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Abstract
We use Pitt inequalities for the Fourier transform to prove the following weighted gradient
inequality

—re(),, L R ON RV C®(R"
lle ud fllg < celle v? Vfllp, feCy @Y.

This inequality is a Carleman-type estimate that yields unique continuation results for solu-
tions of first order differential equations and systems.

Mathematics Subject Classification Primary: 42B10; Secondary: 35B60

1 Introduction

The main purpose of this paper is to prove that the following weighted Sobolev gradient
inequality holds for every linear function £: R" — R, every f € Cj°(R") and every 7 > 0,

Communicated by L. Ambrosio.

D. G. was supported by the Russian Science Foundation under Grant 18-11-00199. S. T. was partially
supported by MTM 2017-87409-P, 2017 SGR 358, and by the CERCA Programme of the Generalitat de
Catalunya.

B< Laura De Carli
decarlil@fiu.edu

Dmitry Gorbachev
dvg4mail @gmail.com

Sergey Tikhonov
stikhonov @crm.cat
Department of Mathematics, Florida International University, Miami, FL 33199, USA

Department of Applied Mathematics and Computer Science, Tula State University, Tula, Russia
300012

3 ICREA, Centre de Recerca Matematica, UAB, Campus de Bellaterra, Edifici C, 08193 Bellaterra,
Barcelona, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-020-1716-8&domain=pdf

89 Page2of24 L. De Carli et al.

with suitable weights «, v and exponents 1 < p, ¢ < 00.

1 e L
le ™ Ous fll, < clle”™Ovr V£, (1.1)

Here, c; is a finite constant that may depend on 7 but does not depend on £ and f. We have
1
denoted with || |, = (fga |f(x)I" dx)" the normin L" (R") and with (x, y) = x;y; +-- -+

Xnyn and |x| = (x, x)% the standard inner product and norm in R”.

When 7 > 0, we prove in Theorem 1.1 that ¢; = max (71, )C; here and throughout
the paper, C denotes a generic constant that depends only on non-essential parameters, i.e.,
C = Cy,v,p,q.n- Inparticular, c; = C when t > 1. Inequalities like (1.1) are often called
Carleman inequalities in literature. In Sects. 3 and 4 we will discuss Carleman inequalities
and their connection with unique continuation problems and we will prove new unique
continuation results for systems of partial differential equations and inequalities.

When t = 0 in (1.1), we obtain a standard weighted Sobolev gradient inequality (also
called weighted Poincaré-Sobolev inequality)

1 1
lut fllg < collv? V£l f€CeMR™. (1.2)

These inequalities have deep applications in partial differential equations. For example, the
case p = 2 < g of (1.2) arises in Harnack’s inequality and regularity estimates for degenerate
second order differential operators in divergence form. They also have applications in the
study of the stable solutions of the Laplace and the p-Laplace operators in the Euclidean
space, the Laplace—Kohn operator in the Heisenberg group, the sub-Laplace operator in the
Engel group, etc.; see e.g. [22,49,58] and the references cited in these papers; see also [10].

Conditions on the weights «# and v and the exponents p, g for which (1.2) holds have
been investigated by several authors. The most natural approach to study (1.2) is based on
the following pointwise inequality (see e.g. [19,46])

|[fOl = Ch(VfDx), xeR",

_ylVl—Lv
the classical Sobolev integral representation and is proved e.g. in [42].

If the weighted inequality

where Io$ (x) = [gu |x¢¢ dy,a < n,is the Riesz potential. This inequality follows from

1 1
lutIifllg < Cllvr fllp (1.3)

holds for the weights u and v, we also have

1 1 1
lut fllg < Cllus LAV fDllg = Cllor [V £l p.

Sawyer [48] a complete characterization of the weights # and v for which the gradient
inequality (1.3) holds with p < g. However, in some cases, the conditions in [48] are
difficult to verify. When p = ¢ = 2, a full characterization of the weights for which (1.2)
holds is also in [41], but also the conditions in this paper are difficult to verify.

Heinig [25] that weighted norm inequalities for the Fourier transform (or: Pitt-type
inequalities) in the form of

~ 1 1
Ifutlly = Clfwrllp, fe€Cg @R, (1.4)

can be used to prove weighted gradient inequalities. The Fourier transform is defined as

FO) = fon f(x)e Iy,
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To prove (1.2) from (1.4), we observe thatl/a?(y) =y |y|""7(y), where ¢y is an explicit
constant; we can see at once that (1.3) is equivalent to

IIW(Iylf 7 g = Cllv"fllp

v
where denotes the inverse Fourier transform. We can apply Pitt’s inequality twice (with a
suitable weight w and an exponent y € (1, 00)) to obtain

lu (y17 ) Ny < Cllw? [y 7' Flly < Cllv? £l

Taking w = |y|” and y = ¢ and assuming conditions on the weights that ensure that both
Pitt’s inequalities hold we obtain the main theorem in [25], which was proved differently;
see Theorem 2.1 in Sect. 2.

1.1 Main results

Throughout this paper, we will often write A < B when A < CB with a constant C > 0. We
will also write A < B when there exists a constant C > 0, called the constant of equivalence,
such that C"'A < B < CA. As usual, we let g* be the non-increasing rearrangement of g.
We let p’ = ﬁ be the dual exponent of p € (1, 00).

Our main result can be stated as follows.

Theorem 1.1 Let u # 0 and v # +00 be weights on R", n > 1.

(@) Let 1 < p < q < oo. If there exists y > 0 that satisfies max (p, p’) < y < q, for
which

_a(L 1 1 1 1
A9(0) = sups' 1T Tt s) <00, - < < b4t
n n
s>0 yi q (15)
Al(r) = sup/ u*(t) dt / t+1t"H™ 7" dt) " <00, T3>0,
s>0 JO
and
L1
AP :=sups?  (1/v)*(s) < o0, (1.6)
s>0
the inequality
vy L oy L
le™™ud flly < cclle™ ™ Ovr Vfl,, f e CPRMM, (1.7)

holds for every T > 0 and every linear function £(x) = (a,x) + b, a € R", |a| = 1, b € R,
with the constant

cr = CAy(T)Ay, (1.8)
where C = C, 4.y n is Some positive constant. Moreover,
A, (T) < max (‘c_], DA,(), T>0. (1.9)
(b) Let 1 < g < p < oo. If there exists y > 0 that satisfies
S <v=<gq, t=0,

1<y <g, T >0,
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Sfor which (1.5) holds and
~ o0 r_1 s 1 L,
ir ::/ sTrT (/ A/v)* ()7 T dt)” ds < 0,
0 0

with % = , the inequality (1.7) holds with the constant

1_1
Yy p

¢ = CAu(T)Ay. (1.10)

Remark 1.1 Whent = Oand y = ¢g we obtain Theorem 2.4 in [25] with simplified conditions
on u and v. The proof of Theorem 1.1 shows that the assumptions % < % + é and p' <y
are to rule out the trivial weights ¥ = 0 and v = +o0.

