418] shows that the condition A € DMO is
strictly weaker than requiring the matrix A to be Holder continuous. Indeed, if we
define the matrix g;;(x) = §;; for [x| > 1 and

a4 (x):=8;j (1 +(—In |x|)—V—1>, for0 < |x| € 1,0 <y < 1/2,

then, as remarked in [15, p. 418], we have that w4 (r) & (—In )V 2forr « 1.
Since w4 is an increasing function, A € DDMO; but its modulus of continuity
does not satisfy the double Dini condition.

1 The doubling property was proved in [24] for slightly different Dini moduli of oscillation,
but a minor variant of that argument works also under a Dini mean oscillation assumption
(see also the use of the doubling property in [15, p.424]).
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The DMOy; assumption on A guarantees that V{I'(:, -) is locally of Calderén-
Zygmund type, see Lemma 3.9. Indeed, this is possible because of the work of Dong
and Kim [15] who proved that, under this hypothesis, weak solutions of L 4u = 0
are continuously differentiable providing also local L and regularity estimates
for Vu. We highlight that one of the crucial technical difficulties in [15] is that
the modulus of oscillation wy4 is not monotone as it would be the case if one used
@A (r):=supgy p<r @(p). The proof of the regularity theorem of Dong and Kim is
significantly easier for @ 4. Note that if A is a compactly supported perturbation of
the identity matrix Id, then w4 (r) — 0 asr — oo but w4 (r) does not.?

Let us now state the main result of the paper.

Theorem 1.1. Let A be a uniformly elliptic matrix satisfying A € DMO and let
ne M (R"*1Y with compact support, n > 2. If T,, is the associated operator
given by (1.4), it holds that

1+ ||R/L||L2(/¢)%L2(u) ~ 1+ ”TM”LZ(/L)*)Lz(M)’ (L.11)

where the implicit constant depends on n, A, cy, and diam(supp ).

The role of the DMO-condition on the matrix A in Theorem 1.1 can be bet-
ter understood if we relate it to the technical framework of the recent works in
the Holder continuous setting. Indeed, one of the key methods of [10] and the
subsequent papers consists in using a proper pointwise estimate of the difference
ViTa(x, y) — Vil (x, y), often referred to as frozen coefficients method which
was proved in [23]. This approach is particularly important because it allows to
reduce the study of the operator 7, to the gradient of the single layer potential
associated with a uniformly elliptic equation with constant coefficients, which in
turn coincides with the Riesz transform modulo a linear change of variables (that
depends on x though).

Hence, a crucial difficulty in the proof of Theorem 1.1 is the identification of
the right substitute of the frozen coefficients method which adapts to the mean
oscillation setting. This issue is resolved in Lemma 3.12, where we estimate the
difference between ViT'4(x, y) and ViI';  (x, y), for r:=|x — y|/2. The bound
depends on the scale R > O such that x, y < B(0, R) and it involves the quantity

1 [ d % d
P A (P (ij(r)+£ZA(r)) = ﬁ/o a)A(l)Tt+/ a)A(t)tn%

(1.12)
and the term
1
TEAR:=RT (30, (R + L (R)) = = / oa) T+ 2 / o) 7.

Observe that the DMO assumption implies that J;, (1) < oo and T4 (R) < oo for
any R > 0. Moreover, if A is «-Holder continuous, 74 (r) < r?.

2 We would like to thank Seick Kim for bringing those facts to our attention motivating
us to improve on a previous version of our results where we had used @ 4.
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In the proof of Lemma 3.12 we use a slight variation of the result of Dong and
Kim [15] (see Theorem 3.7) and make some delicate PDE estimates obtaining a
sharp bound in terms of 74 and the term R™"T4(R). Since we allow the implicit
constant in (1.11) to depend on the diam(supp u), picking up the term R™"74 (R)
not only is it harmless, but it is a term that can become small if the support of
the measure has small enough diameter. Its importance will become evident in the
proof of Corollary 1.6.

One of the main difficulties is that we do not have scale invariant estimates
and in large scales this creates a significant complication. This stands in contrast to
the case of Holder continuous and periodic coefficients, where scale invariant local
L estimates for the gradient of a solution are at our disposal, which makes things
work smoothly in scales much larger than R. Let us highlight that, in the present
manuscript, we do not require any periodicity assumption on the matrix. In fact,
we fill a gap in the use of [23, Lemma 2.2] even for Holder continuous matrices in
the previous works [10,33,35], and [7], where [23, Lemma 2.2] was invoked for
non-periodic matrices without any additional justification. To be precise, the bound
of (3.56) is the missing component. Another obstacle when working with elliptic
operators L 4 associated with non-constant matrices is that the kernel V{I'(-, ) is
not anti-symmetric, which, in principle, is rather inconvenient when dealing with
its associated single layer potential. If Ay is a real elliptic measure with constant
coefficients, we also write O (x, y; Ag):=I"4,(x, y).

Our strategy to prove Theorem 1.1 consists in using the frozen coefficients type
method in order to bound the L2-operator norm of the difference of the §-truncated
gradient of the single layer potential and the §-truncated Riesz transform at the level
of a cube in terms of the operator norm of R ,. This is a three-step perturbation
argument:

(1) Thefirststep is the comparison of ViI"4 with VO (-; Ax, [x—y|/2) thathas already
been described above (see Lemma 3.12). The dependence of the second kernel
on both x and y requires an additional step.

(2) The second step is to compare VO(-; Ax,|x_y|/2) with VO(; Ax,g/z), where
3 is the level of the truncation of the single layer potential (see Lemmas 3.13
and 3.14). This is crucial since it allows us to reduce case to a smooth and odd
kernel which is homogeneous of degree —n and independent of the y variable
(it is the variable with respect to which we integrate the kernel to construct the
integral operator).

(3) The third and final step is the estimate of the difference between VO(-; A x,8/2)
and the normalized Riesz kernel. Here we assume that our measure is supported
on a cube Q centered at xp and x,y € Q. Modulo a change of variables
argument, we can assume that the average of A over a ball centered at x with
radius comparable to the side-length of the cube is the identity matrix. Contrarily
to the previous case, we want to compare VO (-; Ax’g/z) with VO (-; AXQ‘Mg(Q))
moving up from & to a higher scale ¢(Q). Pure PDE estimates do not give
satisfactory upper bounds and hence, inspired by the approach of [27, Section
1], we study VO (-; Ax,‘;/z) —VO(:; 1d) viathe method of spherical harmonics
expansion (see Lemma 3.16).
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More specifically, in the latter step, we prove suitable bounds on the coefficients
of the expansion again via PDE estimates. However, we also need proper estimates
for the operator norm of singular integrals associated with harmonic polynomials in
terms of the norm of the Riesz transform. In order to accomplish this, our argument
also relies on some powerful results which have been recently proved by the last
named author in [41] (this paper relaxed the assumptions of the main theorem of
its companion paper by Dabrowski and the last named author [11], and provided
an extension of [39] to higher dimensions). In particular, that work characterizes
non-atomic Radon measures in R”*! whose Riesz transform is L?-bounded. From
that result it was possible to derive the invariance of the L?>-boundedness of the
Riesz transform under bilipschitz transformations of the measure. Furthermore, as
proved in [41, Corollary 1.4], if u is a measure in R+ with no point masses, and
Tk . is the singular integral operator of convolution-type formally defined as

Tenf ) = [ K= 301 dut)  for f € Lo,
where K is antisymetric and satisfies

; 1
VK@IS oy *eRTIN(0L 0552,
X

then

17k, ll 20— 20 = CIR N L2 g0y L2 -

Theorem 1.1 has some direct and important applications, which we present
below. If 1 is a non-zero Borel measure on Rt and s € (0, n + 1], we define its
upper s-dimensional density

B(x,
O**(x, u):=lim sup wB(.r) for x € R*H!
r—0 (zr)s
and its lower s-dimensional density
B(x,
O} (r. wy:=liminf HBOL D) e RO
r—

@r)

One of the key tools used in the solution of the codimension-1 David-Semmes’
problem in [31] is a variational technique partially inspired by a previous argument
of Eiderman, Nazarov and Volberg in [16]. The main result of [16] is that, for
n <s < n+1,if a measure u on Rt is such that 0 < ®**(x, u) < oo for
pn-almost every x and @3 (x, u) = 0 p-almost everywhere, then its s-dimensional
Riesz transform Rf; is not bounded on L2(,u). This was recently generalized in the
case s = n by Conde-Alonso together with the second and fourth named authors
in [10] for the gradient of the single layer potential T}, associated with a Holder
continuous matrix A (see also [7] for a version of [10] for Schrodinger operators).
Since Holder continuous matrices belong to D/1\7[6, Theorem 1.1 allows us to obtain
an alternative approach to [10, Theorem A], and to extend it to a more general class
of elliptic equations.
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Corollary 1.2. Let A be a uniformly elliptic matrix satisfying A € DMO and let
w be a non-zero measure on R"*', n > 2, such that 0 < ©*"(x, ) < oo and
O (x, u) = 0 for p-a.e. x € R"*1. Then the associated operator T, given by (1.4)
is not bounded on L* ().

Another important application of our main theorem is the elliptic version of the
David and Semmes problem in codimension 1. Via a decomposition in spherical
harmonics, it was proved in [10] that, if A is Holder continuous, 7T}, is bounded
on L?(j1) on uniformly n-rectifiable measures 4 with compact support. The con-
verse implication was obtained by Prat, Puliatti, and Tolsa in [33], via a non-trivial
adaptation of the scheme of [31]. In particular, we remark that their proof relies
on a delicate reflection argument for the matrix across hyperplanes, and it is not
clear how to adapt it to the context of uniformly elliptic matrices with Dini mean
oscillation. Nevertheless, Theorem 1.1 readily shows the following:

Corollary 1.3. Let A be a uniformly elliptic matrix satisfying A € DMO and let 7
be an n-AD-regular measure on R"*t' n > 2, with compact support. If T, is the
associated operator given by (1.4), then T,, is bounded on L?(uw) if and only if
is uniformly n-rectifiable.

The combination of [16,31], and a covering argument of Pajot allowed Nazarov,
Volberg, and the fourth named author to prove in [32] that if E  R”*! is such that
H"(E) < oo and Rpyn|, isbounded on L2(H"|g), then the set E is n-rectifiable. Its
elliptic analogue for second order elliptic operators in divergence form associated
with Holder continuous matrices was obtained in [33]. We generalize this result as
well.

Corollary 1.4. Let A be a uniformly elliptic matrix satisfying A € DMO and
let ECR"™ n>2bea compact set with H"(E) < oo. If T is the associated
operator given by (1.4) and Ty | is bounded on L%>(H"|E), then E is n-rectifiable.

The main advantage of Theorem 1.1 is that its application gives alternative and
more direct proofs of [10,33], and [35] via [16,31,32], and [20], which readily
extend to uniformly elliptic matrices in DMO.

Moreover, if we further assume that the matrix A is Holder continuous, Corol-
laries 1.3 and 1.4 are crucial tools in order to prove a rectifiability result for elliptic
measure in the context of a non-variational one-phase problem (see [33, Theorem
1.3]) which generalizes [3]. For more details we refer to [33, Section 12].

Finally, we also extend the main result of Girela-Sarrién and the fourth named
author [20] as well as its elliptic analogue of the third named author in [35]. Let
be a Radon measure on R"**!. For a ball B C R"*! of radius r(B) and an integer
N > 0, we denote that

_ u(B)
®/L(B) - r(B)”’
ap() =1+t +wst), 1>0,p¢€,1] (1.13)

Py u(B):=Y_2770,02/B), ye(.1]
Jj=0
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PN (B):=> aa(27)©,@2/B). (1.14)
Jj=N

Given an n-dimensional plane L in R"*! we denote that

1 dist(x, L) .
L _ _ L
Bl (B) =~ /B T G and B (B) = inf B (B),
where the infimum is taken over all hyperplanes. Finally, for a set E ¢ R"*! with
w(E) > 0and f € L} (1) we write that

loc
1
, = — du.
mEg(f, 1) M(E)fEf I

Let M(R"*1) be the space of real Borel measures, endowed with the total
variation norm || - ||: for € M(R"*!) we indicate by || its variation and by
lll:= | R™H).

For our application, we have to determine whether T}, . f converges pointwise
u-almost everywhere for ¢ — 0. In case it does, we denote the limit as

PVTf () = Em Ty o f (x),

and we refer to this as the principal value of the integral T}, f (x). The existence
of principal values for gradients of single layer potentials can be proved in our
framework via a minor variant of the arguments of [35, Theorem 1.1]: one can study
separately the case of rectifiable measures and that of measures with zero density,
which can be both analyzed via the frozen coefficients method of Lemma 3.12.
Ultimately, this implies

Proposition 1.5. Let ju be a Radon measure on R", n > 2, with compact support
and with growth of degree n. Let A be a uniformly elliptic matrix satisfying A €
DMO and assume that its associated gradient of the single layer potential T, is
bounded on L*(1v). Then the following holds:

(I)for1 < p <ooandall f € LP(n), pvT, f(x) exists for ji-a.e. x € R+,
(2) for all v € M(R™1), pvTv(x) exists for u-a.e. x € R+,

Finally, we state the local quantitative rectifiability criterion for Radon measures
which generalizes [20] and [35]. We refer to the introductions of the aforementioned
articles for a detailed discussion of the result and the role of all the hypotheses. The
result is stated in the form of [4, Corollary 3.2].

Corollary 1.6. Let A be a uniformly elliptic matrix satisfying A € DMO and let
u be a Radon measure with compact support in R > 2 Let B € R"! pe
an open ball with (B) > 0 and let Cy, C(, > 0. Denote by T, the gradient of the
single layer potential associated with L 4 and , and let B be as in Lemma 3.9.
Suppose that u and B are such that, for some positive real numbers t, 8, and X,
and a positive integer N, the following properties hold:

(1) r(B) < A
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(2) We have ’Pg’u(B) < Co®u(B), 7?6’(:{“(3) < CoJu, (2—N)®M(2NB), and it
holds ©,(B(x,r)) < Co®, (2N B) forall x € Band 0 < r < 2Vr(B).

