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. L In this paper we deal with the following natural question that arises in this
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setting: Does Sharkovskit Theorem hold when restricted to curves instead of general

strips?
A{inc;r 37055 We answer this question in the negative by constructing a counterexample: We
§7C70 Y construct a map having a periodic orbit of period 2 of curves (which is, in fact, the
upper and lower circles of the cylinder) and without any invariant curve.
Keywords: In particular this shows that there exist quasiperiodic skew products in the
Quasiperiodically forced systems on cylinder without invariant curves.
the cylinder © 2016 Elsevier Ltd. All rights reserved.

Invariant strips

1. Introduction

We consider the coexistence and implications between periodic objects of maps on the cylinder 2 = S' x1,
of the form:

0\ _ (R.(0)
x 9,x))’

where S' = R/Z, 1 is a compact interval of the real line, R,(0) = 6 + w (mod 1) with w € R\Q and
¢(0,2) = ¢p(x) is continuous on both variables. The class of all maps of the above type will be denoted by
S(2).

In this setting a very basic and natural question is the following: is it true that any map in the class S(12)
has an invariant curve?
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Fig. 1. In the left picture we show an example of two periodic orbit curves, and in the second we show a possible example of a three
periodic orbit solid strips.

In [1], the authors created an appropriate topological framework that allowed them to obtain the following
extension of the Sharkovskif Theorem to the class S({2).!

Let X be a compact metric space. We recall that a subset G C X is residual if it contains the intersection
of a countable family of open dense subsets in X.

In what follows, : 2 — S! will denote the standard projection from {2 to the circle. Given a set B C S*,
for convenience we will use the following notation:

NMB:=nYB)=BxIc .

In the particular case when B = {6}, instead of 11{0} we will simply write 176. Also, given A C 2, we will
denote by AT the set

ANMtB={(0,x) € 2: 0 € B and (0,z) € A}.

In the particular case when B = {#}, instead of AM? we will simply write A°.

Instead of periodic points we use objects that project over the whole S!, called strips in [1, Definition 3.9].
A set B C 2 such that w(B) = S! (i.e., B projects on the whole S') will be called a circular set.

Definition 1.1. A strip in (2 is a compact circular set B C {2 such that BY is a closed interval (perhaps
degenerate to a point) for every @ in a residual set of St. W

Given two strips A and B, we will write A < B and A < B [1, Definition 3.13] if there exists a residual
set G C S!, such that for every (0,z) € AN and (6,y) € BUE it follows that = < y and, respectively,
x < y. We say that the strips A and B are ordered (respectively weakly ordered) if either A < B or A > B
(respectively A < B or A > B).

Definition 1.2 (/I, Definition 3.15]). A strip B C {2 is called n-periodic for F' € S(f2) if F"(B) = B and
the image sets B, F(B), F?(B),...,F" 1(B) are pairwise disjoint and pairwise ordered (see Fig. 1 for
examples). W

Las already remarked in [1], instead of S' we could take any compact metric space © that admits a minimal homeomorphism
R: © — O such that R’ is minimal for every £ > 1. However, for simplicity and clarity we will remain in the class S(£2).
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To state the main theorem of [1] we need to recall the Sharkovskii Ordering [2,3]. The Sharkovskit Ordering
is a linear ordering of N defined as follows:

3Sh>5Sh>7Sh>9Sh>"' Sh>
2'3Sh>2'5Sh>2'7sh>2'gsh>"'Sh>
4-33h>4~5sh>4-78h>4.98h>...Sh>

2" -3 sn>2" 5> 2" Tgp>2" 9 gp> -0 sp>

> 2" 9> - sn> 16 9> 8 s> 4 s> 2 gn> 1.

In the ordering g, > the least element is 1 and the largest one is 3. The supremum of the set {1,2,4,...,2",...}
does not exist.

Sharkovskil Theorem for maps from S({2) ([1]). Assume that the map F € S({2) has a p-periodic strip.
Then F has a q-periodic strip for every q <sp p.