Remark 1.2 For the applications of Theorem 1.1 it is important to have the uniform bound-
edness of ¢; as T — o0. From (1.8), (1.10) and (1.9), we have ¢; < ¢; < A, (1) whenever
T > 1; thus, to prove the boundedness of ¢, it is sufficient to verify that A, (1) < oo.

Remark 1.3 Tt is interesting to compare our weighted gradient inequalities with those proved
by Sinnamon [53]. In that paper, a weighted norm inequality in the form of

”f”%”q =CI(V/f, X>w%I|p, f e R (1.11)

is considered. If we denote with 9, f = (lj—l, V f) the radial derivative of f, the inequality
(1.11) is equivalent to

1 1
Ifutlly < Cllixlw? o fllp, f€CFRY,

and implies (1.2) with v = |x|Pw.

In [53, Theorem 4.1], (1.11) is only proved for p = g and ¢ < p under some conditions
on u, w; moreover, in [53, Theorem 3.4] it is proved that when 1 < p < g < oo and the
weight w is locally integrable on R, the inequality (1.11) holds for every f € C5°(R") if
andonly if u =0 a.e.

When f is radial, Vf(x) = I%I dr f(x), and so |V f(x)| = |9, f(x)|. Thus, our The-
orem 1.1 yields (1.11) for radial functions with a nontrivial weight ¥ and with w =
|x|7Pe~PT ™)y, We proved in Corollary 1.2 below that we can consider piecewise power
weights v = |x|(51’ﬁ2), with 0 < B < n(% — 1) (see definition (1.13)). For example, if

B = n(% — 1), then w is locally integrable for % < 1, because —p+p1 > —n. We remark
that the counterexample in [53, Theorem 3.4] is not radial.

Remark 1.4 The inequality (1.7) is equivalent to

lut flly < cellv? (taf + V). (1.12)

To see this, it is enough to use the substitution f| = e ™0 f and V(O f) =
e O(rafi +V fi).
Let 81, B2 € R; we define the piecewise power function ¢ > ¢#1:82) as follows:
Pl o<t<1
Brp . )1 =5
t = 1.13
P, > 1. (.15
In the following corollary of Theorem 1.1 we consider the important case of piecewise power
weights.
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Corollary1.2 Let 1 < p < q < oo; let y > 0 that satisfies max (p, p’) <y < q and
1 1 1

With the notation and the assumptions of Theorem 1.1(a), the inequality (1.7) holds with
u(x) = |x| o) y(x) = x| B with aj, Bj = 0, provided that

_49 44 _
o < n<1 B 1/ n ﬁ)’ {az > n(l Y + n) when t© =0, (1.14)
y n ar >0 when t© > 0,
p p
Bi En(y—l), ﬂzzn(y—l). (1.15)

In particular, for power weights u(x) = |x|™%, v(x) = |x|? the inequality (1.7) holds if

a:n(l—%—l—%)zO when 7 =0,
Ogafn(l—%—l—

ﬁ:n(%—l)zo.

BIEY

) when © > 0,

Moreover, the conditions

i

are necessary for the validity of (1.7).

)+1 when T =0,

1

+ n =
’l’ (1.16)

+ n _F)+1 when T > 0,

QR QR
< W ™
IA

Q=R [—

Lettingz =a = B8 =0,1 < p < n,and y = ¢q in (1.16), we obtain g = n’?p
and Corollary 1.2 yields the classical Sobolev inequality || fll; < CIIV fllp; see also [25,

Corollary 2.5].
When 7 = 0, we obtain the inequality

1 1
([ i an) < c([ v ax)”,
R R

which was proved by Maz’ya [42] and Caffarelli et al. [3] for power weights. In [42,
Sect. 2.1.6] it was proved thatif 1 < p <n,p <g < -2 and —% = %—14—11 (% — l) >

n—p q q
—2 then
q
1 1
(/ | £19]x] 7 dx)‘f < c(/ IV £1P x| dx)". (1.17)
R R

In [28, Lemma 2.1], this inequality was proved forn > 2,1 < p < +00,0 < % — ; =
n (1 — g - %) and —3 < —% < % Note that the conditions in [28,42] are the same, except

for the extra condition p < n in [42].
From Corollary 1.2 with 7 = 0 we have thata = n(1— 5+ %) > 0, =n(L —1) 2 0,
1 1

1 1 . . . 1
< L 1 =
—y, " + 7[1 . These 1nequahtles 1mply 7 7

—% < %, but we also have to assume @ > 0, 8 > 0 because of our

where max (p, p’) < ¥y < g and % <

B _ay _n
n(l —dp p ), 7 <
method of the proof.
It is interesting to observe that the best constant in the inequality (1.17) has been evaluated

in [58] and also in [22] for special values of « and .
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1.2 Unique continuation

Our Theorem 1.1 can be used to prove unique continuation results for weak solutions (also
called solutions in distribution sense) of systems of differential equations and inequalities;
see Sect. 3 for definitions and preliminary results.

We consider solutions in weighted Sobolev spaces of distributions: given a domain D C
R", we let Wy"""" (D) be the closure of C§° (D) with respect to the norm

m
1
Iflwmroy =D v70% fllLrp)

la|=0

where o = (@1, ..., ay) € N" and the 3% f = 9y} - - 8?: f are the partial derivatives of f.
In Sect. 3 we prove the following

Theorem 1.3 Let p, q, y, uand v be as in Theorem 1.1(a). Let% = %—é. Let f € W(;'p’v(]R")
be a solution of the differential inequality

IVl = VISl (1.18)

with V € L"(supp f. viu" 1 dx). If. for some linear function £: R" — R, we have that
supp f C {x: £(x) > 0}, necessarily f = 0.