(3) TH|2NB is bounded on Lz(ulzNB) and it holds || T,
C,©,.(2VB).

v s L2l )= L2l ) =

(4) There exists some n-plane L passing through the center of B such that ,Bﬁ’ 1(B) <
50,(B).
(5) We have that
2
/B | T, 1) = mp(Ty 1, )|~ du(x) < 10,2 B)*1u(B). (1.15)

Then there exist a choice of § and t small enough, possibly depending onn, A, Cy, C{,
and diam(supp v), achoiceof N = N(z, n, A, diam(supp v), Co, C))) large enough,
a choice of A = A(t, N, n, A, Co, C(’), diam(supp v)) small enough such that 2N
is also sufficiently small, for which the following holds: if u satisfies (1)—(6), there
exist a uniformly n-rectifiable set T" and 6 € (0, 1) such that

u(BNT) = 0u(B).
The UR constants of I depend on all the constants above.

In the condition (1.15) we identify 7}, 1 with pvT}, 1. Moreover, the well-posedness
of the expression on the left hand side of (1.15) can be justified via the existence
of principal values and the fact the measure x has compact support. For the details
we refer to [20, Section 2.4] (see also [35, Section 3]).

The proof of Corollary 1.6 consists in showing that, for & < 1, the smallness in
the mean oscillation assumption (1.15) implies smallness for the analogous quantity
associated to the Riesz transform. As it is more coherent with the notation of the rest
of the paper, we will equivalently prove this for cubes in R"*!; we also remark that
Girela-Sarrién and Tolsa reduced the proof of their theorem to [20, Main Lemma
3.1], which is formulated for cubes itself.

Finally, we remark that for0 < 8 < I, N > 1, u € Mi(R"'H), and a ball
B C R"*! such that 2V B satisfies the Pg,,-doubling condition

P2V B) £ 0,02V B), (1.16)
elementary calculations show that
> 270,02 By =27 Y " 27U NEe, (217N 2N B))
Jjz=N j=N
=2 NB Z 27F0,(2/2"B)) <27V 6,02V B).
j=0
Thus, if ws (1) < 1P, the assumption (2) in Corollary 1.6 is satisfied if we can
guarantee that both B and 2V B are Pg,,,-doubling in the sense of (1.16).
Previous versions of Corollary 1.6 had been applied to solve the non-variational

two-phase problem for harmonic measure and elliptic measure associated with
an elliptic operator with Holder continuous coefficients. In particular, those were
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needed to analyze the measures at the level of points of zero density. One of the
main ingredients was [4, Lemma 6.1], which shows that if u is an n-dimensional
measure, forany B € (0, 1), there exists M > 0 depending on § and the dimension,
such that for p-a.e. x € R"*!, there exists a sequence of M - Pg,,-doubling balls
B(x,r;) withr; — 0asi — oo. In fact, if A is a f-Holder continuous matrix,
Corollary 1.6 is equivalent to [35, Theorem 1.2] for the study of the two-phase
problem for the elliptic measure as in [35]. Indeed, if x¢ is a point for which we
may find a sequence of M-Pg ,-doubling balls, we fix By = B(xp, ro) to be a ball
with radius rg < A. Then, we pick the largest M-Pg ,-doubling ball B = B(xo, 7')
such that 0 < 7 < 27N rg for which, if ro/2 < 2M0F < rgand N < Ny, it holds
that

Ps 2N B) < M2~NoP @, 2N B).

Hence, under these circumstances, Corollary 1.6 gives the desired property of big
pieces of uniformly n-rectifiable measure in B, equivalently to the main results of
[20] and [35].

Finally, let us mention that generalizing the one-phase and two-phase problems
for elliptic measure as in [3,33] and [6,35] to elliptic measures associated with L 4,
A€ ISK/IJO, presents significant difficulties; for instance, the lack of a proper 7' (1)-
theorem for suppressed kernels with such general modulus of continuity. Therefore,
those problems should be treated separately.

Structure of the paper

In Section 2 we present the general notation which we adopt in the paper
and recall some properties of Dini functions along with their relation to integral
operators with proper reproducing kernels (see Lemma 2.5).

Section 3 contains the PDE bulk of the paper. In the first part we describe how
the elliptic operator L 4 and the gradient of the single layer potential transform
under a bilipschitz change of variables. Furthermore, in Lemma 3.5 we introduce a
specific linear map S so that, given a ball B ¢ R"T!, the average of the symmetric
part of the transformed matrix A equals the identity matrix on S~!'(B). This turns
out to be crucial for the proof of Main Lemma I, as it allows to compare VI 4
at the level of a given cube with the Riesz kernel effectively. In the second part
of Section3 we adapt the arguments of [15] in order to prove that ViI"4 can be
interpreted locally as a Calderén-Zygmund kernel (see Lemma 3.9), and we gather
other auxiliary PDE lemmas.

Section 3.3 contains the previously described three-step perturbation argument:
we deal with the frozen coefficients type estimate in Lemma 3.12, in Lemma 3.13
and Lemma 3.14 we prove pointwise bounds which allow us to compare V| I" Arjvoyi
and ViI';  for§ > 0, and finally in Lemma 3.16 we implement the techniques
based on spﬁerical harmonic decomposition in order to estimate the difference of
Vo(; Ax,g/z) and VO (-; A_QQ), where AQQ denotes the integral average of A on
a set at the level of al cube Q.

Section 4 covers the proof of the two main lemmas. In Main Lemma I we gather
all the results of the previous section and estimate the L2 (i)-norm of the difference
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of T}, 5 and a proper normalization of R, s. Main Lemma II is the main tool for
the proof of Corollary 1.6: under suitable hypotheses on the measure u, a duality
argument and the local Calderén-Zygmund character of ViI'4(x, y) allow us to
transfer the smallness of the L2(u)-mean oscillation of T}, to the Riesz transform,
which is the crucial step in order to invoke [20].

In Section 5 we introduce and discuss the properties of an auxiliary measure
Ve, which we obtain as the convolution of the measure v supported on a cube
with a proper cut-off function. This guarantees that the measure v, is absolutely
continuous with respect to £*+!, which entails that the L?(v,)-norm of the Riesz
transform associated with v, applied to a Lipschitz function with compact support
is (qualitatively) finite. This is needed in the last section, as it allows to absorb the
norm of the Riesz transform in (6.3) in the left hand side of that expression.

The final Section 6 contains the proof of Theorem 1.1 and its corollaries. In
particular, we show how to prove those results combining the lemmas of Section4
and Section 5 via the change of variables introduced in Lemma 3.5.

2. Preliminaries and Notation

General notation

e For A > 0 and an open ball B = B(x, r), we define its dilation AB:=B(x, Ar).
Analogously, given a Euclidean cube Q in R"*! with center x ¢ and side-length
£(Q), we denote by A Q the cube with center xp and side-length A£(Q).

e For 0 < r < R < oo, we indicate

A(x,r, R):=B(x,R)\ B(x,r) ={y e R""!' . r < |x — y| < R}.

e We denote by S” = 9 B(0, 1) the unit sphere in Rr+L by o its surface measure,
and we define w,:=o (S").

e Given A C R?, we denote by x4 its characteristic function.

e We endow the space of matrices R"!*"2 with the norm |A|:=max; ; |a;;|, for
A= (aij)i,j € RM1xm2,

e Wewritea < bifthereis C > Osothata < Cbh,and a <, b to specify that the
constant C depends on the parameter t. We write @ ~ btomeana < b < a,
and define a = b similarly.

Dini functions and integral operators

Let 0 be a k-doubling function in the sense of (1.5) for k > 0. For n € (O, %)
denote by N, the positive integer such that 27Mi=1 < 5 < 271 Hence, if r > 0
and nr <t < r then

,er

r a2 dr al M
f 0(t) — Z/ 00— <k 027 <k Y kMg Ny
nr t =0 2—t—1, t =0

=0

IA

Nt Ny+1

_N K -1
= —F0Q ") < k————0r)=C(x,n)0(nr),
Kk—1 Kk—1
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where we used that 6 is x-doubling. Therefore,

J R
/ 9(0— Zf” 9(r>—<C<K n)Ze(nf“m
0

j=0

Moreover, if r > 0 and nr <t < r it holds that

Np—1 ¢
B g 0(r) — 27 rrr o di
o) =00r) 2—N,7rdt§K(1—2_Nﬂ)r ; 6 Sy, P OT
=L,
dt r dt
byt / 6t—< 1 2Nn/9z—.
ZN,]) %x o, 007 Smax( /™) | ()(ztl)
Thus, for R > 0, .
n'R dr
29(77’R)<Zma><(1 (K/Z)N")/ . 0(t)7
j=0
:max(l,(K/Z)N”)f e(r)Tt. (2.2)
0

In particular, 6 belongs to DS(k) if and only if the doubling property (1.5) holds
and Z?o:o 0(277) < 400. One can analogously show that, if 6 verifies (1.5), and
0 < d < n, we have

0(2%R) ) dr R0 53
,Z(M)d”/ 0) -7 > 0. (2.3)

Moreover, by the doubling property of 6,

0(r) < I(/ Q(I)# <k Jp(r), r > 0. 2.4)
r/2

Lemma 2.1. Assuming that for fixed d > 0
edty =14 [ o) 2 f 0
(1) =1 z (S)W<+OO orany t > 0,

then Sg is a 2%-doubling function. Moreover, it holds that

(1) If 3(1) < 0o and £4(1) < oo, then £¢ € DS (29).
(2) If 33,(1) < 00 and T ga (1) < 00, then ;:ge e DS (29).
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Proof. Ift/2 <s <, then

Ed(z)zzd/ 0(r) <zdfooe(r) dr
0 ; rd+1 = § rd+1

which proves that Eg is 2d—d0ubling. Moreover, to show (1), we use Fubini’s
theorem to get

1 o0 d d
/ﬂe(t)— / fe(s) d+1—t+/0 tdfl e(s)sd%%
1 1 ds

To prove (2), we apply Fubini’s theorem and for > 0, it holds

24 () rd/ooj o & ]/re(t) dr o /009(;) dr
— 9 — T — — — [
Jo . td+1 d Jo ¢ d J, rd+1 2.5)

1
= E(jg(l’) +£4(r) < oco.

§2dsd/ 00) T <2dgd(s).

O

Remark 2.2. If we assume that@ € DS(x), the condition (2.2) implies that @ (y/ R) —
0as j — oo forall R > 0.In particular, the previous lemma implies that if
6 € DS(k) N DL;(k), then Sg(n-/R) — Qas j — ooforall R > 0.

Definition 2.3. Let 6 be a k-doubling function and 0 < d < n 4 1. We say that a
function K : R+ x R"\{(0,0)} — R is a (8, d)-kernel if it is continuous and
there exists C > 0 such that

L] —
Kol = TP fora 2,
y

lx —

The latter estimate for (6, d)-kernels is directly connected with the Dini integral.

Lemma 2.4. Let 0 € DS(k). Let 0 < d < n + 1, and assume that |1 € Mi(R”“)
with d-growth constant co > 0. For p > 0 we have that

/ O 2D 42y <o / "o &, 2.6)
B 0 t

wpy X =zl
and the right hand side of (2.6) tends to 0 as p — O.

Proof. The proof of (2.6) follows from a standard estimate of the integral on dyadic
annuli, the d-growth of u, and (2.2). Indeed,

0 0
/B ol —zD) <>—Z/ (=2 o

wp lx—2zld A2 i1 p2-ipy X —2z]¢

02~ — : pod
<Z me 0 (B, 271 ) EPNCENEY RIOES
=0
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Lemma 2.5. Let 0 < d < n + 1 and let u be a measure with compact support in
R and d-growth with constant cy > 0. If K is a (0, d)-kernel for 6 € DS(k),
then its associated integral operator

Tf(x)= / K@) fO)du(y), xR

is bounded on L*(j). More specifically, if C > 0 is as in Definition 2.3 and
R:=diam(supp ), we have that

kR dr
1T 220022y Sec o [ 0@) = (2.7)
0

Proof. The lemma is a direct consequence of Schur’s Test (see for instance [17,
Theorem 6.18]) and Lemma 2.4. Indeed, for all x € R"*!, we have that

- R
/|K(x,y)|du(y)§/wd'u(y)§/0 9(1‘)% - 4oo

lx — yld

and, analogously,

R dr
/|K(x,y)|du(x)§/ 6()—  forally e R"*.
0

3. Change of Variables and Pointwise Estimates for the Gradient of the
Fundamental Solution

3.1. Change of variables

Our arguments involve a change of variables with respect to a particular bilip-
schitz map, which will be specified later on. For this reason, we state some result
concerning how the elliptic operator, its fundamental solution, and its associated
gradient of the single layer potential change under such a transformation.