In view of this result, the new following natural question (that is stronger that the previous one) arises:
Does Sharkovskil Theorem for maps from S(§2) hold when restricted to curves? where a curve is defined as
the graph of a continuous map from S' to I. More precisely, is it true that if F has a q-periodic curve and
p<snq then does there exists a p-periodic curve of F?

The aim of this paper is to answer both of the above questions in the negative by constructing a
counterexample. This is done by the following result which is the main result of the paper.

Theorem A. There exists a map T € S(2) with f(0,-) non-increasing for every 6 € St, such that T permutes
the upper and lower circles of §2 (thus having a periodic orbit of period two of curves), and T does not have
any invariant curve.

The construction will be done in two steps. We fix w € R\Q and we consider the orbit of 0 by the rotation
of angle w:

O*(w) = Orb,(0) = {fw (mod 1): ¢ € Z}.

First, in Section 3, we construct a strip A that is the closure of the graph of a continuous function from
S'\O*(w) to I. Moreover, the strip A is limit of strips A,,, being each of them the closure of the graph of a
continuous function

Yo: SN\{lw (mod 1): £ =-n,—n+1,...,-1,0,1,...,n—1,n} — L

The map =, is obtained by perturbing the graph of the map ~,,_1 in appropriate neighbourhoods (in §2) of
the points

(nw (mod 1),7y,—1(nw (mod 1))) and (—nw (mod 1),v,—1(—nw (mod 1))).
These neighbourhoods are defined to be winged bozxes
R (nw (mod 1)), R (—nw (mod 1)) C £2.

The perturbation inserted in R™(nw (mod 1)) and R™(—nw (mod 1)) to obtain the map =, is a convenient
rescaling of the function sin (%) The set A obtained in this way can be described by putting a rescaled
infinitely oscillating sine curve in a neighbourhood of every point fw (mod 1) with ¢ € Z.

Second, we construct a Cauchy sequence {75, }>°_, that gives as a limit the function T" from Theorem A

having A as invariant set. To this end, in Section 4 we define a collection of auxiliary functions G; defined



202 LL. Alseda et al. / Nonlinear Analysis 145 (2016) 199-263

on the winged boxes R™(i*). Next, in Section 5 we introduce a notion of depth in the set of winged boxes
R™(¢*) which defines a convenient stratification in the set of winged boxes R™(i*). In Section 6 we study the
wings of box and its interaction with boxes of higher depth. In Section 7, by using the auxiliary functions
from Section 4, the stratification from Section 5 and the technical results from Section 6 we construct the
Cauchy sequence {T,,}%°_, C S({2), we define the map T = lim;;, 00 Trn, and we prove Theorem A.

For clarity, we omit the proofs of all results from Section 7. These proofs will be provided in the Appendix
(Appendices A.2-A.4). Section 2 is devoted to introduce the necessary definitions and, in particular, to
introduce the notion of pseudo-curve and some necessary results on the space of pseudo-curves.

2. Definitions and preliminary results

The main aim of this section is to introduce the definition and basic results about pseudo-curves.
Given G C S! and a map ¢p: G — I, Graph(ip) denotes the graph of . Also, given a set A we will denote
the closure of A by A.

Definition 2.1 (Pseudo-Curve). Let G be a residual set of S! and let ¢: G — T be a continuous map from
G to I. The set Graph(y), denoted by A, ), will be called a pseudo-curve. Notice that every pseudo-curve
is a compact circular set.

Also, A will denote the class of all pseudo-curves. W

A set A C 2 is F-invariant (respectively strongly F-invariant) if F(A) C A (respectively F(A) = A).
Observe that if F' € S(12), every compact F-invariant set is circular. A closed invariant set is called minimal
if it does not contain any proper closed invariant set.

An arc of a curve is the graph of a continuous function from an arc of S to I.