Note that the condition V € L”(supp f, vizfédx) follows from either V €
L"(R", vru ¢ dx) if supp f is unbounded, or from V € LI (R", vru ¢ dx) if f has

compact support. In particular, for power weights u«, v as in Cl(:)crollary 1.2, the differential
inequality (1.18) does not have solutions with compact support if V =< |x|~!*¢ for some
€ > 0; see Remark 3.1.

To prove Theorem 1.3 we use a method developed by Carleman [4]. A brief discussion
on unique continuation problems and Carleman’s method is in Sects. 3 and 4.

When D is measurable and v is a suitable weight we consider the Dirichlet problem

—div VFIVFIP2) = v VFIfIP2,

fe WOI’P’U(D), (1.19)

where div ((g1, ..., &) = 0x,;81 + - -+ + 0,8, and the potential V is in a suitable L”
space. The operator div (v V f|V f|P~2) is known as weighted p-Laplacian in the literature
(see e.g. [23,34]) and is denoted by A, when v = 1. The weighted p-Laplacian is nonlinear
when p # 2 and is linear when p = 2.

When v = 1, (1.19) can be compared to the Sturm-Liouville problem in the form of
—Apf = 0Gm=V)f|fIP~2 (seee.g.[8]). Whenn = 1and p = 2 we have —(vf’) = vV f.
This problem is related to the classical Sturm-Liouville problem —(vf’) = (Aw — q) f.
See [40].

We prove the following

Theorem 1.4 Let f € Wol’p’v(D) be a solution of the Dirichlet problem (1.19). Let V. =

1 r r
max{V, 0}. Assume that |V|? € L"(D, vPu 4 dx), where u, v are as in Theorem 1.1 and

1_1_1 i
F= T Then, either

_1 o1 1
collu av? VI rpy = 1,

where cq is as in (1.2), or f =0in D.
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Thus, the Dirichlet problem (1.19) has the unique solution f = 0 if the weighted L" norm
1

of V. f on D is small enough.
To the best of our knowledge, the method of proof of Theorem 1.4 has been used for the
first time in [13]; it is extensively used in [11,17].

2 Proof of Theorem 1.1

In this section we prove our main theorem and a few corollaries.

2.1 Preliminary results

We will use the following theorem due to Heinig [26], Jurkat and Sampson [32] and Muck-
enhoupt [43].
Theorem 2.1 Letn > 1. If 1 < p < q < 00 and the weights u and w satisfy

1

sup<j(;~lv u*(z)dt)f;(/(;;((l/w)*(t))pl] dt)y — Al < 0,

>0
orifl <gq < p < oo, and

7

((1/w)*(s)) 7T ds) — Ay < 00
2.1

xr
7

Sup</0°°(/0»*l‘u*(t)dz)‘r’(/OS((l/w)*(t))p‘]dt)q

s>0

where r = %, then Pitt’s inequality

~ 1 L i
IF utlly < CillfwPly, feCP®Y, j=1,2,
holds with C; < Cp 4. jA;j.

Recall that the non-increasing rearrangement of a measurable radially decreasing function
f(x) = fo(]x|) is defined as follows: let for A > 0

ppO) = ple: [ > A} = ple: xl < f57 ' Q) = (g )" Vi,

where V), is the volume of the unit ball B” = {x € R": |x| < 1}. Then for¢ > 0

FHO) = inf(h > 0: wp () < 1) = fol(t/V)r).

Note that the conditions on u and w are also necessary when u and w are radial, i.e.,
u = up(|x|) and w(x) = wo(|x|), with uo(r) non-increasing and wo(r) non-decreasing.
See [26] and also [12, Theorem 1.2 ] for simpler and more general necessary conditions on
the weight u and w. We should also mention [38, Theorem 2.1] where a necessary condition
similar to that in [26], with u replaced by a measure d ., was proved.

We also need the following

Lemma 2.2 Let  # O be a non-increasing non-negative function; let B1, B2 > 0 and let
B5 = min (B2, 1). If either

5
A= sups“ﬁlfﬂﬂ/ V() dt < oo,
0

s>0
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or

B = sups(l_ﬁ"l_ﬂé)l//(s) < 00,

s>0

then By < 1 and A < B.

Proof Assume A < oo;then, forevery s > 0, we have that f(f V() dr < AsP-P2) Since s

non-increasing, sy (s) < fos Y(t)dt,soy(s) < As(ﬂl_l’ﬂz_l).lfﬂl > 1, then lim+ Y(s) =
s—0

0 and consequently ¥ = 0; since we assumed ¥ s 0, necessarily 81 < 1.

Furthermore, from v (s) < ¥ (1) for s > 1 we can see at once that ¥ (s) < AsP>~1 and
so B < A.

If we assume B < oo, for every s > 0 we have that {(s) < BsB1=1.8=D Ag above we
conclude that 81 < 1. For 0 < s < 1 we have fos y(t)dr < BsPL. If s > 1, then

K 1 K K
/ w(z)dt=/ W(t)dt—l—/ w(t)dngJrB/ #7Vdr < BsP2 < Bs?.
0 0 1

1
Thus, sup,; s [ ¥ (1)dt < Band A < B. O

2.2 Proof of Theorem 1.1

We can assume £(x) = (a, x), |a] = 1, without loss of generality.
(a) Letp =y =q.
Step 1 Fort > 0and & € R", define

we(®) = |& —ital” = (€7 + D)3,

By Theorem 2.1(a), the inequality

1 1
([ meorucdn)” < v ([ wr@isr ae)” 2)
Rn R

holds with

Ao = Sup(/os W) d’y(/oi((l/wf)*(z))vll dt>% < 00,

s>0

The weight w, is radially increasing, so

2 2.1 _r
(Jwo) (1) = (t/V)n +17)" 2 < (t+7") 7"

with the constant of equivalence independent of 7. This implies

1

1 5 ’
/S((l/wz)*(t))ﬁ dt =< / (t+7")"wdi, s>0.
0 0

Therefore, for T > 0,

Ky % / i/
AL = sup/ u*(t)a’t(/ -+ a’t)" = A1), 2.3)
0 0

s>0
Since (t + ™)~} <max (z7", )(t + 1)~! for 7, t > 0, from (2.3) we conclude that

Au(t) <max (z71, DAL, T>0.
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We can give a simple expression for A (0). Observing that I = f Vs =15 dt is finite

when _% > —1 or, equivalently, —1 < y,we have that I < s = . Therefore, (2.3) can
be rewritten as

_g(L_1y [
A%(0) = sups 1V ")/ u* (1) dt. 2.4)
s>0 0
y (2.4) and Lemma 2.2 with 1 = fr = q(% - %), there holds that q(% - %) < lor
% =< % + % and we can redefine AY (0) as follows.