Lemma 3.1. (see [2], Lemma 2.4) Let A be a uniformly elliptic matrix with real
entries and let ¢ : R"" — R"*! be a bilipschitz map. If we denote

Agi=|det D(§)|D($~)(A o)D),
where D(-) denotes the differential matrix, then Ay is a uniformly elliptic matrix

in R"1. Furthermore, u: R"*' — R is a weak solution of L su = 0 if and only if
u:=u o ¢ is a weak solution of L a,u = 0 in R+,
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Lemma 3.2. (see [33], Lemma 5.3) Let ¢: Rt — R™1 pe g bilipschitz map
and let A(-) be a uniformly elliptic matrix with coefficients in L (R"*1). Let T'4
be the fundamental solution of Ly = —div(AV.). Set Ay:=]| detg|D(¢p (A o
®)D(@d )T . Then

Ta,(x.y) =Ta(@(x). ¢ (y)  forx,y e R, 3.1

and
Vila,(x.y) = D@ VITA@ (). ¢(y)  forx,y e R (32)
Lemma 3.3. (see [33], Lemma 5.4) Let ¢ : R"t — R pe a bilipschitz map. Let

w be a Radon measure on R"+' and ¢t be its image measure. For every x € R't!
we have that

Topu(x) = D($)" (X)Tht(¢(x)). (3.3)

If ¢ and p are as in the previous lemma, v:i=¢ "', and for § > 0 we define
Ty 50(x):= / Vi, (2, ) du(y) (3.4)
[x—y[>d
and its variant
i,,,,;u(x)::f ViTa,(x, y) dv(y),
(@)= (y)[>$

then the arguments of [33, Lemma 5.4] show that

Ty sv(x) = D(@)T () T3 (x)),

Iior f € Ll (v) we also denote Ty f(x):=Ty 5(fv)(x) and T(p’ngf(x)I:

loc

Tp.5(fv)(x). In particular, by [33, Section 6, p. 740], if 7}, is bounded on L%(w)
then the operators Ty, s are bounded on L?*(v) uniformly on § > 0 and

| Tp.0.5] rw—r12w) M Twsll2gn— 2w (3.5

where the implicit constant depends on the bilipschitz constant of ¢.
Moreover we can prove the following lemma:

Lemma 3.4. Let A, T, and 11 be as in Theorem 1.1, and L Rt 5 R pe an
invertible linear map. Then, for any § > 0,

1+ ” TLvﬂ,‘S”LZ(M)_)LZ(M) ~1+ ”TM,(S”LZ(IL)_)LZ(M)y 3.6)

where the implicit constant depends on ||L||op, 1, A, co, and diam(supp ).
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Proof. Let f € L*(u). Let y € CZ(R" 1\ B(0, 1)) be a function such that 0 <
¥ < 1in R 3 = 1in R\ B(0,2), and |V < 1, and we define
Ys(-):=v¢ (5). By standard estimates, we can prove that

T s 00 = T )

/% (L(x) = L) ViTa, (6, ) fF ) de(y) = Tr s f 0| S My f (x),

where M, is the centered Hardy-Littlewood maximal function with respect to j.
Apparently the same estimate holds for L = Id. Moreover, by the mean value theo-
rem, (3.2), and Lemma 3.9-(2) (which we will prove later), if My:=min{|| L op, 1},
Ma:=2max({|| L5, 1}, it holds that

T s =T 5 £ )]

lx =yl [f DI
S IV llLe | Lllopll L — 1d]lo f du(y)
Vi P P Jacemsmsy 8 1L(x) — L) LY
SiLlley M S (x),

and our result readily follows by triangle inequality, the L?()-boundedness of
M, and the fact that Tig u 5 f = Tp.s f- O

As a direct application we have that, for ¢, Ay, and v as in (3.4), and if we
further assume that ¢ is an invertible linear map, Lemma 3.4 reads as

L 1Tl 2y 200 2 1+ [Tows | 20 1200

SO

~ (3.5)
1Tp.0.8020)— 20y SEH | To,08 | 20y 120y S 11Tl 2> 22G0- BD)

We remark that, if A is a uniformly elliptic matrix with real entriesand Ag:=(A+
AT)/2 is its symmetric part, for every x € R"*! and r > 0 the matrix (As)x,r isa
symmetric and uniformly elliptic matrix with real entries. In particular, it admits a
unique square root ,/ (As)x,,, which is symmetric and uniformly elliptic, too.

A particularly useful change of variables is the one that transforms the sym-
metric part of the matrix at a given point into the identity (see [2, Lemma 2.5]). A
standard application of Lemma 3.1 and change of variables allows us to state the
following adaptation to the context of the present paper.

Lemma 3.5. Let A be a uniformly elliptic matrix with real entries and let As be its

symmetric part. For a fixed point x € R"*' and r > 0, define S = [ (Ag)x.,. If

i | det SIS (B(x, 1))
T |B(x, r)|

S AoS)()STH, (3.8)

then A is uniformly elliptic, {S’I(B(x ) Ay = Id and u is a weak solution of
Lau=0inR" ifand only if it = u o S is a weak solution of L ;ii = 0 in R"*1.
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Proof. In light of Lemma 3.1, we only have to verify that {1 g, ) Ay = Id.
This follows from a change of variables and the definition of S. In particular, we
have

det SIS~ (B
][ A (y)dy | et S[|S™ (B(x, r))IS (][ As(Sy)dy)S_l
S=1(B(x,r)) |B(x,r)] S=1(B(x,r))

B |detS||S’1(B(x,r))|S71< 1
B |B(x, 1)l IS=H (B, r)| JB(x.r)

1
— 5! (— As(2) dz)S’l = 1d.
|B(x, )| Jpx,r

This concludes the proof of the lemma. O

Ay (2)|det S~V dz) 5!

The change of variables S defined in the previous lemma is a bilipschitz function
with bi-Lipschitz constant A'/2, and it maps balls to ellipsoids. In particular, we
have that A~1/2 < S| < A2, For more details we refer to [2, Section 2]. We also
remark that in the setting of Lemma 3.5 we have that, for ¢ € R**!, p > 0, and
denoting £:=S¢, it holds that

B(¢, A™'%p/2) € S(B(¢, p)) € B(£. 20 %p). (3.9)
Furthermore, we equivalently have that
B, p) C S™'(B(St,2A'2p)) C B(, 4Ap). (3.10)

The mean oscillation of the transformed matrix under the change of variables
in (3.8) can be controlled according to the following lemma.

Lemma 3.6. Let A be a uniformly elliptic matrix with real entries, S and A be as
in Lemma 3.5, and define

®4(p):= sup ][ ‘AA(y) — ][ A‘ dy forp>0.
zeRn+1 JS1(B(Z,p)) S=1(B(z.p))

Then we have that

D5(0) Xa 0a(P) Ma wi(p)  forall  p >0, 3.11)
where A is the uniform ellipticity constant of A. In particular, if A € DMOy then
A € DMOy as well.

Proof. The upper bound in the first equality of (3.11) is an easy consequence of
the definition of A, the change of variables formula, the uniform ellipticity of A
and the fact that |[S™!'| &, 1 &, |det S|. In particular, for any ball B ¢ R"*! of
radius r(B) we have that

][ ‘A(y) - ][ A‘ dy
S—1(B) S—1(B)

I
A W/ ’ V ’ )(S_IA(Sz)S_l—S_IA(Sw)S_l)dw‘dz
B) B

|B|2/|S |\/ A@) — A@w)) dw|IS~"dz S ﬁ/\A(z) ][A‘dz.
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The proof of the lower bound is analogous.

In order to prove the second estimate in (3.11), we observe that, given a ball
B:=B(¢, p) and denoting E::B(Sg, 2A1/2,0), the inclusion (3.10), the first esti-
mate in (3.11) and the doubling assumption yield

fyg<y>_fgjdy5fyA<y>_]1 A\dy+\f A—][A
B B B S—1(B) S—1(B) B

<a ][ i ‘A(y) —][ i A‘dy <0;(20"2p) Sax walp).
S—1(B) S—1(B)

The converse inequality can be proved analogously. O

We recall that, if Ag is a uniformly elliptic matrix with constant coefficients,
then
Tao(x,y) = Dag), (x,y)  forallx,y e R™ ! x £y (3.12)

Let A € DMOy. The quantity J,,, (r) defined in (1.7) satisfies J,, 27 7r)y >0
for every 0 < r < 1 by Remark 2.2. We remark that it is not necessary to assume
that A () vanishes as r — 07 for this property to hold.

3.2. Estimates for the gradient of the fundamental solutions
The following theorem is an easy adaptation of one of the main results of [15]:

Theorem 3.7. Let A be a uniformly elliptic matrix satisfying A € DMO;. Let
0 <n < 1/2, and set N:=3(%)N" for Ny such that 2-My—l < n < 2=No Assume
that g: B(O, N + 1) — R"™ is a function that satisfies the Dini mean oscillation
condition

b oon,, dr o 0,k -
g (t) — < 400, where @y (t):= sup lg(x) — guw.r| dx, k> 1.
0 t B(w,1)

weB(0,k)
(3.13)
Let u be a weak solution of

div(A(x)Vu) = divg, in BO, N +1). (3.14)

There exists an absolute value of n such that, if g and u satisfy (3.13) and (3.14),
then u € C'(B(0, 1); Rm). Furthermore, it holds that

U oon,.de
IVullLoes0,2)) S IVullpipoay + | @5 @) - (3.15)
0

and, for x,y € B(0, 1) such that |x — y| < 1/2,

IVu(x) — Vu)| S 1Vl i go.aplx — 1P
1 [x—y] [x—y]
. dt , dt B dt
+ (||Vu||L1(B<o,4))+ /0 g™ (1) 7) /0 OR /0 " () —

where B > 0 and the implicit constants depend on n.
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Proof. For the proof of the fact that u belongs to C 1(B(0, 1)), we refer to [15,
Theorem 1.5]. The inequality (3.15) is a variant of [15, (2.17)], which is formulated
in terms of a slightly different modulus of oscillation (see [15, (2.15)]). In order to
prove (3.15), we fix an exponent O < p < 1 and define

1/p
(%, r):= inf (7[ [Vu(z) —c|? dz) , xeR'L0<r<1/3.
ceR™ I\ JB(%,r)

It was proved in [15, p. 424] that, for 0 < n < 1/2 sufficiently small (depending
on p and an absolute constant, see the bottom of [15, p. 423])and j = 1,2, ...,

J J
B 17r) S2 ) + 1 Vullieeer Y2 0 (0 ) + 3026 (0 ).
i=1 i=1

(3.17)
Now notice that
] o0
Zzzl zoO3 / i, ZZZI i 03 / i )zzz 03( ) (3.18)
j=1i=l i=l j=i j=0

By [24, p. 495], there exists a constant k > 0 depending only on n such that
&3 (s) < ka0 (1), for% <t<s. (3.19)

Moreover, by definition of N and a minor variant of (2.1) and (2.2), we have that
> r dr
Do min S f e (1) —. (3.20)
- 0 1
j=0

Analogous properties hold for a)(/)‘ 3 Thus,

oo 00
(318) . (3.20) dr
O jl O,N et
> 2 Z ~/0 ROk

j=1li=l

The same computations can be repeated to handle the second summand on the
right hand side of (3.17). Finally, the inequalities (3.15) and (3.16) follow as in [15,
(2.17) and (2.19)]. O

Remark 3.8. Let 0 < r < Ry, xo € R"! and g: B(xo, (N + 1)Ro) — R, where
N:=3(3)M fornasin (3.17) and N, such that 2~V =1 < <27V For0 <1 < r
and 1 <k < N, we define

Ok (1) = sup 7[ |8(X) = Gu.rr| dx.
B(w,tr)

weB(xq,kr)

Let A be a uniformly elliptic such that A € DMOj; and assume that, for N as
above,

1 dr
f VR (1) — < oo.
0 t
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Then by the proof of Theorem 3.7, itholds thatif u is a weak solution to —div(A(x)Vu) =
—divg in B(xg, (N + 1)Rp), we obtain that u € CL(B(xp, r)) and satisfies the es-
timates

1

) dt
||vu”L°°(B(x0,2r)) SR() f [Vu(x)|dx +/ wgo,Nr(t) T, (3.21)
0

B(xq,4r)

and, for x, y € B(xop, r) such that |x — y| < r/2,

lx —yl?
IVux) = Vuy)| Sry —5— [Vu(z)|dz
r B(xo,4r)

[x=yl

! dr r Nr dr
+ ][ IVu(Z)Idz—l-/ &L N (1) — / o) — (322
B(xo,4r) o ¢ t ) Jo t

lx—y]

G dr
o x0, N1 £ —
—l—/o W, (1) o

Furthermore, we have that the implicit constants blow up logarithmically as Ry —
00.If 0 < Ry < 1, they only depend on ellipticity, dimension, and the Dini Mean
Oscillation condition.

An important consequence of the pointwise bounds of Theorem 3.7, are the
following estimates for the fundamental solution and its derivatives:

Lemma 3.9. Let A(-) = (a;j) be a uniformly elliptic matrix in R > 2,
satisfying A € DMOQOg. Let R > 0, and let § > 0 be as in Theorem 3.7. Then there
exists C = C(n, A, R) > 0 such that the fundamental solution T 4 satisfies the
following pointwise bounds:

(1) ITaGe, )| < Cla — y[7"D forx,y e R0 < |x — y| < R.

(2) IViTa(x, YI+[Vala(x, )| < Clx — y| ™" forx,y e R*™™,0 < [x—y| < R.
(3) IViVaTa(x, )| < Clx — y|="*D forx, y e R, 0 < |x — y| < R.

(4) We have

IVila(x,y) = ViTa(x, 2)| + [ViTa(y, x) — ViTa(z, x)|

ly —z|# |‘xV:>‘\ dr -
<C m‘i‘ A CUA(t)T lx —yI™", (3.23)

for2ly —z] <|x —y| < R.

Proof. For the proof of (1) we refer to [21, Section 5]. The bounds (2) and (4) follow
directly from (1), the fact that the function uy(-):=I"4(-, y) satisfies Lsuy = 0 in
B(x, |x—y|/8),and Remark 3.8. The bound for V| V,I" 4 can be proved analogously,
observing that wy (-):=V2I' 4 (-, y) satisfies Lywy, = 0in B(x, |x — y|/8). |

IfQ c R »n>2 isan open set and 2*::%, we define Y12(Q) as the
space of all weakly differentiable functions u € L? (), whose weak derivatives
belong to L?(€2). We endow Y 1-2(2) with the norm

lullyrog=lull 2 ) + IVul2q).  ue ¥ Q).
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We denote by Y% (R) the closure of C2°(R) in ¥ -2(R2) and remark that Y -2 (R"+1) =
YOI’Z(R”H) (see for instance [25, p. 46]).

