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(Communicated by Yuan Xu)

ABSTRACT. We prove that for d > 2, the asymptotic order of the usual Nikol-
skii inequality on S% (also known as the reverse Holder inequality) can be
significantly improved in many cases, for lacunary spherical polynomials of
the form f = ;-”:O fn; with fn; being a spherical harmonic of degree n;
and njy1 —n; > 3. As is well known, for d = 1, the Nikolskii inequality for
trigonometric polynomials on the unit circle does not have such a phenomenon.

1. INTRODUCTION

Let S¢ = {z € R¥*!: |z| = 1} denote the unit sphere of R4*! equipped with the
usual surface Lebesgue measure do(z), and let wy be the surface area of the sphere

S% that is, wg := o(S%) = QW%/F(d;I). Here, | -| denotes the Euclidean norm of
R+, Given 0 < p < 0o, we denote by LP(S?) the usual Lebesgue LP-space defined
with respect to the measure do(z) on %, and ||- ||, = || - | r(se) the quasi-norm of

LP(S%); that is,

([ 15 o) ", 0<p<o.

ess sup,esa | f(2)], p = oo.

In what follows ¢, C' will denote positive constants whose value may change with
each occurrence. The notation A =< B means that ¢ 1A < B < cA.

Let II¢ denote the space of all spherical polynomials of degree at most n on S¢
(i.e., restrictions on S? of polynomials in d + 1 variables of total degree at most n),
and let HY be the space of all spherical harmonics of degree n on S?. As is well
known (see, e.g., [2, Chap. 1]), both H¢ and I1¢ are finite-dimensional spaces with
dimH4 < n9=1 and dim I1¢ =< nd.

The spaces ’HZ are mutually orthogonal with respect to the inner product of
L%(S?%), and the orthogonal projection proj, of L2(S?) onto the space H{ can be
expressed as a spherical convolution:

1fllp ==

k+ A d—
(1.1)  proj, f(z) = + 1/f YO (z-y)doly), =€S% ,\2717

where the C}» denote the Gegenbauer polynomials as defined in [Il Sec. 10.9].
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The classical Nikolskii inequality for spherical polynomials reads as follows (see,
e.g., []):

(1.2) 1 fllg < Can® G2 fll, Vfelld, 0<p<q<oc

In [3], continuing Sogge’s investigations [7], we obtained the sharp asymptotic
order of the following Nikolskii inequality for spherical harmonics f, of degree n,
that is,

(1.3) fally < OO fully ¥ fu € Hy 0<p<q< oo,

where the constant ¢(p,q) is a multivalued function of (p,q); see [3] for details.

In many cases, these sharp estimates turn out to be remarkably better than the

corresponding estimate for spherical polynomials (I2)). In particular, we have that
d=1(1_1

(1.4) Ifallg <O T 57D full, VineH:, 1<p<2 p<q<p.

Furthermore, this estimate is sharp.

These results, in particular, show that there are no exponents 0 < p < ¢ < ©
such that the equivalence ||f,|s =< [|fnll, holds for any f, € HZ. This in turn
implies that there exists no analogue of the following Zygmund theorem for lacunary
trigonometric series [9] for spherical polynomials: For any trigonometric series of

the form
ao - . Nk41
f(x)N——i-Z(akcosnkx—i-bksmnkx), — >y>1,
2 = N
one has
(1.5) 1fllz, ey < I fllamy,  0<p<oo,

where the equivalent constants depend only on p and .

In this paper, we prove that for d > 2, the asymptotic order of the Nikolskii in-
equality can be significantly improved when restricted on a wide class of “lacunary”
spherical polynomials, although the order is sharp on the whole space of spherical
polynomials. To be precise, given positive integers ¢, m with m < n/¢, we denote
by Hi,m,é the class of all spherical polynomials f that can be represented in the
form

(1.6) F=Y fo, fo, €HE. j=0,1,....m,
=0

for some sequence of nonnegative integers {n;}7., C [0,n] such that n; —n;_1 >
20+ 1forall j=1,...,m. Given f € H;il,m,f’ we denote by Ny the largest integer

J for which proj, f # 0. Note that Hz,m,z is not a linear space.
Our main goal in this paper is to show the following.

Theorem 1. Let (p,q) be a pair of exponents satisfying either one of the following
two conditions: (i) 0 <p<landp<gqgor (i) 1 <p<2andp<qg<yp. If
fe I and d > 2, then we have

n,m,l’
1_1 oyl _1
I£llg < Ca(n®="=fom)» "4 | f]|, < Can = =D £,
where £y = min{/, %} In particular, if £ > %, then

d—1 i_1 d+l 11
(1.7) Ifllg < Ca(n = m)? 7| fll, < Can™> G739 f]],.
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It is worth mentioning that the asymptotic order of the Nikolskii exponent for
“lacunary” spherical polynomials lies between the classical exponent provided by
(T2) and the one for the spherical harmonics given by ([[3]). In particular, we have
that for ¢ > dQ;l,

1 1

%(——,—/) d
[ fallyy < Cn v fullp Ve I1<p<2

n,m.,t
It is also clear that inequality (1) generalizes (4.

Note that no improvement can be achieved in the order of the Nikolskii inequality
for similar “lacunary” trigonometric polynomials on the unit circle; cf. ().