_g(L_1 s (L1
AL(0) =sups G ”)/ u*(t)dtxsups1 G ")u*(s).
0

5>0 s>0

Step 2 Let g(x) = e~ ") f(x). Then g € C{°(R") and

g6 = / g0)e & dx = / fe &N gy = F (€ —ita). (25
R~ R

Since for g € Cgo (R™) the Fourier inversion formula holds, (2.2) and (2.3) imply

1

1 1
([ 1ecoruean)” s auo ([ 1 = iral g1 de)’
R’l Rll
1
_ Au(t)</ (€ —ita)f (& — ita){ydé)y. (2.6)
RVI

Note that f is entire analytlc (and so it is defined at £ — i ra) because f has compact support.
Since Vf &) =1i¢ f(é) from (2.5) with A(x) = (h1(x), ..., hp(x)) = e~ 29V f(x) we
get

hE) =VfE—ita)=i¢—ita)f (& —ira).

Hence

([ I~ ia7 - iral de)’
R’l

= ([ mera) =([ (Z her) de)

n

< (A; (Z |ﬁj(s)|)yds)? < Z(A; |ﬁ,-<5)|yds)%
=1 j=1

where the first inequality holds trivially and the second is Minkowski’s inequality.
Let us use Pitt’s inequality with p < y:

~ 1
£y = CpyAinllforlp, 2.7

where

1

1 1
Aly = sup(/ V / (/) (6)7 ldz)”’ < 0. 2.8)

s>0
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Asin Step 1, we apply Lemma 2.2 with 1 = 2 = p?/. We obtain p?/ < 1and

L

/ / 1
Af’v = sups f (1/v)* () 7T sups1 %(l/v)*(s)ﬁ.
s>0
It follows that

/ L
Alp‘v = Af,ip_l) = sups? 1(l/v)*(s) = Al < o0.

s>0

Applying (2.7) with f replaced by h;, j =1, ..., n, we gather

(/. i@ i) < a [, @I ue) d)
sa(f (L i) oo dx)?
R =1

— A, (/ e~ (DY £(x)[Po(x) dx) v (2.9)

This, together with (2.6) proves part (a) of the theorem.

(b) Let 1 <y < g < p. We proceed as in the proof of part (a) to obtain (2.2), provided
that (2.3) holds. We note that we assume n"j <y whent =0.

Analogously, we get (2.9), but instead of (2.8) weuse (2.1) withu = 1,w =vandy < p.
Then we have

© o’ g g
= [T amroran)” awr e
0 0

r

* _rd s 1 S+l
-~ * T y
,\/0 s v s( A 1/v)*@)r dt) ds,

where % =

%. After integrating by parts, we get

0 r_1 s 1 L/ ~
AT x/ s (/ (/o) 07 di)"” ds = &, < oc.
0 0

1
Y

This proves part (b) of the theorem.

2.3 Corollaries and remarks

Letus firstdiscuss the conditions on y in Theorem 1.1. We recall that in part (a) of Theorem 1.1

weassume 1 < p < g <ooandmax (p, p’) <y <gq;whent = Oweassume also + < L.

Note that this extra assumption on y is not necessary when n > 3. Indeed, from
max (p, p’) <y < g follows that2 < y < g and ¢’ < y' < 2; thus, % < % when-
ever n > 3.

When n = 1, the inequality % < % (or:y >

P 1) can never be satisfied by y’ and only

the case % > % is possible. In fact, the condition max (p, p’) < y < ¢ always implies
1 1
5 = % < 1.
If n = 2 we can either have % < yl, or ,11 > V . Note that 1 5= , implies that p = y = 2.
For applications, it is important to simplify the expression for Aq(l) in (1.5). Recall that,

when 7 > 0, A, () < max (z~!, 1)A,(1) (see Remark 1.2). We prove the following
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Corollary2.3 Let1 < p < g < oo and letmax (p, p') <y <gq.

) IfnzZand% < %, then 4, <

1
” +5and

1
n

_g(L_1
AL < sups(1 16 ")'O)M*(s).

s>0

(i) Ifn=2and p =y =2, then

Al(1) = sup (In (s~ + 1))(1/2 /S u*(t)dt.
0

5>0

(iii) Ifn =1, then

_4q S
A2(1) = sups® W/ u* (1) dt.
0

s>0

Proof (i) Recall that

9
7

\) l ’
Al(7) = sup/ u*(t)dt(/ 47 dr)V . >0
0 0

s>0

Fort =1 and% < %,wehave

g
7

1 ’ q ’
(/ t+1 -5 dt)yl = ((s_1 —|—1)1_V7 —1)7
0

—g(L -1y 4
SCIGmD

Hence

oL _1y 4 s
Ad(1) = sups 4G TR W/ W (1) dt,
s>0 0
where q(% — %) > 0 and % > 1,sincey’ <2 <gq.
Now we can apply Lemma 2.2 with f; = q(%—%),ﬂz = % > l.Weobtainq(%—%) >

1 1,1
lor7§;+5and

1-g(& -1y 0
AL(1) < sups' IGO0

s>0

(s).

1 /
Part (ii) is obvious. To prove part (iii), we note that y’ > 1, which gives fo“' t+D7V dt <
0,-1)
s . [m}

Proof of Corollary 1.2 Recall that in this corollary u(x) = |x|=%2) y(x) = |x|#1-A2) with
aj, Bj > 0. We consider the case when 1 < p < g < oo and y € [max (p, P, q], with

L1 < l—l—%andwelett:Oort:l.

n Y = n q
. 1 . . . . .
Since w*(s) < wo(s»), s > 0, for any non-increasing radial weight function w(x) =
wo(|x|) we have

i & B B
u*(s) < S(_Tl’_%), (1/v)*(s) < sCR .

whenever o, 8; > 0.
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The expression (1.5), Corollary 2.3(i), and (1.6) imply that for s > 0
q(ﬁ—%)—l’

1 1
S ==1.0)

T=0,

W) S (1/0)*s) <s5'77.