Let A be a uniformly elliptic matrix in Rt > 2. with coefficients in
L®(R"™1). For g € L>(R"*!; R"*1), we denote by L'V - g the unique solution

u of the variational Dirichlet problem L u = —divg and u € YOl ’2(R"+1). By
a modification of the argument that proves [21, (3.47)] (for the details see, for
instance, the proof of [28, (6.3)]), for g € L2(R"+1), we have that

L'V g) = f VaTa(x, y) - g dy, (3.24)
and as in [21, (3.10)-(3.11)], one can prove that
IVLL'Y - gll2@ny S Igl2ny. (3.25)

The proof of the next lemma is a standard adaptation of the one of [21, Corollary
3.5], which we present below for the reader’s convenience.

Lemma 3.10. If A and A are uniformly elliptic matrices in R"™*', n > 2, so that
A, A € DMO, then for R > Oand all x, y € R such tha 0 < [x —y| < R, it
holds that

FA(x,y)—FA(x,y)=/V2FA(x,z)~(A(z)—A(z))V1FA(z,y)dz. (3.26)

Proof. SetI':=I"4, f’::[’g, L=y, f'*:zl"ﬂ, andr:=|x—y|/4.ForO < p <r
we denote as I'? the averaged fundamental solution (see [21, Section 3.1]) which
can be defined, via Lax-Milgram theorem, as the unique function in YOI’Z(R”“)
such that

/AVle(-,y) - Vu :][ u :/fp,yu forallu € Y, *(R"), (3.27)
B(y.p)

for fp y(2):=|B(y, p)|_1XB(y,p)(z). Note that, if B is aball such that BN B(y, p) =
@ andu € C°(B), then the right hand side of (3.27) vanishes, i.e., L4I'? (-, y) =0
in B. Thus, the De Giorgi-Nash-Moser theorem implies that '’ (-, y) is locally
Holder continuous in R*H! \ B(y, p). Moreover, by [21, (3.45)], I'” admits the
representation

I (x, y):=][ '(x,z)dz. (3.28)
B(y.p)
We define "7, re, ff € Yol‘z(R"‘H) analogously and it holds that
/w ¢, x) AVu = ][ u forallu e Y, 2 (R"!). (3.29)
B(x,p)

We claim that

2(x, y) = / Vol (x, ) - AOVIT2 (-, ). (330)
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Let 0 < o' < p < r.If we apply (3.29) for f‘f/ andu =T'P(,y) € YOI’Z(R”H),
then it holds that

/ vlfﬁ'(z,x)-fivlrf)(z,y)dz:][ M yds (331)
B(x,p")

Since I'° (-, y) is continuous away from y, by Lebesgue’s differentiation theorem,

lim I?(z, y)dz = I'’(x, y). (3.32)
=0 JB(x,p)

Moreover, by [21, (3.22) and (3.24)], there exist C1, C, > 0 such that
/ ‘VJ‘E; (Z,X)|2dz < Cyrl (3.33)
R\ B(x,r)

and

n+l1
[V < cerf‘” for p € [1, (n + 1)/n), (3.34)

ar (%) | LP(B(x,r))

where C; and C; do not depend on p’.
We now split

/Vlff/(z,X) CAVITP(z, y)dz

_ y (3.35)

= / +/ VilY (z,x) - AViTP(z, ydz=:y + 11,0
B(x,r) R+1\B(x,r)

Since A € DMOyg and LT (-, y) = 0 in B(x, r), by Lemma 3.9 and (3.28), for
any z € B(x, r), it holds that
1

IVil'(z, w)ldw§][ ——dwrr" & x -y,
B(y,p) lw —2|"

VT2 2, ) 5][

B(y.p)

where in the penultimate inequality we used that |w — z| & r for w € B(y, p), and
so ViI'?P(-, y) € L*(B(x,r)).

Fix p € (l, "T'H) and consider a sequence p’; — 0 such that p’; < p < r for
all j. As in the proof of [21, Theorem 3.1], by (3.34) and weak compactness of
WLP(B(x,r)), we may pass to a subsequence, which we still denote by p}, such

that ViTL7 (-, x) = V T'(-, x) in LP(B(x, r)). Hence

lim 1, =/ Vilu(z, x) - AViTP(z, y) dz. (3.36)
Jj—oo B(x,r)
Furthermore, once again as in the proof of [21, Theorem 3.1], the bound (3.33) im-

plies that, by passing to another subsequence if necessary, V| f‘f‘i (-, x) = ViT4(-, x)
in L2R"1\ B(x, r)). Thus, since T°(-, y) € Y3 > (R*1),

J—00

lim 11, =/ Vilu(z, x) - AViT(z, y) dz. (3.37)
! R\ B(x,r)
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Therefore, (3.36), (3.37), and (3.32), imply

I (x,y) =/vlf*<z,x> CAVIT?(z, y)dz =fvzf(x,z) - AVITP(z,y)dz,

(3.38)
where in the last equality we used that I' ;7 (w, z) = " ;(z, w) forall z, w € R+
z # w (see [21, (3.43)]). This concludes the proof of (3.30).

Let us now split

/sz(x, ) ACOVITPIC, y) =/

B(x,r)

+f +/ =) + 17+
B(y.sr)  JRHI\(B(x,r)UB(y,r) ! ! !

Since ['(x, ") € Y1L2(R" 1\ B(x, r)), by the weak convergence V I'?i(-, y) —
ViT(-, y) in L2(R"™t1\ B(y, r)), we have that

lim I} =
j—oo M

/ Vol (x,2) - A Vil (z, y) dz.
R\ (B(x,r)UB(y,r))

By Lemma 3.9, it holds that |V2f(x, 2)| < |x—y|™", forall z € B(y, r), and since
ViTPi (-, y) = ViT (-, y) in LP(B(y, ), we get that

lim 12 =/ Vo', 2) - AQVIT(2, ) de.
B(y.r)

j—oo
Lastly, by Lemma 3.9, V{T'?i(-, y) is a uniformly bounded equicontinuous fam-
ily of functions in B(x, r), and so, after passing to a subsequence, we get that
ViIPi(-, y) = V1I'(-, y) uniformly in B(x, r). By [21, (3.52)], it holds that
||V2f‘(x, ')||Ll(3(x,r)) g2

and thus, we deduce that

lim I} = / Vol (x,2) - A() Vil (z, y) dz.
J
B(x,r)

J—>00

Hence, as lim ;oo I'?7 (x, y) = I'(x, y), by (3.38), we conclude that

C(x,y) = /vzﬁ(x, - AVIT(, y). (3.39)

Similarly, we can be prove that

C(x,y) = Tu(y, x) =fvzr*(y, Y- ATV T, x) =fvzf<x,-)-2v1r<-,y),

which, together with (3.39), concludes the proof of the lemma. O
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For a real elliptic (n 4+ 1) x (n 4 1)-matrix Ao with constant coefficients, we
use the notation ®(x, y; Ag) = I'4,(x, y) to denote the fundamental solution of
L 4,. In particular, we recall that © (x, y; Ag) = ©(x — y,0; Ap) and

—1 1
(n — Doy /det Ags (Ag iz, 2) =D/

forn > 2,

O(z,0; Ag) = O(z,0; Ag,5) =
log ({Ag42.2)) forn =1,

1
4 /det Ag ¢
(3.40)

where Ag s:= % (Ap+ Ag ) is the symmetric part of Ag and w,, is the surface measure
of the unit sphere S" (see also Section 2). Moreover it holds

w Z
V10(z,0; Ag) = ——" 0.5

Vet Ag s (Aglz, 2y D72

Finally we observe that, for any integer k > 0, we have

forz e R™ 1\ {0}. (3.41)

|Vi©(z,0; Ap)| < for z € R"™ 1\ {0}, (3.42)

|z |n+k—1
where the implicit constant depends on dimension, the ellipticity constants of Ag g,
and the order of differentiation k.

In the next lemma we show that J,, , (r) controls the mean oscillation of a matrix

A at all scales below r > 0. This is used in the proof of Lemma 3.12.

Lemma 3.11. Let A = (a;j)1<i,j<n+1 be a matrix such that a;; € LOO(R”'H)for
1<i,j<n+1and A € DMO. Then, forr > 0and p > 1,

B 1/p
sup  sup <][ |A(z) — Ax’p|”dz> S P T, (). (3.43)
B(x,p)

O0<p=r xeRn+!
Moreover, if Cj:=A(x, 27y, 2j+1r),j e N, we have
_ 1/p .
<][ |A(z) — Ay P dZ) S P Jw,207). (3.44)
Cj

Proof. By the John-Nirenberg inequality (see for instance [37, p. 144]), it holds

B 1/p
sup  sup (f |A(z) — Ay plP dz>
O0<p=r xeRn+! \J B(x,p)

< p sup sup ][ |A(z)—Ax)p|dz.
B(x,p)

0<p<r xeRn+!
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Letx € R* r > 0,and p € [0, r]. We denote by N the positive integer such that
2¥p <r < 2¥*lp Then

][ |A(z) — Al dz <2][ |A(z) — Ayl dz
B(x,p) B(x,p)

N+1

ézf |A(2) = Arpldz+ Y 1A, 01, — Ay picipl + A, gvit, — Ay |
B(x.p) -
N+1 2N+1p d 2 ds
S Y wa@p) </ wA(n) — s/o AN — S Tu, (1),

j=1
where the last bound is a consequence of the doubling property of w4. Thus, taking
the supremum for p € [0, r), we obtain (3.43).

Let us now prove (3.44). Let Bj, k=1,..., M,, be a collection of balls of
radius %2j r which covers C;, for a dimensional constant M,, > 1. Fix a ball Bin
this family, denote by X its center, and define L:={rx + (1 — )X : ¢ € [0, 1]}.
There ex1sts a sequence of balls By, ..., B; centered at L such that By = B(x, r),
B; = B r(By) ~ 2%r, and Bry1 N Bk ;é @ Moreover, for every k = 1, , M,
there exists a ball B’ centered at L N By N By such that r(B ) ~ 2kr and
By U Byy1 C By Hence, if we denote Agk :=7(Bk A, it holds that

|ABI< - ABk+l| = |ABI< - AB,’( + |A3k+1 - AB,Q

s][ IA(Z)—AB;(|dz+][ |A(z) — Al dz
By Bit1

(3.45)
< 7[ AG) — Apldz S wa(r(B)) S wa@'r),
B
where the last bound follows from the doubling property of w,4. Thus,
) I (45 j 0 22 _
|Apy — Agl| < Z|ABH1 Ag| = ZCUA(Z V) Jw,(2'7), (3.46)
k=0
and so
_ I/p
(][ |A(z) — Ax,r|p dZ)
Cj
Mn _ l/p n
—A P
E,;(f;?,{"A&) AB/?' dz) +Z|AB(X P — | (3.47)

(3.46) Mn _ I/p .
<n Z(f/lA(z)—AB£|pdz> + T, 277).

k=0 Bk
Observe that, fork = 1, ..., M,, if we apply (3.43) we have

B 1/p . .
(ﬁj [A@) = Ayl dz> S PJoa(r(BD) S P Iy @'1), (3.48)
k
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where in the last inequality we used the doubling property of J,, . Thus, by (3.47)
and (3.48) we obtain (3.44) and conclude the proof of the lemma. O

3.3. The three-step perturbations

An important component of our method is the comparison of ViI'4 to the
gradient of the fundamental solution associated with the averaged matrix. This is
what we prove in the next lemma.

Lemma 3.12. Let A be a uniformly elliptic matrix in R", n > 2, satisfying
A € DMO; N DMOy. For Ry > 0, there exists C = C(n, A, Rg) > 0 such that,
for x,y € R"™ 1 such that 0 < |x — y| < R < Ry, and

Ko, y):=ViTa(x,y) = ViO(x, y; Ay -y 2).

we have ) 2R
TA(r Lo )

Ko, »I = C =2 o

forr:=|x — y|/2, (3.49)

where

s " 4 e, [ dr
tA(r):JwA(r)JrEwA(r):/O U)A(I)T""’/; @A) 2o

and
o

-~ ~ n—1 R dr n—1 ds
ZA(R) = Ty (R) + £ (R)=/0 oA) T+ R / o) 5.

R
In particular, if Ry = 1, the constant C only depends on ellipticity, dimension, and
the Dini Mean Oscillation condition.

Proof. Letx,y € B(0, R). Let us denote by a;; the coefficients of Ax,r and, for

brevity, write ©(z, ¥):=0(z, y; Ax,). By (3.26), it holds that

VIT (G, y) = ViO(, y) =/V1V2F(-,z)(f§x,r—A(z))V1®(z,y)dz
=:/<I>(-,y,z)dz

=/ <I>(-,y,z)dz+/ ®(-,y,z)dz
B(x,r) B(y,r)

O, y,)dz=L () +11.(:)+ 111.().

(3.50)

o
RFIN\(B(x,r)UB(y.r))

First, let us estimate /.. Setting sx,r(z):z(/ix,r — A(2)) xB(x,r)(z), we have that
I (w) = / VIVaL (W, 2) - 62, () V1O(z, y) dz
- / VIVaT (. 2) - £, () (V1OG. 3) — V1O(x. y))) dz

+ / ViVa (W, 2) - €20 (D)V1O(x, y) dz

=1 (w) + L2 (w).
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For w = x, in order to estimate /, 1 (x), we use Lemma 3.9 and write

\Y% V16
|1r1(x>|<f|sxr(z)|| 196 ) Z VIO, Ml

|x |n+1
< |8x,r(Z)| dz ~ 1 |A(z) — Ay, r| d
o]y — vy|n+l S n+1 _ on z
|x —z|"|x — y| r B,y Ix—1|

Then, we estimate the last integral by splitting the domain of integration into dyadic
annuli A(x, 2-i=1y 277r):

1 & A(z) — A
a1 S ey 3 | o= Al
r a2 |x — z|

1 & r _
< — ) — A(z) — A, |d
~ pntl 2:: 2J fB(x,er)} (2) x,r|
1 1
== 2.5 AR) = Aygeiy| ¥ 1&g 0iy — A )d
1 1
S=Y —(wa@r)+ ][ Az) — x dz)
z( z A= A
1 &1 !
Sr_nzz_<“”‘(2 fr)+Za)A(2 r))
Jj=0 =0
1 o j+1 . 1 (7 dr
Sr—nz S @A fr)gr—n/O wA()—, 3.51)

~
Il
o

where we use that j 4+ 1 < 2/ for any j > 0 integer.