The pseudo-curves have the following properties which are easy to prove:

Lemma 2.2. Given a pseudo-curve A, ) € A the following statements hold.

(a) A?w &) consists of a single point for every 6 € G. Consequently,

G
AHo,G) = Graph(yp).
(b) Every circular compact set contained in a pseudo-curve coincides with the pseudo-curve.
(c) Awpa) = Graph(gp‘a) for every G C G dense in S'.

(d) If A¢p,c) contains a curve then it is a curve.

Proof. We start by proving (a). By the definition of a pseudo-curve we have Graph(yp) C A}LGG). To
prove the other inclusion fix # € G and x € I such that (6,7) € A, ). Then, there exists a sequence
{(0n, ©(0,))}521 C Graph(yp) such that lim, o0 (6n, ©(0r)) = (0, ). The continuity of ¢ in G (and hence in

) implies & = p(#) and, therefore, (0, z) € Graph(yp).

Now we prove (b). Assume that B C A, ) is a circular compact set. From the assumptions and statement
(a) we get AH(;GG) = BM%. Hence,

A(p.c) = Graph(p) = All%, = BTG C B.

Now (d) follows directly from (b) and the fact that a curve is compact since it is the graph of a continuous
function. Statement (c) also follows from (b) because Graph (gp}a) C Ap,i) and Graph (90‘5) is a circular

set (since G is dense in §'). [
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We also will be interested in the pseudo-curves as a possible invariant object of maps from S({2). The
next lemma studies their properties in this case.

Lemma 2.3. Let F € S§(12) and assume that Awp.a) € A is an F-invariant pseudo-curve. Then,

(a) A, is strongly F-invariant and minimal.
(b) If A,.c) contains an arc of a curve then it is a curve.

Proof. We start by proving (a). Let B C A(,,¢) be a closed invariant set. We have that B is circular and,
by Lemma 2.2(b), B = A(,,q). Hence, A(, ) is minimal.

On the other hand, F(A, q)) C Ag,q) implies F2(A,q)) C F(Awg) and, hence, F(A,q)) is a
compact F-invariant set. Therefore, by the part already proven, F(A, q)) = A q)-

Now we prove (b). Let S be an (open) arc of S' and let £: S — I be a continuous map such that
Graph(£) C A(y,)- Clearly, there exists m € N such that [J]", R, (S) = S'. Now we set & := £ and, for
i=1,2,...,m, we define &: R, (S) — I by

&(0) = f (R5'(0).&i-1 (RS'(9))) -
The continuity of f implies that every &; is an arc of a curve and Graph(¢;) = F(Graph(&;—1)). Hence,

|J Graph(&) = | F¥(Graph(¢)) C Ap.c)

=0 =0

because A(, ¢ is F-invariant.

In view of Lemma 2.2(d) we only have to show that (J;~, Graph(¢;) is a curve. We will prove this by
induction.

Assume that 0 # M ¢ {0,1,2,...,m} verifies that Sy := J;cp RL(S) is an (open) arc of S' and
Uicar Graph(&;) is an arc of a curve (initially we can take M to be any unitary subset of {0,1,2,...,m}).
Then, there exists a continuous map §,,: Say — I such that Graph(&,,) = U,cp, Graph(&).

Clearly, there exists j € {0,1,2,...,m}\M such that Syr; := Sy N R7(S) # 0. The set Spr; is an
open arc of St and, by Lemma 2.2(a), £,, |SM,ij = §j|SM’ij because Graph(¢,, ), Graph(§;) C A, ). Since
Sa,; NG is dense in Sy j, given 0 € Sy ;\G, there exists a sequence {6,152, C Sum,; N G converging to
6. The continuity of ¢,, and &; on Sy, implies that &, (0) = lim, 0§, (6n) = lim, 00 &(0r) = &;(6).
|SM,j = {ﬂSM,j and Graph(¢,,) U Graph(¢;) is an arc of a curve (defined on the open arc
Sy U RI(S)). By redefining M as M U {j} and iterating this procedure until M U {j} = {0,1,2,...,m} we
see that the whole [J;~, Graph(&;) is a curve. [

Consequently, &,,

Next we will introduce and study the space of pseudo-curves.