’ ’

It is easy to see that when a, b; > 0, the inequality s(-ar—a) < s(P1=b2) holds if and
only if a; < by, ay > b;. It follows that

>n(l-4+1), r=0,
a=n(1-L+%), axzn(l=+3).
Yy n ar >0, T=1,

and

0<8 Sn<£,—1), ﬂzzn(ﬂ,—l)
14 14
which proves (1.14) and (1.15).
To prove (1.16) we use a standard homogeneity argument. Let us consider (1.12) (which
by Remark 1.4 is equivalent to (1.7)) with f = fi(x) = f(Ax) for some f e Cj°(R") and
A > 0. We obtain

_a B
lxl 7 fallg < cclllx]? (zafi + AV Oullp.

After the change of variables x — A ~'x, we get

a_nyByn_y _a B 1
ramam et x4 fllg < colllxl? A Taf + VO p. (2.10)

The limits of the two sides of the inequality (2.10), as A — 0 or as A — oo, must be
the same. If ¢ = 0 the right-hand side of (2.10) does not depend on X, so we must have
a_n_ Byn_ 1y
g a " p P

If T > 0, we must have

-1
i g P A0
~ 11, A — oo.

sonecessarily% — 3+%+%— 1<0. O

3 Uniqueness problems
In this section and in Sect. 4 we use the inequality (1.1) to prove uniqueness questions for

solutions of partial differential equations and systems. First, we state some definitions and
preliminary results.

Let o = (a1, ..., ay) be a vector with non-negative integer components; we use the
. h X
notation |o| = o) + -+ + o, and 3% f = ng gaz
XI Xn

Let D C R” open and connected and let 1 < p < oo. Recall that W(')" "7 (D) is the closure
of C§°(D) with respect to the Sobolev norm ||f||Wén,p(D) = la1=0 195 fllp, Whenm = 1,
and D is bounded in at least one direction, the classical Poincare’ inequality states that
I fllLrpy < CIV fllLr(p) (see e.g. [2]); thus, the Sobolev norm in Wol’p(D) is equivalent
o IVfllLrp)-
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Given the weight v: D — [0,00] and 1 < p < oo, we let W;""”""(D) be the closure
1
o = Z"ﬁd:o lv? 3% £l ,. We use the stan-
dard notation L”*¥(D) or L? (D, vdx) for the closure of C5°(D) with respect to the norm
1
107 £1l,-

Let P(9) = ZTZ|=0 a0y be a linear partial differential operator of order m > 0 with

of C§°(D) with respect to the norm ||f||W1.p.u
0

complex constant coefficients. We let P(—0d)u = Z\Yz\:o Gg (=1l 0fu.

A weak solution (or: a solution in distribution sense) of the equation P(3)f = 0 on a
domain D C R” is a distribution f € W™ P (D) that satisfies fD f(x) P(=d)¢p(x)dx =0
for every ¢ € C{°(D). Weak solutions for non linear partial differential operators can be
defined on a case-by-case basis. See e.g. [ 18] or other standard textbooks on partial differential
equations for details. We will often consider differential inequalities in the form of | P (9) f| <
|V f] on a given domain D; by that we mean that the inequality |P(9) f(x)| < |V f(x)] is
satisfied a.e. in D, i.e., it is satisfied pointwise with the possible exception of a set of measure
Zero.

3.1 Unique continuation and Carleman method

Let P(d) be a homogeneous partial differential operator of order m > 1. Clearly, f = 0 is
a solution of the equation P(d) f = 0 on any domain D C R”. It is natural to ask whether
this equation has also nontrivial solutions, i.e., distributions in some suitable Sobolev space
that satisfy the equation in distribution sense and are not identically = 0. In particular it is
natural to ask whether (1), (2) or (3) below are satisfied or not on a given domain D.

(1) Uniqueness for the Dirichlet problem. The only solution of the Dirichlet problem
P(d)f =0,
fewy"r(D)

(2) Weak unique continuation property (or: unique continuation from an open set). Every

solution of the equation P(d) f = 0 which is = 0 on an open subset of D is = 0.

(3) Strong continuation property (or: unique continuation from a point). Let xo € D. Every

solution of the equation P (d) f = O that satisfies

is f=0.

Hmr_N/n lf)>dx =0
|x—xo|<r

r—0

forevery N > 0is = 0.

For other relevant unique continuation problems see the survey paper [55].

Historically, the study of unique continuation originated from the uniqueness for the
Cauchy problem; an equally strong motivation arose from some fundamental questions in
mathematical physics, with the study of the eigenvalues of the time-independent Schrédinger
operator H = —A + V as a notable example. See [50,51] and also [36] and the references
cited there.

Carleman [4] a new weighted Sobolev inequality to show that the Schrédinger operator
H = —A + V has the strong unique continuation property when n = 2 and V is bounded.
Carleman’s original idea has permeated the large majority of results on unique continuation.
The weighted Sobolev inequality that he used in his proof has been widely generalized and
applied to a vast array of problems in unique continuation and control theory.

@ Springer



89 Page140f24 L. De Carliet al.

A Carleman-type inequality for a differential operator P (9) is a weighted inequality of
the form of

In™ fllg < Cln™P@) fllp,  fe€C5(D), (3.1

where n: D — [0, 1), the sequence {t;}reny C (0, 00) increases to +oo, the constant C is
independent of the sequence of the t; and of f,and 1 < p < g < oo. If (3.1) holds with
a suitable function 7, a version of the argument used in the proof of Theorem 1.3 can be
applied to show that the operator Q(d) = P (9) — V (x) has the unique continuation property

(2) or (3) (or some variation of these properties) whenever V € L% (D).

The literature on Carleman inequalities and unique continuation is very extensive. A
sample of references on unique continuation problems for second order elliptic operators
include the important [30,31,35,52] and the survey papers [37,55,57].

The inequality (1.7) in Theorem 1.1 can be viewed as a weighted Carleman-type inequality
for the operator P(d) f = |V f|. To the best of our knowledge, the inequality (1.7) is new in
the literature, even when u(x) < v(x) =< 1.