The estimate of 7, 2 (x) is slightly more delicate. Letus denote g:=¢, (1) V1O (x, y)
and observe that LZI V. gisaweak solutionto L 4 (L;1 \Y ~g) = divgin B(x, r/3).
We claim that, for N as in Remark 3.8 and p:=r/(3N + 3),

t
HRLORS @Al g (3.52)

r}l

with the implicit constant depending on n and the doubling parameter Cj. In order
to prove (3.52) we first observe that, for0 < ¢ < 1 and e(-):=A, , — A(-), we have
that

GV = sup f g(z),][ () du az
weB(x,Np) J B(w,tp) B(w,tp)

= sup ][ ()(B(x,r)(z)S(z)—][ 8(u)XB<x.r)(u)du>-V1®(x,y)
weB(x,Np) J B(w,tp) B(w,tp)

(3.42)
< " sup ][
weB(x,Np) J B(w,tp)

n

=r" sup  Z(w,tp).
weB(x,Np)

dz

K@@ = | st @ |z
B(w,tp)



Arch. Rational Mech. Anal. (2023) 247:38 Page 31 of 59 38

For w € B(x, Np) and ¢t < 1 by triangle inequality we have B(w, tp) C B(x, ).
Thus, for such w and ¢ we can write

T(w, tp) = ][ \e(z) - ][ s\ dz = ][ |A(2) — Aw.ip|dz < wa(1p),
B(w,tp) B(w,tp) B(w,tp)
whichimplies (3.52). Hence, by Theorem 3.7 and (3.21) (see the end of Remark 3.8),

[Ir2(x)| < sup ’/VIVZF(wsZ)sx,r(Z)Vl®(-x’y) dZ‘
weB(x,2p)

< (L / |VL—1v-g(w)|2dw 1/2+/1@X’Np(r)ﬂ
~ A\ Jpap) A o ¢ t

(3.52) 1 5 12 1 r dt
< — VL'V d — 1) —.
~ (p"“ /B(x,4p)| A Vsl w) B

(3.53)

The operator (VL;1 V-) is bounded from L2(£"*1) to LZ(£"t1) and satisfies

(32
VL'V gl oonery, S lglraen. (3.54)

By Lemma 3.9 and the fact that |[x — y| = 2r we have that

172
gl 2¢enety < </ e IV1O(x, y>|2dz>
B(x,r)
s 172 (3.43) tl
=|V1O(x, y)l(/ |AGz) — Axr| dz) < FTT 34, ().
B(x,r)

(3.55)

Hence, combining (3.51), (3.53), (3.54), and (3.55), we obtain
11 ()] S 77" 30, ().

Letusbound /7, (x). Forz € B(y,r),wehave |[x —z| > [x —y|—|z—y| > r.
Hence, by Lemma 3.9, triangle inequality and analogous calculations to those that
proved (3.51), we have that

A(x) — A 1 A(z) — Ay
1 (0] S / | (Z,)H_l xrl _ dz < - / [A(z) nx,rl
By, |x — 2"y — 2| r By ly—1zl

1 Ay, — Ay 4 1 Az) — Ay 4
<L / [Ax - ; r|dz+ L / [A(z) Z’rldz
r By, 1y —2l r By4r 1y —zl

(321) 1 1 _ 1[4 dt
S o /B [A(w) — Ay 4r|dwdz +r7/0 wA([)T»

oo 12= 31" JB@,r

L[ dr 4 L[ dr )
g—n/ wA(t)*+M§—/ a)A(t)—erA(r) S r 3, ),
r 0 t r’t 0 t

rn r}’l

where in the penultimate inequality we used the doubling property of w4 and J,, .
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We are left with the estimate of I71,.3 Let us observe that B(x,r) U B(y,r) C
B(x,4r). Given j > 0, we denote C;:=A(x, 2/r, 2/%1r) and we split

111(x) =/ O(x, y, z)dz—i—Z/ d(x,y,2)dz=1" + T},
B(x.8r\(B(.r)UB(y.r))

>3
"~ (3.56)
where @ is the function defined in (3.50). The term Z can be readily estimated
using Lemma 3.9 and the fact that, forz € B(x, 4r)\(B(x, r)UB(y, r)),|x—z| > r
and |y — z| > r. In particular,

e o~
T B8\ (BG.UB(y.r) X — zZ|P )y —z|"

< -l / |A(z) — Ay | dz
B(x,8r) (3.57)

1 -
iy |A(Z) x8r|dz+_|Ax 8r — Axr|dz
B(x,8r)

wA@Br) _ wa(r) O

~

A

< P D, ().

ri’l ri‘l

For w € R"*! we denote

v,(w)::/c Vol'(w, 2)(Axr — A(2))V1O(z, y) dz

J

so that

=) V) _ZW] + Y V=Tt 41

j=3 Jj=jo+1

where jo is such that_ 2J0=3, <R < 202, Remark that v; is a weak solution to
Lavj =0in B(x,2/r) forall j > 3.
Let us estimate I,l’l. Forje{3,..., j0}4, by (3.21) we have that

21/
Vol s Vo)l Sk (1 19P)
B(x,2773r)

weB(x,2/74r)

1 1/2
(e, 0P)
27r \JBx,2i-2r)

3 This is exactly the part we mentioned in the introduction that was missing in the jus-
tification of [23, Lemma 2.2] when the coefficients are not periodic (even in the Holder
continuous case).

4 The method for Jj € {3,..., jo} could be significantly simplified using the pointwise
estimates for V1 VI 4, but as we will repeat this argument to handle the case j > jg, we
decided to use it for both. Here we only use the DMO; condition to bound [Vv;(x)| by

its L2—average on the ball, while the last inequality of (3.58) holds for solutions of elliptic
equations with L coefficients without any additional regularity assumption.

(3.58)
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where the last bound follows from Caccioppoli inequality, and the second inequality
does not depend on Ry if Ry = 1.

For z € Cj, we have |x — z| = |y — z| &~ 2/r and so (3.42) implies that
V1O, )| < |z — y|™" ~ 2/r)™". If w € B(x,2/72r), by Cauchy-Schwarz
inequality and the latter estimate, we have that

v (w)] = {/ Vol . 9)(Aes — AQ)VIOG. ) de|

172 - 172
s (er)” / V2T (w, 2)[? dz (fcle(Z)—Ax,rfdz)

Thus, since |z — w| < 2/*?r forz € C j» by Caccioppoli inequality (see [19,
Theorem 4.4, p. 63]) and Lemma 3.9 we have that

) 1/2 2 1/2
([ wrwore) = ([ wrwope)
C; B(w,2/*2r)

1 5 \12
27( / o Irw.oPd)  (360)
TN A(w, 22,20 3r)

J43,4(1/2 i
< IB(w,Z‘ N - Ggm
~ Qiryn ~

(3.59)

IA

A

Inequality (3.44) yields

(/C |A(2) - Ax,r|2dz)l/2 = |c,-|1/2(][ | AG) - Ax,r|2dz)”2

(3.61)
< @ "3, @0,
In view of (3.59), (3.60), and (3.61) we obtain
0] Sn 271 730,27 r), (3.62)
which, by (3.58), implies
Vv (x)] SRon (2’r) ", (27 r) (3.63)

and hence

Jo
2 < 3 1V (01 o Zef RCINCIEES SR C

j=3 j=1

(2.3) oo dt 2.5) 1 1 [ dr
< T, ( = ) —+ — t
Nfr or® s mf A0 n/ o)

— (Ju () + £,().

(3.64)
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We are left with the estimate of I,1’2. For j > jo + 1, the rescaled version of
(3.15) and Cacciopoli inequality give

1/2 1 1/2
V0001 Sry (7[ Vo) sﬁ(][ )Pdw) . (3.65)
B(x,R) B(x,2R)

We remark that the first inequality in (3.65) does not depend on Ry if Ro = 1.
Ifz € Cj' and w € B(x,2R), since j > jo+ land R < 2J0=2p it holds that
|z — w| &~ 2/r, and, arguing as above, we can prove (3.62). Therefore,

X,

(3.62) (2jr)1_"

V(0] Sry T 2/r),

which infers that

Qint-n_ . @231 [ dt

YISk Y e @ S 2 | Te, 0
j=jo+1 j=jo+1 R
25 1 (R ® dr N 1 /00 ® dr
Xy — w —+ = w —
"R Sy MU TR Sy M

~n R (30, (R) + £51(R)).

(3.66)

Therefore, combining (3.57), (3.64), and (3.66), we obtain

L0 < T2+ S 7 (o) + £5,0)) + R (Jou (R) + 257, (R))

Gathering the bounds for I, (x), II-(x), and 111, (x), we conclude (3.49). O

In the next lemma we bound the difference of the averages of a matrix at two
distinct scales, and compare the gradients of the respective fundamental solutions.
This is crucial for the second step of our perturbation argument.

Lemma 3.13. Let A be a uniformly elliptic matrix in R", n > 2, satisfying
A € DMOy. Let 0 < 8 < r < 1 and x € R""!, and assume that Qys C Rl isa
Borel set such that for some constant M > 1,

B(x,8) C Qx5 C B(x, M$).
If we denote Ag, ,:=4q, A, then

_ _ r dr

|Aers — Agy,| <ur /6 o) =T () (3.67)
and

_ _ r dr

(Axry2)s — (Aay )s| Sar / oA <10, (3.68)
1)
Moreover, for
K (x, y):=V1O(x — y,0; Ay ,2) — VIO — v, 0; Ay 5/2)

and all z € R™1\ {0}, it holds

K2 (7. 0| < 1 ' ﬂ 3.6
K& O Suam = | 0at) - (3.69)
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Proof. Let Ng > 1 be such that 27Ny < § < 27N+l apd 2M—1 < p1 < 2M1,
Therefore, if N = No — N, we have that

’Ax»"/z - AQ,M’ = ‘AX,V - Ax,2*N+1r| + ‘AQ,M - Ax,2*N+lr‘

= N-2
M Z A iy = Agaminty | F0a@ M) S Z wAQ7Ir) + w27 V)
Jj=1 =

—1 r
=Y 07N % / a2,

j=1 s !

The bound (3.68) follows directly from (3.67).

Since A is uniformly elliptic with constant A, it is invertible and its inverse is
uniformly elliptic as well with the same constant. Moreover, as all its eigenvalues are
bounded from above by A and below by A~ I andsoisits determinant det(A) (as the
product of its n + 1 eigenvalues). The same considerations apply to A, ::(/ix,r /2)s
and A(S::(AQL s)s- By standard calculations we can write

V10, 0; Ay ) = VIO, 0; Ag, )| 2| V10, 0; A,) — V1O, 0; Ay)|
_ Az 3 Az )
@n | JAt A (A 2, )0 H D2 [det A5 (A 2, z) (D)2
1
San W’\/det As (A 2, 2) D2 AT - Jdet A (A2, z)("“)/zAg'z’.
(3.70)

We remark that by elementary calculations and using the ellipticity of .45 and A,
we have

A 2 — ATz = 1A TA AT 2 — AT A AT 2
= |A5 (A, — A AT 2| Sa 1A — Asllzl.

The mean value theorem implies that, for 0 < a < b we have

(3.71)

+1 +1
@ +D/2 _ D2 < ”T max 12— q) = ”Tbm—l)/z(b —a).

The symmetric inequality holds for 0 < b < a and, for the choices a =
(A71z, 2)(*+D/2 and b = (Aglz, 2) D72 gives

i(A;lZ’ Z>(}’l+1)/2 _ <A5_1Z, Z)(ﬂ+1)/2|

< |(.A,_1z, 7) — (Aglz, z)|‘(Ar_lz, Z)=h2 4 (As_lz, 7)=b/2 (3.72)

(3.71)
<A — Asl Iz 1z = 12T A — Al

by the ellipticity of A and A5
Let us recall that the map det: R®TDx+1) _ R s a polynomial in the entries
of the matrix and, more specifically, that Jacobi’s formula gives

9 . » .
7o det(A) = (@djd);  for A= (i € RO+Dx 0t
L
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where adjf{ = det(A) A~ is the adjugate matrix of A.In particular, the map det(-)
is locally Lipschitz continuous and, for |A| < A, its Lipschitz constant depends
only on A and n. Moreover,

IVa —v/b| = (al/z—i-bl/z)_lla—bl fora,b > 0,

which implies

|V/det A, — y/det As| = ((det A)'7? + (det A5)"/?) ™' | det A, — det As|

,SA,n | det A, — det As| S;A,n |A, — Asl.
(3.73)
Finally, (3.70), triangle inequality, the bounds (3.72), (3.73), (3.71), and the uniform
ellipticity of A, and A; yield

|V1©(z, 0; A,) — V10(z, 0; As)|

1 _ _
SA,anP—nH(l\/det As — det A, |[(A5 'z, 2) D2 471

+ [V det A (A 'z, 2) D2 A - A )
+ Vet A1 (A7 2, 2) D2 — (4712, 2D AT )

A=Ay G891
Sn,/\u S —f wA(t)T-
5

[z|" ~ |z

This concludes the proof of the lemma. O
We can also demonstrate the following lemma:
Lemma 3.14. Let A be a uniformly elliptic matrix in R"!, n > 2, satisfying

A € DMOy. Assume that Q C R"*! is a dyadic cube and Qo C R is a Borel
set such that, for some constant M > 1,

B(xg, £(Q)) C Q¢ C B(xg, ML(Q)).