Definition 2.4. We define the space of pseudo-curve generators as
PCG = {(p,G): G is a residual set in S' and ¢: G — I is a continuous map}.
On PCG we also define the supremum pseudo-metric d__: PCG x PCG — R* by:

doo ((QD, G)7 (QO/, Gl)) = GESCIJJVI?)G’ |<)0<9> - (P/(e)l :

Clearly, d_ ((¢, G), (¢',G")) = 0 if and only if @’GQG, and, hence, d__ is a pseudo-metric. W

= 90/|Gnc/

The next lemma will be useful in using the metric d__.
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Lemma 2.5. Let (0, Q), (¢, G") € PCG. Then,
d.. (¢, G), (¢',G")) = sup [p(0) — ¢’ (0)]

0eG
for every G C GNG' dense in S*.
Proof. Set d _((¢,G), (¢, G)) = sup, 5 [¢(0) — ¢'(0)]. With this notation, we clearly have
oo, G
d —((».G),(¢,0)) <d ((,G): (¢,G")).

To prove the reverse inequality take § € (G N G’ )\C:' Since G is dense in S!, there exists a sequence
{0,152, C G converging to 6. On the other hand, by definition, the maps ¢ and ¢’, are continuous in
G NG’ (and, hence, in §). Consequently, [¢(6), ¢’ (0)| = lim, o [¢(0n) — ¢’ (0n)] < d  ((¢,G), (¢, G")).

,G

This ends the proof of the lemma. [

As it is customary we will introduce an equivalent relation in the space of pseudo-curve generators so
that the quotient space will be a metric space.

Definition 2.6. Two pseudo-curve generators (¢, G), (¢',G’) € PCG are said to be equivalent, denoted by
(0,G) ~ (¢',G") if and only if A, ) = Aq,ar). Clearly ~ is an equivalence relation in PCG. The
~-equivalence class of (¢, G) € PCG will be denoted by [p,G]. MW

Remark 2.7. From Lemma 2.2(a), (c) it follows that (¢, G) ~ (¢’,G’) if and only if @‘5 = @"5 for every
G C GN G dense in S'. In particular, by taking G = G NG, we get that d_ ((¢, G), (¢',G')) = 0 if and
only if (¢,G) ~ (¢',G'). W

Definition 2.8. The space PCG/ ~ will be called the space of pseudo-curves generator classes and denoted
by PC. Also, on PC we define the supremum metric, also denoted d_ : PC x PC — R™T by abuse of notation,
in the following way. Given A = [pa,Gal, B = [pp,Gp| € PC we set

d_(A,B):=d_((¢a,Ga), (¢B,GB)).

Note that d_ is well defined. To see this take [pa,Ga] = [¢'4,Gal,[¢n,Gp] € PCG. Then, by
Lemma 2.5 and Remark 2.7 applied to G = Ga N Ga N Gp we get d__ ((QDA,GA),(QOB,GB)) =
d.((pa,Gar), (¢p,Gp)). W

The next result establishes the basic properties of the space of pseudo-curves generator classes (PC,d_).

Proposition 2.9. The space of pseudo-curves generator classes PC is a complete metric space.

Proof. The fact that d_ is a metric in PC follows from Remark 2.7.

Now we prove that PC is complete. Assume that {[p,, G,]}52; is a Cauchy sequence in PC. We have to
see that lim, e [¢n, Gn] € PC.

Set, G := N2, G,. Since this intersection is countable, G is still a residual set. The definition of d_,
implies that the sequence {¢,(6)}2; C I is a Cauchy sequence in I for every § € G. So, it is convergent
and we can define a map ¢: G — I by ¢(0) := lim,, .o ©n(0).