3.2 Proof of Theorem 1.3
In this section we prove Theorem 1.3 and some corollary.

Proof of Theorem 1.3 Assume for simplicity that f = 0 when x,, < 0 (the proof is similar
in the general case). It is enough to show that f = 0 also on the strip S¢ = {x: 0 <
Xn < €}, where € > 0 will be determined during the proof. Using Theorem 1.1(a) with
a=1(0,...,0,1),7r>1and c,1 < c1 (see Remark 1.2), the differential inequality (1.18) and

Holder’s inequality with % =5+t %, we can write the following chain of inequalities:

1 _ 1
le™™ fud|lpacsey < cille” ™V for || Lpmwn
—TX, l —TX, l
<cille”™"Vfvr|irs,) +cille™™ "V ur |l oex,>e)

1 B 1
<cille ™" fVr |y +cie TNV o i, =eh

1o B 1 _
<cllVvru | prs.nsupp plle ™ fud ||Lacsey + Cle™ <.

Here, 1
-

1
% é and we have let C' = c1||V fv? || Lr({x,>e})- Note that C’ does not depend
onT. L
Since V e L"(supp f, vPu ¢ dx)wecanchosee > Osothatcy||V vru 4| Lrs.nsupp f)

< % From the chain of inequalities above, follows that
—TX 1 1 —TX 1 ! —TE€
lle= ™ futllase = 5 e futllLacse + Ce
We gather
1 T(e—xy) 1 /
3 le™ ™ fud|lLacsey = C.
Since € — x, > 0 on S¢, if f s 0 the left-hand side of this inequality goes to infinity when

T goes to infinity; this is a contradiction because C’ does not depend on t and so necessarily
f=0in S.. O
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Corollary 3.1 Let p, g and y be as in Theorem 1.1(a). Letu = |x|=2) gnd v = |x|F1- A2,
with 0 < a1 < n(l—%—i—%), a >0and0 < B < n(%—l), B > n(%—l).Let
V = |x|6192), with

s] > —— — — — —, (3.2)
r
and, if supp f is unbounded,
SH < —— — —= — — . 3.3)

Then, every solution of the differential inequality |V f| < V|f|is = 0.

Proof The weights u and v are as in Corollary 1.2, so the inequality (1.7) holds with 7 > 0.
By Theorem 1.3, every solution of the differential inequality |V f| < V| f| is = 0 whenever

1 1 1
Vuvru 4 € L"(supp f). We can see at once that Vvru ¢ = |x|"-2) e L (supp f) if and
only if fj = 51 4+ %L + £1 > —% and, if supp f is unbounded, 1, = 57 + O;—z + % < -1,

which is equivalent to (3.2) and (3.3). This concludes the proof. ]

Remark 3.1 From the inequalities above and the assumptions on «j, 8;, and y’ (see Corol-
lary 1.2) follows that

n n n
l‘1§S1+*(1—%+€)+*<£/—1):Sl—*-i-l.
q 4 n V24 r

n/p non n
tzzsz-l-*(*,—l)=Sz+j—*>82—*+1.
PNy 14 p p

The condition #; > —% yields s; > —1. We can see at once that ) < —7 yields s < % —1.

In particular, V = |x|~!*€ with 0 < € < ’ql, satisfies the assumptions of Corollary 3.1. If f

has compact support, then we can omit the condition on #; and assume only € > 0.

Potentials V (x) = C|x|~*, with s, C > 0 are known as Hardy potentials in the literature.
They appear in the relativistic Schrodinger equations and in problem of stability of relativistic
matter in magnetic fields. See e.g. [27] and the introduction to [20,21], just to cite a few.

It is proved in [16] that when L is the Dirac operator in dimension n > 2 (see Sect. 4.2)
the differential inequality |£f| < C|x|~!|f| has the strong unique continuation property
from the point xg = 0 whenever C < 1. We conjecture that also the differential inequalities
[V £| < C|x|~'|f] has the strong unique continuation property from the origin when C is
sufficiently small.

3.3 Proof of Theorem 1.4

Recall that the solution f of the Dirichlet problem (1.19) is intended in distribution sense,
i.e., f satisfies

[ wwvpwsroar= [ wvrisroar (34
D D
for every ¢ € C3°(D). To prove Theorem 1.4 we need two important lemmas:

Lemma 3.2 Suppose that the weighted gradient inequality

It fllg < colv? V£l f e CED) (3.5)
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holds with exponents 1 < p, q < oo. Then the space W&’p’v(D) embeds into L9(D, u dx)
and || fllLap, uaxy < collV fllLr(p, vdx)-

Proof Fix f € WOI””U(D); let { fu}nen C C3°(D) be a sequence that converges to f in the

Sobolev norm || - || Thus, { f,,} is a Cauchy sequence in W(} Y (D); forevery € > 0

ooy
we can chose N > O such that

L 1
o — fllwrowpy = 107 (fu — fadllLeoy + 0P V(o — fu)llLep) < €
1
whenever n, m > N;thus, [[v? V(f, — fi)llLr(p) < €. By (3.5),

1 1
luwd (fu — fu)llLapy < collv? V(fu — fu)llLrp) < coe.

We have proved that { f,,} is a Cauchy sequence in LY (D, u dx) (which is complete) and so
it converges to f also in L9(D, u dx). We gather

| fllLap,uaxy = im || fullLap,uaxy < co im |V fullLr(p,vax)
n—o0 n—0o0

=collV fllLr(p, vdx)

as required. O

Lemma 3.3 Suppose that the weighted gradient mequallty (3.5) holds wzth 1 <p<gq.Let
f be a solution to the Dirichlet problem (1.19), with |V | 1’ e L' (D, vl’u g dx). We have

/lVfV’vdx:/ VIflPvdx.
D D

Proof Let {v,} be a sequence of functions in C§°(D) that converges to f, the complex
conjugate of f, in W, 1 "PY(D). We show first that lim,,_, fD Vi, VAIVIP 2vdx =

fD|Vf|Pvdx.1ndeed
/D(Wx/fn, VAOIVFIP2 = [V fIP)vdx
- /D (V. VAV P2 = (VE. VIV 7)o dx
- /Dwm—v?, VAV AP vdx
< (Vi — VWP Iy 11V 1P 07
VW — Dl 11V 1P 1]

— 1
and lim, .o V(¥ — fHv? ||, = 0, as required.
In view of (3.4), we have that

/Wl/’n,vf)lvflp_zvdx:f U VELFIP 2 vdx
D D

to complete the proof it suffices to show that

lim/lﬁanlflpfzvdxzf VIfIP vdx
n—0o0 D D
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1 r r —
when |V|? € L"(D, vPu 4dx). By Lemma 3.2, ¥, converges to f in LY(D, u dx). Using
Holder’s inequality with £ + p = 1, we gather