If we denote AQQ:zfQQ A, thenifx € Q,

o ) d
|Aq, — Ars2| Sm / wA(t)Tt < 1a(l(Q)), foré <~n+1L(Q),
0 (3.74)
and, for all z € R™ 1\ {0} and § < /n + 1£(Q),

[4¢9))] dr
/ wa(t) —. (3.75)
0 t

Proof. The proof is a routine adaptation of the one of Lemma 3.13 and is left as an
exercise to the interested reader. O

[V1©(z,0; Ag,) — ViO(z,0; Ay 52)| Snoam

|z|"
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Let § > 0 and, for an affine function L, define the truncated integral operator

7 st o= Koo W FO ARG, j=1,2,
|[Lx—Ly|>§

where we set r = |x — y| in the definition of IC%) given in Lemma 3.13.

Lemma 3.15. Let A be a uniformly elliptic matrix in R"!, n > 2, satisfying
A € DMO. Let Ry > 0 and n € Mi(R”H) with compact support so that

diam(supp p1) = R < Ro. Then T}, s+ L* (1) — L*(w), j = 1,2, satisfying

71 ~ ~
zugH TL,M,le”LZ(/JL)—)LZ(M) 5 J‘EA (R) + .[A(R)
>

SUD(| 72 1.5 f | 120 120 S Tra (RS
§>0

where the implicit constants depend on ||L|op, A, n, and Ry. In particular, if
Ry = 1, the implicit constants only depend on ellipticity, dimension, and the Dini
Mean Oscillation condition.

Proof. In view of Lemmas 3.12 and 3.13, we can apply Lemma 2.5 to the integral
operators with kernel ICé) (x, ¥)XB(Lx,s/2)c (Ly) and deduce the result. |

Lemma 3.16. Let A be a uniformly elliptic matrix in R", n > 2, satisfying
A € DMO. Let Q be a cube in R"1 with center xo and side-length £(Q) < 1,
and let v € Mﬂlr(R"“) be supported on Q and have n-growth constant cy > 0.
Assume also that there exist a Borel set Qg and a constant M > 1 such that

B(xg,€(Q)) C Qg C B(xg, ML(Q)).
For § > 0 let us define
K& (x, 2):=V10(z,0; Ay 52) — V10(z, 0; Ag,) (3.76)

and

Tics 5/ ()= /| y Ky, x = Nfdv(y),  f e L.
- x—y|>

Then, there exist a positive constant C"" = C"(n, A, M, cq) such that we have
1Tics v sl 20— 1209 < € Toa €O IR 51l 120y 1200)- (3.77)

Proof. For brevity, let us denote lC::lCé). Observe that the function (x, -) is
homogeneous of degree —n for any x € R"*!, namely,

1 z
K(x,z) = WIC(X, E> forall 7 € R™!
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and satisfies ||KC(x, ')”LZ(Sn) Sn.a 1. Indeed, by (3.41) and ellipticity of (Ax’(;/z)s
we have that

2

—1 T —1
o, (Axs/2)y ' ¢ do (¢)

Jaet(, 5p0), (Aray)s 6 0t 0/2

o' [ ao@ un [0 a0 =0
S gt |§|n+l ~n, A - = wy.

Let{¢j ¢}j>1,1<¢<n; be an orthonormal basis of L%(S") of spherical harmonics
of degree j. In particular N; satisfies the asymptotic estimate

@, G2 S f

Sn

N;=0@G""  forj> 1, (3.78)

for which we refer, for instance, to [1, display (2.12)]. Hence, we decompose K
into spherical harmonics in the L2-sense and write

NA
1 z 1 ! b4
Kx,z) = W/C(X, E) = E E (Kex, ), ¢j,€)Lz(Sn)¢j,e (m)

j>1e=1

N.
1 ! z
BT Z Z kje(X)@je (E)

j=1e=1

We observe that, as K(x, -) is an odd function, k;¢(x) = 0 if j is even. Fur-
thermore, since K(x,-) is smooth on S", then by [1, Thorem 2.36], the series

=1 2221 kj¢(x)@je(-) converges uniformly on S”.
We claim that

kj o) Sna Jw, (L(Q)) for all x € R**1, (3.79)
Indeed, the bound (3.75) readily implies

dr [ lgj.e(@)]
tJs gl

Q)
lkje(x)| < /;n ICx, Olleje (@) do(€) Spoa ‘/(; wA (1) do(¢)

Q) dt
Sn / wa(t) —,
0 t

where the last inequality holds because of the normalization [|¢; ¢[/;2») = 1 and
Cauchy-Schwarz inequality. On the other hand we observe that, for m > 1, the
bound (3.42) and the definition of X yield

1

|V§mIC(x, Z)| SnAum W’

for z € R"T1\ {0}.

Thus, denoting by Ag, the m-th iteration of the Laplace-Beltrami operator on §",
we have

|AG K (x, &)| Saam 1, (3.80)
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where the subscript in Ag, , denotes that the operator is applied with respect to
the ¢-variable. Moreover, as K(x, -) is infinitely differentiable on S", [36, I1I 3.1.5]
gives that

/§Agln(x,w,»,z(;)da(o=k,»,z<x)[—j<j+n—1>]m forall m > 1.
Hence, Cauchy-Schwarz inequality implies that

1 1

LG +n = DI ke < (fS INANES ~>|2olcr)2(/S 9. )’

5 % (3.80)
=(fgn|Agn/c(x,~>| 40 )" S o s

where we remark that the bound is uniform on x and y. Hence, for every m > 0
we have that

(3.81)

|kj.e ()| Snoaum i
In particular, the choice m = (n 4+ 5)(n — 1)/2 yields
kj )| Spoa j~ 00D, (3.82)

Taking the geometric mean of (3.79) and (3.82), we obtain

- 172
Ju, (E(Q))
|kj )| Sn.a %le/z (3.83)

Now, let us define the kernel
Kj,g(z):szg(i), for z € R\ {0).
|z|" 4
By [36, p. 276] we have that

sup

0%@je(x) ntl
%’ Sojo 2 Tl fora e NI
[x|=1 X

so K j ¢ satisfies the estimate

1
ol

109K ¢ ()] Sa ]WW fora € N'*1 7z e R"FL. (3.84)

Thus, for j odd and by [41, Corollary 1.4], its associated singular integral operator
T, oo f ()= / Kol — ) () dv(y)
is bounded on L2(v) with norm

n+5

|| TKjY[‘V ”Lz(u)%Lz(\)) SJ .]T ||Rv ||L2(u)~>L2(v)' (385)
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On the other hand we recall that, by the discussion before display (3.79), we have
that k; ¢(x) = 0 if j is even.

Let TK_],‘ ,.v,5 be the associated §-truncated operator. For N > land Y€ L*®(®v),
we have that

/M | Bzzkje(x)l(ﬂ(x—y)w(y)dv(y)
x—y|>

g,
g,

Hence by (3.86), (3.83) and (3.78) we get that

f o)

2
dv(x)

2
dv(x) (3.86)

Z f s kje(x)Kje(x —y)¥(y)dv(y)

j>1£ 1

N; 2
Z > ke @)Tk, ¥ ()

j>10=1

dv(x).

N Nj
3O k)T o, w(x>
j=1e=1
N N;
<> Z k.l oo st scrry | T 06l 220

>

() dr\ /2 N
(fo wA(oT) ||Rv||Lz(vHLz(u)Zj,ﬁuwnm

j=1

Q) dr\ 172
§</ wA(l)7> IRull20)— L2 1¥ 1 220y
0

A

By the uniform convergence of the decomposition in spherical harmonics and dom-
inated convergence theorem, the estimate above implies that

12¢0) dr\ 172
||TIC,v,8W||L2(V) S ([ wa (1) T) ||Rv||L2(u)_>L2(u) ||W||L2(v)~
0

Arguing by density, this proves the lemma. O

Lemma 3.17. If A is a uniformly elliptic matrix in R"*', n > 2, satisfying A €
DMO and if Ty Lz(u) — Lz(u) for some n € M+(R”+1) without atoms is
bounded, then there exist ro = ro(n, A, diam(supp n)) € (0, diam(supp n)) small
enough and co > 0 so that w(B(x,r)) < cor”, forall x € R"* and r < ro.

Proof. Let K (x,y):=ViTa(x,y) for x,y € R*! x # y. The lemma follows
from [12, Proposition 1.4, p. 56] once we show that there exists ry € (0, diam(supp 1))
such that for any fixed cube Q of side length £(Q) < ro, it holds |K (x, y)| 2
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|x — y|7" for all x # y € Q. To this end, fix a cube Q, and for x # y € Q we
have that the matrix A:=Ay |;_y,2 is elliptic with constant A, which yields

-1 -1
(.40) o, AT (x = )] C(n, A)
ViOkx —y,0; )| = : >
IViOx —y )l ’—det.As (As_l(x—y),x—y)(”“)/z Ix — y|"
(3.87)

for some C(n, A) > 0. Let C > 0 be as Lemma 3.12 for R = diam(supp 1) and
Ry = 2R. Then, for |x — y| < R,

TA(r) TA(R)

IK(x,y) =V1Ox —y,0; )| <C —+C
r R"
- Cta(r) + CTA(R)R"r" lx — y]
, r = .
< P

2
(3.88)
Thus, (3.87), (3.88), and the triangle inequality imply

[K(x, )| = ViOx —y,0; )| — |K(x,y) — VIO — y,0; A)]
Cn, A) — Cta(r) — CTA(R)R™"r"

rl’l

Since 74(277) — 0 as Jj — oo and also t4 is cgp-doubling for some constant
cdp > 1, there exists jo € N such that, for every j > jo,

B R o C(n, A)
CtaQR7)+ CTy (MR « —————,
TA(277) + CTA(R) = 2 max(cqp, 2")

Therefore, if 2~V < |x — y| < 27N+ for some N € Nso that N > jo, it holds
that

~ X =yl
Cra(lx — y1/2) + CTA(R)R o
Cn, A)
< max(cgp, 2" ) ————— = C(n, A)/2.

2max(cgqp, 2")
Therefore, for |x — y|/2 < 27 Jo=:p,
IK (e, M2 e =y,

which proves the lemma. O

4. The Main Lemmas

Let A be a uniformly elliptic matrix as in Lemma 3.12. In particular, we recall
that we introduced the function 74 in (1.12) and w,, in Section 2.
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Lemma 4.1. (Main Lemma I) Let A be a uniformly elliptic matrix in R**t1, n > 2,
satisfying A € DMO. Let Q be a cube in R"*! with center xo and side-length
Q) S 1, andletv e MYy (R be supported on Q and have n-growth constant
co > 0. Assume also that there exist a Borel set Qg and a constant M > 1 such
that

B(xg, £(Q)) C Qo C B(xg, ML(Q))

and (AQQ )s :=7[QQ As = Id. Let Ty, denote the gradient of the single layer potential

associated with the matrix A. Then, there exist positive constants C' = C'(n, cg)
and C" = C"(n, A, M, co) such that for § > 0 we have that

105 — @ "Rusll 2y 120y < €', (L(Q)) + C'TA(E(Q))
+C"30, O IR s 120y 120y A1)
Proof. Let$ > 0 and

T f ()i / | TI06 3,0 ) [0 dv),
x—y|>

By Lemma 3.15 we have that

1T — Tv,S”[‘z(U)—)LZ(U) Snoa I, (8(Q)) +TA(L(Q)). 4.2)
Moreover,
3.76 n A
K3(x,2) P27 V102, 0: Ay g70) — ViO(z,0; Agy)
_ 1z
=V10(z,0; Ay 52) — , 1_|Z|n+1 ’

where the second equality holds because of the assumption (AQQ)S = Id. Hence
Tv,g — wn_lR,,,g = TICE_),U,(S’ so Lemma 3.16 concludes the proof of (4.1). O

In the next lemma we denote by R, and T}, the principal values of the corre-
sponding singular integral operators.

Lemma 4.2. (Main Lemma II) Let A be a uniformly elliptic matrix in R" !, n > 2,
satisfying A € DMO, and let Q be a cube in R"* with center xg and side-length
2(Q) S 1. Let also Qg be a Borel set and M > 1 a constant such that

B(xg,£(Q)) € Qo S B(xg, M{(Q))
and AQQ:{QQ Ay = Id. Let i be a non-negative Radon measure on RnH]

with compact support. Assume that for some integer N > 0 we have 2VN£(Q) <
diam(supp w) and for a constant Cy > 0, the measure [ is such that

Ou(Bx,r) N2V Q) < Cx0,2N 0), forall x € 2Y 0, 0 <r <2Y¢(0),
4.3)
P (Q) < CoTa, (27V)0,2Y ). (4.4)
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where ©,, and 7?&/}" u were defined in (1.13) and (1.14) respectively. If T}, denotes
the gradient of the single layer potential associated with the matrix A and there
exists T € (0, 1) such that

(][ ’Tﬂl(x) - ][ Tﬂl‘zdu(x)y/z <1120,02" ), (4.5)
0 0
then it holds that
(][ ‘Rul(x) —][ Rul‘zdu(x))l/z < C1®M(2NQ)<I]/2 + Ja, (2*N))
0 0

+C10, Y Q)(ﬁ(2N€(Q)) + T, (2N6(Q)>1/2||Rﬂ||Lz(m2NQ)9Lz<ﬂ,2NQ>),

where 9 (80(Q)):=Tr, (84(Q)) +Ta(84(Q)), and C| depends on n, A, co, Co, M,
and diam(supp p).

Proof. Note that (4.1) still holds if we replace the truncated singular integrals on
its left hand-side by their principal values. This is an easy application of Fatou’s
lemma and the existence of principal values given by Proposition 1.5.