If (¢, G) € PCG we have [p,G] € PC and, from the definition of ¢ it follows that

lim d_ ([, G], [pn, Gn]) = sup  lim |(6) — ¢n ()] = 0.

n—oo beGnG, "
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Consequently, [¢, G] = limy,—co[¢¥n, Gn]. Since ¢ is the uniform limit of a sequence of continuous functions
on G, it is continuous on G. That is, (p,G) € PCG. O

In what follows we want to look at the space A as a metric space and relate this metric space with
(PC,d_).

Let p denote the euclidean metric in (2. Then, the space ({2, p) is a compact metric space. We recall that
the Hausdorff metric is defined in the space of compact subsets of ({2, p), by

H,(A,B) = max < max p((0,2),B), max p((0,x),A)p.
(8,z)EA (0,z)eB

Then, (A, H,) is a metric space. To study the relation between (PC,d_ ) and (A, H,) we need a couple of
simple technical results.

Lemma 2.10. Let A,B C {2 be compact circular sets. Then,

H,(A B) < H,(A? B?).
p(AB) < max H, (A", B")

Proof. It follows directly from the definitions:

max{sup p((e,x),BQ),sup p<(9’$)’A9)}

(0,z)eA (0,z)eB

H,(A,B)

IN

= max ¢ sup max p((ﬁ,x), Be), sup max p((@, ac),A‘9>
0eSt {zel: (0,z)EA} 0esS! {zel: (0,z)eB}

SUp max { max p<(0, x), Be), max p((@, x), Ae)
fest {z€l: (0,x)eA} {z€l: (0,x)eB}

sup H, (A°,B?). O
fest

Proposition 2.11. Let (¢,G), (3, G) € PCG. Then,

HP (A(¢7G)’ A($7a)> S 52S12 HP (A((gap,G)ﬂ A?;75)> = doo ((Qp, G)7 (@a G))

Proof. The first inequality follows from Lemma 2.10.

Now we prove the second equality. By Lemma 2.2(a),

4. ((9.G).(3.G) =swp _ [o(0) ~F(®) =sup _H, (A?WAL) .
elate] 9cGNG (¢.6)

So, to end the proof of the lemma, we have to see that

Hy (A, A 5 ) < d.((9.6).(2.G)) for every 0 € S\(G N G).

Fix f € S'\(GNG). From the definition of the Hausdorff metric it follows that there exist z,y € I such that

0 6 _ 6 6
H, (A(%G),A(;.ﬁ)) =le =yl (0.2) €AY, ), and (6,y) €AY -

Since G N G is residual (and thus dense) in S!, from Lemma 2.2(a), (c) it follows that there exists
sequences {(0n,0(0:))}15 0, {(0n, 2(0:))}52, € M(G N G) such that lim, 00 (0n, ©(0rn)) = (0,2) and
limy, 00 (0, 2(0,)) = (0, y). Hence,

Hy (Al A% 5 ) = |z =yl = lim [9(0n) = $(0)] <. ((#,6),(£,G)). D

(#.G) n—00
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Proposition 2.11 tells us that if {[¢n, Gn]}nZ, is a Cauchy sequence in PC then A, ) is a Cauchy
sequence in (A, H,), and if [¢, G] = lim, oo[@n, Gn] then A, ¢y = lim, . Ay, c,). Unfortunately the
space (A, H,) is not complete as the following simple example shows.

Example 2.12 (The Space (A, H,) is not Complete). Consider continuous maps &, : S' — I withn € N, n >
2, defined by

2nf if 6 € [0, 5],
&u(0) =< 2(1—nb) if6e [, 1],
0 if > 1.

Clearly, (§,,S') € PCG and H, (A, s1), A, s1)) < m Hence, {A(¢, s1)} is a Cauchy sequence in A.
However, the sequence {A(g, s1)} has no limit in \A. Indeed, lim,, o A¢, 1) = L = (S* x {0}) U ({0} x [0,1]),
which is not the closure of the graph of a continuous map on a residual set of S! (in other words, L & A).