/D(anf|f|f’—2—V|f|P)vdxst|Vvu*5||f|P—l|wn—f|u5 dx
Vi b5 dx) D51y, — Flrud .
< (f wvarfizax) (100 5w = fihua)
—([avitvrutyax)’ W — Floudx)
(faviroruiy ax) ([ 1917w, - fiudx)

1 1 1 P
Welet C = (fD(|V|5v5u75)’ dx) " and we apply Holder’s inequality (with % + # =1)
to the remaining integral. We obtain

/D(Vf|f|"—2wn CVIfIP) vda
SC(/DIfIqudx)‘”’ (/Dn/fn—frfudx)"
= Cllfut 127 (W — out [, (3.6)

- 1 1
By assumption, lim, oo [|(¥, — f)ud|l; = 0; by Lemma 3.2, || fu4||; < oo, and so the
right-hand side of (3.6) goes to zero when n — oo as required. O

Proof of Theorem 1.4 Since the weights u and v are as in Theorem 1.1, the weighted gradient
inequality (3.5) holds. By Lemma 3.3 and Hélder’s inequality (with g + £ = 1) we have
the following chain of inequalities

1 1
175 iy < BNV S 0P Uy = [ 019117

—CO/ Vv|f|pdx<c0/ Vivu~ q|f|puq dx

r f »
gcg(/ vaﬁu*wx ’ /D|f|‘1udx)q

1
P “nP
<C0 ||V-: I L (Do 5.5 dx)”f”"”[ﬂ([))'

. 1
We obtain || fu 4|l La(py (1 - cg Il V_f I < 0; this inequality is possible only if

ro_r )
L' (D,vPu 9dx)’ —

eitherc ||V”|| >1lor f=0inD. O
L"(D, vl’u ‘Id )

4 Linear systems of PDE and the Dirac operator

We use the following notation: If p = (p1, ..., pm) € R, welet|p| = (p? +---+ P51)%~

If A is a matrix withrows A1, ..., Ay, we will let |A| = (JA[]2+ -+ IANIZ)%. Note that,
by Cauchy Schwartz inequality,

> > > 1 1 >
IAp | = (A1, p)2 4+ (Ax, p)D2 < (AP 4+ AN 2P| = |ALIB .

@ Springer



89 Page 180of24 L. De Carli et al.

Let F = (f1,.--, JN) € CPR™, RY). We denote with VF the N x n matrix whose
rows are V f1, ..., V fn.

Unless otherwise specified, we assume that p, g, u and v are as in Theorem 1.1(a) and
that ; = & — 7.

In this section we use the Carleman inequality (1.1) to prove unique continuation properties
of systems of linear partial differential equations of the first order.

4.1 Linear systems of PDE

Most of the first order systems considered in the literature are in the form of

n
Y Lj@)iy, F = V@)F, @.1)
j=1
where F = (f1,..., fv) and the L;(x) and V are M x N matrices defined in a domain
D C R" Welet L(x)(F) = Z’}:l L; (x) 0y, F. Differential inequalities in the form of
IL(0)F| < [V(x)F| (4.2)

are also considered. In some of early papers on the subject, it is proved that solutions of
elliptic systems in the form of (4.1) that vanish of sufficiently high order at the origin are
= 0; see [7,15,47] and the references cited in these papers for definitions of elliptic systems.
A classical method of proof is to reduce the systems to (quasi-) diagonal form; this approach
requires conditions on the regularity and the multiplicity of the eigenvalues of the system that
are often difficult to check; see [9,24,29,56]. The strong continuation properties of systems
of complex analytic vector fields in the form of Lu = 0 defined on a real-analytic manifold
is proved in [1].

We have found only a few papers in the literature where the Carleman method is used
to prove unique continuation properties of first-order systems. The Carleman method often
allows to prove unique continuation results for the differential inequality (4.2), often with
a singular potential V. In [14, Theorem 4.1] Carleman estimates are used to prove that
(4.2) has the weak unique continuation property when L is a system of vector fields on a
pseudoconcave Cauchy—Riemann (CR) with some specified conditions and V is bounded.
Okaji [44,45] considers systems in two independent variables, Maxwell’s equations, and the
Dirac operator; he proved that the differential inequalities (4.2) with |V (x)| =< |x|~! has the
strong unique continuation property using sophisticated L> — L?> Carleman estimates. See
also [54], which improves results in [44].

We prove the following

Theorem4.1 Let F € Wol’p’v(]R", RN) be a solution of the differential inequality (4.2).
Assume that F satisfies also

IVF| < |L(x)F]. 4.3)
If|V| € L" (supp I?, uTur dx), with% = }—i—é and F vanishes on one side of a hyperplane,
then F = 0.

In particular, for power weights u, v as in Remark 3.1, the differential inequality (4.2)
does not have solutions with compact support support that satisfy also (4.3) if V = |x|~1+¢
for some € > 0.
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Our unique continuation result is weaker than other results in the literature, but it applies
to first-order systems of linear partial differential equations that satisfy only the assump-
tions (4.3). Furthermore, we consider solutions in weighted Sobolev spaces and potential in
weighted L” spaces that, to the best of our knowledge, have not been considered in other
papers.

Before proving Theorem 4.1 we prove the following Lemma, which is an easy consequence
of Theorem 1.1.

Lemma4.2 LetAbea N x N invertible matrix. Under the assumptions of Theorem 1.1(a),
the following inequality holds for all F € C3°(R", RM)yandt >0

. 1 N
le™™ U Flly < cenalle ™ @vr AVE|,, (4.4)
where ¢t n A = NCacy and cy is the constant in (1.7).
Proof Using Theorem 1.1(a), the elementary inequalities
= 1 .
|Fl=(ff+ 4+ 2 <Ial+-+Ifnl. Ifil <IFI,
and Minkowsky’s inequality, we obtain
1 N 1 N 1
le ™ @ui Fllg <> lle™™ ut fillg <ce Y e ™ @vr Vg,
j=1 j=1
1 -
< e Nlle T @vpVF |

If A is invertible, then, for every £ € R”, we have that IAE:I > C;l |&| for some Cp > O;
thus,

1 1 o
le™™ @ ui F |, < c;NCalle "7 AVF |,
as required. O

Proof of Theorem 4.1 We argue as in the proof of Theorem 1.3. Without loss of generality,
we can assume that F = 0 when xp < 0and A = I, where L'is the N x N identity matrix.
For simplicity of notation, we denote with ¢; the constant ¢,y 1 in Lemma 4.2. We show
that F = 0 also on the strip S¢ = {x: 0 < x,, < €}, for some € > 0 to be determined during
the proof.