For brevity, we write

mo(f, u) = ][Qfdu-
We define

L, O):={f e L*(w) :supp f C Q, mo(f, pn) =0}

and by L? o, O R™*1) its vector-valued analogue. The space L? o, Q) endowed
with the norm ||-|| ;2 (,,) is a Hilbert space whose Banach dual is the space of functions
in LZ(M) modulo an additive constant and equipped with the norm || - || L2(w) (see
e.g. [37, 1.2.2, p. 143]). Moreover, for [ € Lz(u, Q) it holds that

If =mo(f W20 sup /(f —mo(f. w)g d
geL3(1,0),

=1
I8l,2,

= sup / fgdu,
€L, 0),
=1

(4.6)

I8l 2,

where the second identity follows from m (g, u) = 0.
Then we have that

/R l- gdu‘
/Rﬂgdu

1/2

2
(/ |Ru1(x) = mo(Ry1, 1u(x))| du) A su
0 geL(n.0: R"“
I\gHLz(M ]Rnﬂ)

geLow 0 R"“)
I\gHLz(M rr+1)=
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where
Rig0i= [ e 50 du.
We also denote that
R ~§(x):=f Ty 8 du(y),

so that RY,g(x) = =Ry, - §(x) forall x € R"*1.
Then, for g € Li (i, Q; R"™) with [|g || 2. gn+1) = 1 and Sy, - g:=w, Ty, - g —
R, - §, triangle inequality yields

it s
|
By (4.6) and the hypothesis (4.5) we have that

I STl —mo(Tul, Wz < 7'20,2N Qu()'2. 4.7)

‘We denote

[5# -§du‘=:l +11.

—-)

n+1
m, x,yeR ,.X?éy.

R(x, y)=w, V1Ta(x, y) —

In order to estimate I, we first observe that Lemma 3.9 and the standard Calderén-
Zygmund properties of the Riesz kernel imply that

ly —z —n
186 ) = R S e ([ )l =1 (48)

for 2|y — z] < |x — y| < R, where
an():=t + 1t +wat), 1>0. (4.9)

Moreover, A € DMO implies a4 € DS(k).
Now, we write

Il <

SM'§du‘+/ Sﬂ~ng=Illl+112.
R"'H\ZNQ

2N

In order to estimate /I we apply Lemma 4.1, the Cauchy-Schwarz inequality and
the assumption ”g“LZ(M;Rn-H) = 1, which give that

I = C'0,2" Q) YU Q) ()"
+ €042 )30, (2VUQ) P IR 2ty > 121y (D,

where the multiplicative factor @M(ZN Q) on the right hand side is a consequence
of (4.3).
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Denote by xo the center of the cube Q. To estimate /1>, observe that g €
L3(i, Q; R™1) and (4.8) imply that

1125[ / |R(x, y) — Rx, xo)l1g(W) due(y) du(x)
Rn+l\2NQ 0

y—xoly 1
S Lo e mldu) dueo
Ri+1\2V 0 Jo lx =yl / [x —yl

ly — xol 1 -
d d
< Z/mg\z@/ ( >|x—y|” g du(y) du(x)

lx — ¥l

(4.10)

SPY L (Oud)'

where the last inequality follows from the definition of Pg) (@), the doubling
property of o4, and the assumption ”g”LZ(M;Rn-H) =1.

The bounds (4.7), (4.10), (4.10), and the assumption (4.4) conclude the proof
of the lemma. m|

5. The Approximating Measures

Let Q be acube inR"*! andletv € M’ (Q). We fix a function ¢ € C°(R" )
such that suppe C B(0,1),0 < ¢ < 2, and ||(p||Ll(]Rn+l) = 1. Given ¢ > 0, we
denote

1 Z
¢e(2):=—r7 §0<g) for z € R"™,

and we define
Ve i=V % Q. 5.1

The measure v, here introduced is absolutely continuous with respect to the
Lebesgue measure £+, its support is contained in the set {x € R"*! : dist(x, supp v)
< ¢} and it satisfies ||vg|| = ||v| for all ¢ > 0. The following lemma shows that,
under our hypotheses on the matrix A, the L?(v)-boundedness of 7, controls the
L2(v,)-boundedness of T,,.

Lemma 5.1. Let A be a uniformly elliptic matrix in R, n > 2, satisfying A €
DMO. Let v € M} (Q) with growth constant ¢y > 0, and let v, be as in (5.1) for
& > 0. Then

1T 2y — 2200 S T+ 1Tl 220)— 12()s (5.2)

where the implicit constant depends on n, ¢y, A and diam(supp v).

Proof. Given f € L*(vy) and & > 0, we define o,:=fv,. Let N € N be such that
27N=1g(Q) < & < 27N¢(Q). Let {Q;}; be a family of N:=3"+12N0+D cypes
with disjoint interior and side-length 2=V ¢( (Q) that cover 3Q. We denote by x ¢, the
center of the cube Q;. Foranyi = 1,..., N we define the set v(Q;):=30; N30,
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which consists of the union of at most 3”1 cubes of side-length 27N¢(0). We also
define

~ 0:(Qi) 0:(0Q1) .
o v = \ Ty K v JV=Tei Vs 5.3
o ( (Q )) | (@0 <V(U(Qz))X| (Qt))v f, V ( )
and also
N N
631225'8,1' = Zﬁ>i U:;f‘s V. (54)
i=1 i=1

We claim that fg € L2(v) satisfies

1 fell 220y S I L2,y (5.5)
Observe that the choices of ¢ and N yield
{z e R"™! : dist(z, Q) < &} C v(0)).

Thus, an application of Fubini’s theorem and the choice of the cut-off function ¢
gives that

vs(Qi)z/;_/¢s(x—y)dV(y)dx

/ f pelx — y) dx dv(y) 5.6
{zeR" 1 dist(z, Qi) <e} J Qi

v({z € R™ 1 dist(z, Q) < e}) < v(v(Q)).

IA

Note that there exists a dimensional constant ¢, > Osuchthat,fori =1, ..., N s
the set v(Q;) has non-empty intersection with at most ¢, different sets of the form
v(Qj)forj=1,..., N. Analogously, every cube Q ; can be contained in at most
¢, different sets of the form v(Q;).Fori =1, ..., N we also define the cube Q;" as
a cube such that v(Q7) Nv(Q;) # < and, for all j such that v(Q;) Nv(Q;) # T,
it holds that

l0e Q)] _ loe (O]
v(u(Q)) T v((Q))

Hence, by elementary inequalities and the definitions above we obtain

) _
“fS”LZ(V) _/

N 2
_ Z «(0i) Z 0:(Qi) 0:(Q;)
B ey # /U(U(Qi)) v(v(Qj))XU(Qimv(Qj)(X) W) 58)

5.7

2
dv(x)

i (0D
v (0 "

N

5D 0e(Qi)° / e (Q))?
n v d
= 2ot ; bo(Qpy? K@ (A

i=1
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The first sum on the right hand side of (5.8) satisfies

N 5 w7 ,
(0:(01)) 1 / )
dve
; v(v(Qi)) ; v(v(Q; ))< fdv
N (5.9)
Ve (Ui (5.6)
= Zl oo iﬁ ))) If x0Tz, = 11732,
and, analogously, we have that
GS(Q )2 -
Z/ v((QF e Xv(o) ) dv(x) Sp ||f||L2(U) (5.10)

Hence, by (5.9) and (5.10), we get (5.5).
Let K (x,y):=VI'(x, y; A), forx,y € R with x # y and, for § > 0, we
define Ks(x, y):=K(x, y) xB(0,5)c(x — y). For § € (0, ¢/2) we write

Ty (x) = / K don() + /| Kty (o =) 0)
x—y|<e X—=y|=¢€
+ / K, ) dGe(y)=:Is o () + [Is.0 (6) + T115 o (x). (5.11)
|[x—yl=e

In order to estimate the first term, we observe that, by the definition of ¢ and the
growth of v, we have

v (B, 2ke)) = = o N G RO

sn
< o fB(x - )v(B(y g))dy < —|B(x 27%e)| <, T

(5.12)
Hence, if M, stands for the centered Hardy-Littlewood maximal function

1
M,, g(x):=sup ————— lgdve(y),  forg € Li.(ve),
’ r=0 Ve(B(x, 1)) JB(xr) ‘ loeh™

the decay of K, a standard integration over dyadic annuli, and the definition of o,
give that

(o 0]
1
1= / d|oe|(y)
| 8 | Ig Alx,2—k=1g 2—kgy [X — y|" €
& 2nk -
S Zg_nbsl(B(x,Z_ D)) (5.13)
k=0
& znk 512

S g—an(B(x,z k )Mvgf(x) < Mng(x)'
k=0
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Letus estimate /s, (x). Let 8 > Obe asin Lemma 3.9. Fori € {1, ..., 1\7}, the
fact that o, ; :=0¢| g, and 6, ; have equal total mass, Lemma 3.9, triangle inequality,
and the choice of N in the construction yield

’/I | Ks(x, y)d(oei — 6e.i)(y)
x—y|>e
— [ (R - Kstwxa))dlews - 32.)0)
x—y|>¢

5/ KG9 = K0 ol + i) )
x—y|>e

ly — xg,1°
sf | Ty 4ol + 150 )
x—y|>¢e

—xg;!

1 x—y d
+/| /O‘ " oa® T (o] + 16 0)

x—y|>e lx — yI"
=I5, +11f,. (5.14)

Thus

1 .
I, < 5'3/' X =y P d(|oe,i] + 16¢,i1) ()

x—y|>¢ lx —y

2 ef (5.15)
S Z (2kg)yn+p <|05|(B(x, 2k+1)) + |5s|(B(x, Zk'H))),
k=0

where the last inequality follows from a standard integration on dyadic annuli.
Similarly, the second term can be bounded using the monotonicity of the function
Jw, and integration on dyadic annuli. More precisely, we have that

1 e -
Hye < /| 3wA(|x - y|)d(|as,i| +16e.i1) )

x—y|>¢ |x - Y|"

(5.16)

2
< Z T(Az(k ),,) (|as|(B<x, 2641 + 16 1(B(x, 2k+‘>)),

where we also used the fact that J,,, (-) < 74(-).
Now, forpu € M (R"*+1), we define the n-dimensional truncated radial maximal
operator

B(x,r)
(B )

n
r>2¢ r

M (x):=

)

and the truncated centered maximal function

1
M, eg(x)i= sup ———— ledu(y),  forge Ll ().
e r>2¢e n(B(x,r)) B(x,r) foc
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So if we gather (5.14), (5.15), and (5.16), and sum overi =1, ..., N, in view
of the fact that 74 € DS(k) for some x = x(n) and (2.2), we deduce that

1501 S D277 + 1427) (Meoe (x) + MG (x))
k=0

- ! (5.17)
S (Z 2-kB 4 / TA (1) (1—t> (/\/lgog(x) + Mgas(x))

k=0 0
< Meoe (x) + MeGe(x).

We claim that the operator M, is bounded from M (R"*!) to L1*°(v,), with
operator norm independent on ¢. Indeed let & € M (R"*+1), consider A, m > 0, and
let us denote

Ap={x e R"™™ : Mepu(x) > 2} and A=A, N B0, m).
Thus, for every x € A, ,, there exists ry > 2¢ such that
|l(B(x,ry)) > Ary.

Fubini’s theorem, the normalization [¢|[;1gs+1y = 1, and the choice of r, imply
that, for all x € A;_,;, we have that

3 n
ve(B(x, 1)) = / Py = D @y < v(BO s +0) S (5) -

B(x,ry)
(5.18)
Besicovitch covering Lemma implies that there exists a countable collection of
balls {B;}; C {B (x,ry) }X A, with bounded overlaps that covers A, ,,. Hence

w2y Sy el

1

619 3" o |ul(B) _ 3"
vl = ve(UB) =D weB) s 55 =5
i i

Since the latter estimate holds for every m, our claim follows.

Moreover, the fact that v and v, have n-polynomial growth implies that M, .
and M, ; are bounded from L°°(v;) to L°°(ve) and from L*°(v) to L*°(vg), re-
spectively. Thus, Marcinkiewicz interpolation theorem implies that

[Moee 8llr2wy S N18M2w,) and My gl S Iglzay- (5.19)

Analogously, we can prove that the operator M, , is bounded from L?(v) to L*(v),
namely

IMoeglizzwy S gl2w)- (5.20)

Now we turn our attention to /s .(x). Since we assumed § < /2, we have
that
[115.0(x)| < |Ts&s(x)| + M0 (x).

Therefore, by (5.11), (5.13), (5.17), and the inequality above, we infer that
|Tv£,8f(x)| = |Ts0:(x)| 5 Mog(x) + Meoe(x) + Mvgf(x) + ‘Ts6e(x)|
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= Mv,sfa(x) + Mu,s];e(x) + Mng(x) + |T£6£(x)|-
(5.21)

We claim that, fori =1, ..., N , it holds that
|TeGe(x) — Te6:(x")| S M6.(z)  forall x,x’,z € 3Q;. (5.22)

Indeed, forx, x’ € 3Q;, observe that the choice of ¢ implies |[x —x’| < diam(3Q;) =
3+/n 4 14(Q;) < 6ne. Furthermore, by triangle inequality we have that

B(x', &) C B(x, 10ne) C B(x', 20ne).