The Nikolskii-type inequalities are closely related to the Remez-type inequalities
in a very general setting, as was shown in [8 pp. 601-602]. Moreover, these
inequalities play a crucial role in establishing a Sobolev-type embedding result for
the Besov spaces: Bf(L,(S%)) < L7(S?) (see [5, Cor. 4] and [, Sec.8]). As a
result, Theorem 1 can be applied to improve the Remez-type inequalities as well as

- _d4l(1 1Y\ _ (1 _ 1
the limiting smoothness parameter r = = (5 - E)Jr in place of r = d(; - E)Jr for
“lacunary” spherical polynomials, or “lacunary” spherical functions f € J,, Hi,m,é

with ¢ > d;—l.

2. PrROOF oF THEOREM [

We start with some useful definitions. Given h € N and a sequence {a, }52 of
real numbers, define (see, for instance, [3])

Ay = ap — anyn, ASTE=ARNL 0=1,2,...

Next, let
C)(cos®)
R, (cosf) := w, 0 € [0, ],
denote the normalized Gegenbauer polynomial, and for a step h € N, define
¢
(L
Af R (cos) := Afan, = > (—1)/ (J) Ryinj(cosf), £=1,2,..., n=0,1,...,
§=0

with a,, := R,(cos#). Here and throughout, the difference operator in A% R,,(cos 6)
is always acting on the integer n. In the case when the step h = 1, we have the
following estimate (|2, Lemma B.5.1]):

(2.1) |AS R, (cosO)| < CO'(1+n0)" "%, 0€[0,7/2], LN,

On the other hand, however, the ¢th order difference A{R,,(cosf) with step h = 1
does not provide a desirable upper estimate when 6 is close to w, and as will be
seen in our later proof, estimate (Z1]) itself will not be enough for our purpose.

To overcome this difficulty, instead of the difference with step 1, we consider the
th order difference AR, (cos ) with step h = 2. Since Aba,, = Zﬁ:o (f) ANany s,
on one hand, (2)) implies that

|A§Rn(cos 0)] < CO* (1 + nb)

On the other hand, however, since

_d—1
2
P

0 €[0,7/2].

4
AfRa(cos0) = 3 (=1)] (f) Ry (cos6),

Jj=0
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and since Ry 42j(—2) = (—1)"Ry42;(2) ([1, Sec. 10.9]), we have A§R,, (cos(m—0)) =
(=1)"ALR,,(cos ). Tt follows that

0'(1 4 nb)~ =", 0 €0,7/2,

d—1

(=01 +n(xr—0)""=, 0¢cn/2,7].
By (L)), we obtain that for every P € H%,

(2.2) |Aé (cos 9)| < C{

P(z) = cn o o P(y)Ry(z-y)do(y), €S,

where

P(5Y) d+2n—1 TD(+n) 4y
or(d+)/2 d4+n—1 T'(n+1)I'(d) ’
and z -y denotes the dot product of z,y € R% Since R;(z-) € 'H? for any fixed
x € S?, it follows by the orthogonality of spherical harmonics that for any P € H%
and any ¢ € N|

Cp =

4
.3 () o [ PRt oty

= | P(y) AR, (2 - y) do(y).

By ([22), for any positive integer ¢,

d—1

(2.3) |AgR,L(cos 0)| < Cmin{n~*n="7 }.
Let f e II¢ m,¢ be given in (L) with n,, = n. Define the operator
1
To@)i= - [ o) H@- o), wes ge L,
Wy Jsd
where
m L
H(cosf) chk Z < ) i +2; (€0s 8).
k=0 7=0
Clearly,
14
Tg= r0j,,
g = ZZ <]> oo PO, 12,(9),

k=0 j=0
and hence T'f = f. Since, by (23),

m
||HH0<> < Oznz—l—fo < C’mndil’eo,
k=0
it follows that
ITgllc < Cn?™'%|lg|ly Vg e L' (S7).
On the other hand, by Plancherel’s formula, we have
ITgll2 < Cliglla Vg € L*(SY).
Thus, applying the Riesz—Thorin interpolation theorem, we deduce that for 1 <
p=2,
ITglly < Clmn®=2=0)2 = |jgll, Vg € LP(S*).
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Taking T'f = f we arrive at

1
7

1_
(2.4) I £llp < Clmnd= =) 273 | fll, 1<p<2.

1 1

q

Further, log-convexity of L? norms, namely || f|, < Hf||g||f\|11[9 with % +
and 0 < 0 < 1, implies

-0 _
p

Q=

Hf”q S Cd(mnd—l_go)%_

£ 1lp

where 1 <p<2and p<q<yp.
To complete the proof we have to show that this inequality is valid for 0 < p < 1
and p < ¢. First let ¢ = oco. Using ([24]) with p = 1, we have
A= MAPI P < ISP AIE
Ca(mn® =) 1IN L1

VANRVAN

This yields that

(2.5) 1fllso < Ca(mn®=2=5)%||f],.

If ¢ < 00, we write

1_2 P 1—-2 y
[fllg = M1 llg < Ml “ A5 -

Applying (23] implies

q_pai_1 a2 P g i-1
1Fllg < Ca(mn™= =) 2w fllp “[If]l = Ca(mn®= =) 7| £,

completing the proof.
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