Using (4.4) with £(x) = x, and T > 1, the differential inequality (4.3), Holder’s inequality
and Remark 1.2, we obtain

le™™ Fut | Lase)
< cille™™ VF v || Lo,
<cile ™nVF o7 ILecs,) + cille ™ VF vr L7 (fxp>ed)
< 1 Clle™™ L) (V) 07 llLos,) + c1e " IV Fo? | Lo (anoc)
< c¢iClle” ™ VF o7 lLres) +cre € IIVI;U% |27y e

11 | _
=aCliVivru @l s nsupp iy ll€ T Fud || pacse) + C'e™ ™,

- 1
where we have let C' = ¢1||VF v? || Lo ((x,>e})-
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Since |V| € Lr(suppf?, u_év%dx) we can chose ¢ > 0 so that

1 _
caClIViveu 4, < 1. We have obtained

ﬂsuppl?)
- 1 1 -1 _
lle™ ™ Fud||pacsey < 5 lle™™ Fu || pgcsey + C'e™ "¢,

In view of € —x,, > 0 on S¢, the left-hand side of this inequality goes to infinity with 7 unless
F =0 on Sg; this is a contradiction because C’ does not depend on 7, and so F = 0 in S.
]

Let Gi(x), ..., G, (x) be N x n matrices defined on a domain D C R". We consider the
operator

N
G(F)=G(fi,.... fn) = Y_G;(0)fj
j=1

with f; € Cg°(D).

In [39], systems in the form of VF = GF are considered. These systems can be used to
model linear elasticity (in curvilinear coordinates) of linearly elastic shells. See [5] and the
references cited there. We prove the following

Theorem4.3 Let F € W(}’p'U(D, RM) be a solution of the differential inequality

|VF| < |GF). (4.5)
If |G| € L"(supp Ij", uiév% dx), with % = % + %, and F vanishes on one side of a
hyperplane, then F=0.

Proof Assume for simplicity that F = 0 when x,, < 0 (the proof is similar in the general
case). We show that F = 0 also on the strip 0 < x,, < €, for some € > 0 to be determined
during the proof. As in the proof of Theorem 4.1, we use (4.4) with A = I, £(x) = x,
and T > 1. Foreach j = 1,..., N, we use the differential inequality (4.5) and Holder’s
inequality in the following chain of inequalities

o1
lle™ ™ Fud || pa(se
-1
<cille""VFEv? ||pgn
—1Tx =1 —Tx o1
<cille”""VFvr | sy +cille” " VEuP || L (a,>e)

1 B o1
<c1Clle ™ GF vr | rres,) +cre” “IIVFUP || Lp((x,>eh

N
1 _ - 1
<c1C Y e ™G fjv7 lLresy + cre IV Fv7 || Lo, e))
Jj=1
N
1 1 1
L1 . 1 .
<c1C Y NG vP U™ 7 s, mgupp 7yl i1 llLagse) + Ce™™
j=1

11 .1
< caCN||Glvru 9|,, T Flud || pacsey + Cle 7T,

(Sensupp y1l€

- 1
where we have let C' = ¢1||[VF v? || Lo ((x,>e})-
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11
We chose € > Osothatc;CN|||G|vru 4 ”L’(Sgﬂsupp P < % We gather

- 1 1 -1 _
”efrxn Fua ”L‘I(Sf) < E ”e TXp Fud ||L‘I(Sf) + C/e T€
which gives
1 T(e—xp) I 1 /
3 lle YFud||pase < C,
and we can conclude the proof as in Theorem 4.1. O

Remark 4.1 1t is shown in [39] that the W11 (D, R") solutions of the system VF = Gﬁ,
with G € L1(D, R>mxny cannot vanish on an open set. The proof in [39] does not use
Carleman inequalities.

4.2 The Dirac operator

Letaj, j =0,...,n,be N x N matrices which satisfy the following relations.

*

of =aj, of =1, ajoxtoxa; =0, j#k (4.6)

(we also say that the r; form a basis of a Clifford algebra). It is known that for (4.6) to hold,

N must be in the form 2[*2 ]m, with m > 0 integer
The (n-dimensional) Dirac operator associated to the matrices o ; is a matrix value operator,
initially defined on C3°(R", RN *NY as follows.

n
LU =—i) aji,U.
j=1

Here, 0y, U is a matrix whose entries are the partial derivative of the entries of U. We can use
(4.6) to show that £L o LU = —AU I, where [ is the identity matrix. When U = fI, where
f € Cg°(R™), we can see at once that (L',(fl))2 = —1|Vf|2, Thus, a Dirac operators can
be viewed as a generalization of the gradient operator and a square root of the Laplacian.

There is a lot of literature on the Dirac operator and its role in several domains of mathemat-
ics and physics See e.g. [6]. For example, the Dirac equation which describes free relativistic
electrons is represented by

ihdyyr (t, x) = Hoyr (1, x),

where Hj is given explicitly by the 4 x 4 matrix-valued differential expression

3
Hy = —ithajaxj +ozomcz.
=1

Here, c is the speed of light, m is a mass of a particle and 7 is the Planck’s constant.
In [16] is proved that the the differential inequality

|[LU| < |VU| 4.7)

where V(x) isa N x N matrix, has the strong unique continuation property from the origin
whenever V (x) < C|x|~!, with0 < C < 1.Itis also proved in [16] that the condition C < 1
cannot be improved. See also [33] and the references cited there. We prove the following
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Theorem4.4 Let f € Wé’p’v(D) be a solution of the differential inequality (4.7). If |V| €
L" (supp f, udvr dx) with % = % + é and f vanishes on one side of a hyperplane, then

f=0.
Proof Since L(fI)- L(fI) = —I|Vf|2, we can see at once that
V£l =IL(fD) - L(FD] < 1L DI

With this observation, the proof of Theorem 4.4 is almost a line-by-line repetition of the
proof of Theorem 4.1. We leave the details to the reader. O
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