Thus, we can write

|TeGe (x) — Ts5s(x/)| =

/| | K(x,y)d&a(y)—/l ‘ K (', y)d&s(y)
x—y|>¢e x'—y|>¢

§/| 10 IK(x,y)—K(x’,y)ldlc?sl(y)-i-‘/‘ |K (x, y)|d|oe|(y)
x—y|>10ne

e<|x—y|<10ne

+/ KI5 (0= + T + .
e<|x’—y|<20ne

The Calderén-Zygmund properties of K in Lemma 3.9, a standard integration
over dyadic annuli analogous to (5.14), the inequality J,,(-) < 7a(:), and the
assumption t4 € DS(x) imply

/=l

5z, y|>5<|)|cx—_y)|c';f/3 * fox_]yxw_A(tlitl %) izl )
: /Ix y|>g<|x —8§|n+ﬁ + JwA|ECS/_|xy| |)>d| e ()
i( 2k8)n+ﬂ r(Az(kzg_)i))|5s|(B(x,2k£)) (5.23)
Sy + A7) M, (2)
(2. 2k)

(4 [ a0 Nmao £ Mo,

Analogously, we can prove that

1 - 1 -
jz—h73§/ nd|ag|<y)+/ — L 5.1
e<|x—y|<10ne |x - y| e<|x'—y|<20ne |x - Y|
S Me6:(2).

(5.24)
Combining (5.23) and (5.24), we get (5.22).
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Finally, in light of v, (Q;) < v(3Q;), the definition of v,, and (5.22), we have
that

N

N
[ imcorav =2 /Q 176 () dve () = Y2 (1(Q) sup 7.6 () %)

i=1 X€3Q,‘

sz i

[vs(Q ) nf T80 + inf (M. ()°) ]

N

[ mampam ey [ (M) aw

i=1 3 i i 3Qi

< Te6el oy + IMeGellFay = 1Toe fell o,y + 1Mue fell7ag,)-
(5.25)

I
'Mz,

Hence, by (5.20), (5.21), (5.25), and (5.19), we infer that

I Tves f 20y S Mo fll 20,y + 1Mo e fll2,) + 1My, sfa”L?(v )
+ 1 Te0ell 20,y + ||Mv,8f8||L2(u)
S U2y + 1 el + 1Tl 20y o 21 fell 20)

(5.9)
< (1+ ||TV||L2(1))~>L2(\)))||f||L2(1}6)’

which concludes the proof of the lemma. O

Conversely to the previous lemma, we prove that the uniform L2 (v, )-boundedness
of T,, with respect to & controls the L2(v)—b0undedness of T, at small scales.

Lemma 5.2. Let v, v, A and Q be as in Lemma 5.1. Let us also assume that there
exists C > 0 such that | Ty, || 2y,)— 12w,y < C for all ¢ > 0. Then for any fixed
§ >0,

im [ 7,5 12,y = 1Tvsll2q)  for any fixed § > 0. (5.26)
In particular | Tyl 2 (p)—120) < C.
Proof. Itisclearthat ||T, 12,y 12(y) < C followsform (5.26) and || 7, || L2(ve) > L2 (ve)

< C and so it suffices to prove (5.26). To this end, if f € C>°(Q) and § > 0 is
fixed, we have that

[15860 @i = [[7s 500 v
< [Insr P d0e =)0+ [|Tss @ = |Tus o |aveco
=5+ 115 ;.

The first summand /5 . vanishes as ¢ — 0 because |7, 5 f (x)|? is a bounded
and continuous function, v is compactly supported, and v, converges weakly to v.
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If ¥ € C* is a non-negative smooth function such that xp,2) < ¥ < xp(.1)

with [V |eo S 1. We set Ys(-) = ¥ (-/5) and

K (e, y)=Vila(x,y), x,y € R\ {0} and Ks(x, y):=K (x, y)¥s(x — ).

As Lemma 3.9 entails |K (x, y)| < |[x — y| " forall x, y € B(0, R), it follows that
[Ks(x, y)| <87 forall x,y € B(0, R), x # y. (5.27)

Moreover, if x, y1, y2 € B(0, R) such that y; # y> and 2|y; — y2| < min{|x —
v1l, |x — 2|}, by the mean value theorem and (3.23), it holds that

[Ks(x, y1) — Ks(x, y2)|
< IKs(x, yDl [Ws(x — y1) — ¥s(x — y2)| + [Ks(x, y1) — Ks(x, y2)I

yi—»l
[y1 — y2l Iy1 — yal? 3 de\ 1
< gl
STt i oa) — | 5

.13 [y1 — y2
Ss 0lA<—>-

~ 8
If |y1 — y2| < &€ <K 4, then, since § < min{|x — y;|, |x — y2|}, we have that
[Ks(x, y1) — K5(x, y2)| Sans @ale/8) = 0, ase — 0. (5.28)

In order to estimate I I5 . we first observe that (5.27) and the fact that v, (R" ™ Ly =
p(R"*1) readily imply

| Ty f () + Ty s FO] S 87N f Nl oo oy v(R™TD), (5.29)

where the implicit constant is independent of €. Also, the definition of v, and
Fubini’s theorem yield

T, £ () — Tos f )| = ‘ / KsGeay) £ () dve(y) — / Ks(x.2) f(2) dv(2)

- st<x,y>f(y>fgo£(y—z)dv(z)dy

/ Ks(x.2) f(2) f 0 () dy dv(2)

= /[Ka(x,y)f(y)ws(y—z)dy—/Ka(x,z)f(z)%(y)dy] dv(z)

S/fB(O )‘Ka(x,y+z)f(y+z)—Ka(x,z)f(z)|<ps(y)dde(z)~

Furthermore, the estimate (5.27), the mean value theorem, and (5.28) imply

|Tva,3f(x) - Tu,af(x)|
= //B(o >|K5(x’y +D[If (0 +2) — f@lge(y) dy dv(2)

+/./B(O )|f(Z)||K8()C,y+Z)_Ka(x,z)|(p8(y)dydv(z)

&
< 8—n||Vf||Lw(Rn+l>v(R"+‘) +aa(e/8) | £l oo oty VR,
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Hence, by(5.29) and the latter inequality we infer that
s, = f o8 0 + Tos £ O[T, s f () = Tos f ()| dve (x) So 10 € + a(e/8)

and so I 15 — 0as & — 0. This proves (5.26), which concludes the proof of the
lemma. m]

6. The Proof of Theorem 1.1

Proof of Theorem 1.1. Let R:=diam(supp 1) and assume that suppu C Qo for
some cube Qg such that £(Qg) = R. First, we prove that

IRull2gy— 20 S 1+ 1Tl 20— 1200)- (6.1)

For N € N we consider a collection of cubes { Q; } | <; < y»+1 Withdisjoint interior
such that £(Q;) = R/N foralli and Qo = |, Qi.

We also denote p;:=i|p, and observe that 7, is bounded on L?(u;) and
satisfies

1Ti 22 iy — L2 uy = W Tl 20y L2 - (6.2)
We recall that Q; C B(xg,, v/n + 14(Q;)) C B(xg,,2n(Q;)). Moreover, we
denote S;:=_/(Ay), 0, 4nAL(Q)) and we define the change of variables v; (x):=S;x
for all x € R**1, Finally, we consider the measure v; :=(wi_1)ﬁ Wi, and we denote
by A' the matrix defined in (3.8), namely
| det S;||S;7! (B(xg,. 4nAL(0)))]

Al(x):=
[B(xg;,4nAL(Q))|

ST A0 S)(x)ST forallx € R'L

N
B(xg, 4nAL(01))) Ai = Id and, by Lemma 3.6,

the moduli of oscillation @ Ai and T Ai belong to 1)/1\716 Moreover, by (3.9) it holds
that

By Lemma 3.5 we have that 7{3.*1(

suppvi C S; ' (Q:) € 871 (B(xg,, 2n8(0:))) € B(S; ' x0,, 4nA'2€(Q)))

and the ball B (Sflei ,4nA'2¢(Q;)) is contained in a cube Q; with center x5, =
S; 'xg, and side-length £(Q;) = 4nA'/2£(Q)).
Given M:=4n A3, the inclusions (3.9) imply
B(xg,, £(01) C 87! (B(xg,, 4nAL(Qi)) C B(xg,, ME(QD).
The definition of v; and the bilipschitz character of v; yield

vi(B(x, 1)) < coMr" forall x € R"*! » > 0.

Hence, the measure v; belongs to M. 1(R”“) and is supported on Q;. For & > 0,
let v; ¢ be the auxiliary measure defined as in (5.1). Let f be a compactly supported
Lipschitz function in Lz(v,-,e) (this class is clearly dense in Lz(vi,g)), and observe
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that Ty, ., defined according to the notation introduced in (3.4) satisfies the as-
sumptions of Main Lemma 4.1. By triangle inequality, the Main Lemma 4.1, and
Lemma 3.6 we have

IR fllz20 ) < @nlloy " Ruy, f = Ty 2y + @nll Ty Fll2
= C' (30, (00 +Fa @ ) 1 f 12,

€0 dr\ /2
+ @l Ty vy fll2,,) +C” (/ wA(1) 7) IR fllz20;.)
0

= <Hf”142(v,-v£) + wn”Tx//i,v,»,gf||L2(v,-_g)) + %”R“ivsf”Lz(w,e)’
(6.3)
where in the last inequality we used Lemma 5.1 and chose N big enough (see also
Remark 2.2) so that

. 00 den1/2
c (fo wA(t)T) <172
C'(30,(6(00) +Ta(600)) = 1.

Hence, since | R, , fl12(, ) < 00 by construction of the approximating measures
v; ¢ and the fact that f is Lipschitz with compact support, the estimate (6.3) implies
that

IR Fll L2y < 20 20y + 20l Ty 00 Fllr2y; )

(5.2)
< (2 + 26(),, ”Tl//i,vi ||L2(v,-)~>L2(v,-)) ”f”Lz(vi.E)'

So, if we take the supremum over all compactly supported Lipschitz functions in
L2(v,‘,s), by density, we have that for any § > 0,

||Ru,-,g,8 ||L2(y,-v8)—>L2(u,-,£) =2+ 2wulI Ty, y, ||L2(l),')—>L2(Ui)
3.7 ~ ~
= G+ CillTw 2y 2 u-
Taking limits as ¢ — 0, by Lemma 5.2, we infer
||va,5”L2(v,-)—>L2(v,-) =Ci+ G, f||L2(ﬂi)_)L2(Mi)’ (6.4)

uniformly in § > 0, and, applying [41, Corollary 1.3], there exists Cr>0 depend-
ing on dimension and A, such that

Rl 22 = 12y < C2 IR 20y 220 < C1Ca + CrColl T 120y 120
62) ~ ~ o~ ~
= CiC+CiClTullp2(wy—12w)- (6.5)
Thus [40, Proposition 2.25] and [40, Theorem 2.21] imply that

Nn+l

IRl 20— 120 S IR @ty 1oy Snv D IRellar@nt) o oo
i=1
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Nn+l

SH,N Z (l + ”R/“i ”Lz(pL,')—)Lz('ui))
i=1

(6.5)

5 n,N,A,R 1+ ”TM||L2(;L)—>L2(M),

which concludes the proof of (6.1) since N depends on A, n, and R.
In order to prove the converse inequality it is enough to observe that, for N big
enough, (6.1) yields

—1 —1
1Ty v L2 - 220 = W Tysn = @0 Rz, 120 + @0 1R 205 0 1200)

ST+ IR0y 20n S 1+ 1R 22— 22w

where the last inequality follows from [41, Corollary 1.3]. Then we apply (3.5) and
(3.6) and deduce that [Ty, [l 22()— 120 ST+ IR, I 22(1;)— 12y Finally, we
can repeat the argument above using [40, Theorem 2.21] and [40, Proposition 2.25],
which are still true for the operator 7), (the hypothesis that 74 is a Dini function
makes possible to argue via estimates in terms of the centered maximal function
which closely resemble (5.23)), and conclude the proof of the theorem. |

Proof of Corollary 1.3. Let j be an n-AD-regular measure on R"+! with compact
support such that the gradient of the single layer potential 7, is bounded on L%(1).
Then, in particular ;+ € M'} (supp ) so Proposition 1.1 implies that R, is bounded
on L?(1). Hence, the main result of [31] yields that x is uniformly n-rectifiable.
Conversely, it is immediate that Theorem 1.1 and the boundedness of the Riesz
transform on uniformly n-rectifiable sets imply that the boundedness of 7, on
uniformly n-rectifiable sets. O

Proof of Corollary 1.2. Let i be a non-trivial totally irregular measure on R*+1,
i.e., it satisfies 0 < ©*"(x, u) < oo and ©%(x, u) = 0 for p-ae. x € RrHL,
Arguing by contradiction, we assume that |7, [/,2¢,)—12(,) < o and so, by
Lemma 3.17, u has n-polynomial growth. Thus, by Theorem 1.1, we have that
IR ||L2(u)—>L2(u) < 00, which contradicts the main result of [16]. O

Proof of Corollary 1.4. This is a direct consequence of Theorem 1.1 and the main
result of [32]. a

Proof of Corollary 1.6. We first apply Lemma 4.2 for N large enough (depending
onn, t, Cy, and diam(supp v)) so that

Jo, 27Ny < <12

where we recall that a4 (t) =t + 1P + w4 (1), t > 0.

Then, in view of (6.5), we choose £(Q) small enough (depending on N and 1)
so that 2V ¢(Q) is as small as required in the proof of Theorem 1.1 in order for the
following estimate to hold:

i
IRl L2y )= L2ty ) = 1+ Coll Tl 2,y ) 12l ) =1+ Co C2-
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Here C, depends on n, A, M, and Cy. Finally, we may choose £(Q) even smaller
(depending on n, N, 7, C(’), C1, C2, and diam(supp v)) so that

I, 2V0Q) +Ta (V) < 712
and also
Top @MUV IR 2y ) 1201y ) = (L Co €Ty @V QN2 < 212,

Collecting all the above estimates and combining them with Lemma 4.2, we deduce
that

(][Q ‘Rul(x) - ][QRMI)ZdM(x)>1/2 <4c17120,02" Q).

If 7 = 4C;7'/? is small enough depending on Co, C(’), n, A, M, and diam(supp u),
in light of Theorem 1.1 applied to the measure p[,v, we can implement [20,
Theorem 1.1] and conclude the proof of the corollary. O
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