This is consistent with the fact that, clearly, {[¢,,S!]} is not a Cauchy sequence in (PC,d_). W

3. Construction of a connected pseudo-curve

The aim of this subsection is to construct a strip A = A(, ) as a connected pseudo-curve with certain
topological properties that will allow us to define the map T € S({2) having this pseudo-curve as the
only proper invariant object. The pseudo-curve A(, ¢y will be obtained as a limit in PC of a sequence of
pseudo-curves that will be constructed recursively.

We will start by introducing the necessary notation.

In what follows, for simplicity, we will take the interval I as the interval [—2, 2]. Also, fix w € [0, 1]\Q. For
any £ € Z set £* = fw (mod 1) and O*(w) = {¢*: £ € Z}. That is, O*(w) is the orbit of 0 by the rotation of
angle w.

We will denote by d, the arc distance on S! = R/Z. That is, for 01,0, € S, we set

92 — 01 when 01 S 92, and
d,(01,02) :=
Sl( b 2) {(02+1)—01 when 61 > 05.

The closed arc of S! joining ; and 6, in the natural direction will be denoted by [f1, 62]. That is,

[9 0 ] _ {t (mOd 1): 0 <t< 92} when 61 < 65, and
v {t (mod1): 6, <t<6+1} when 6; > 60s.

The open arc of S! joining #; and 6 will be denoted by (61, 02) = [61,02]\{01, 02}, and is defined analogously
with strict inequalities. Given an arc B C S!, Bd(B) will denote the set of endpoints of B.
We will denote the open (respectively closed) ball (in S') of radius § centred at § € S' by Bs(6)
(respectively Bg [6]):
Bs(0)={0esS':d,(0,0) <5} =(0—6 (mod1),§+6 (modl)), and
Bs[0)=B;(0)={0€S":d,(0,0) <6} =[0—36 (mod1),0+3 (mod 1)].
We consider the space {2 endowed the metric induced by the maximum of d_, and the absolute value on
I. That is, given (0, x), (v,y) € 2 we set

dn((aax)’ (V7 y)) ‘= max {dgl (9,1/), |5r - y|} .

Then, given A C 2 we will denote the interior of A by Int(4) and diam(A) will denote the diameter of A
whenever A is compact.
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Fig. 2. The graphs of the functions ¢ (in blue) and &4 in thick black. The red dashed curve is (1 — |x|)?. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

To define the sequence of pseudo-curves that will converge to A(, ) we first need to construct an auxiliary
family {R(€*)}sez of compact regions in {2 and a family of compact sets {I'p,. }¢scz such that, for every
teZ,I'p,. CR(*) and it is the restriction of a pseudo-curve generator to 7(R(£*)). To do this we define
the auxiliary functions 8: [-1,1] and ¢: [—1,1]\{0} —— —1,1 by (see Fig. 2):

B(z):=1—|z| and &(z):= (1 — |2])%sin (g) .

Note that —3(x) < ¢(x) < B(z), for all x € [-1,1]\{0} and the graphs of —3 and 3 intersect the closure of
the graph of ¢ only at the points (0, —1), (0,1),(—1,0) and (1,0). The function ¢ it is an infinitely oscillating
sine curve contained in the region delimited by the graphs of the functions 8 and —(.

To define the families {R(€*)}scz and {I'p,. }rcz we use the following generic bozxes.

For every § € S* and § < %, ¥,: [=6,0] — S* denotes the map defined by ¥,(z) = z + 0 (mod 1).
Clearly ¥y is a homeomorphism between [—d,8] and Bs [f]. Finally 9, ': Bs[0] — [~,4] denotes the

inverse homeomorphism of ¥y.

Definition 3.1 (Generic Bozes). Fix {,n € Z, n > |¢|, a € (0,27"), 6 € (0,), a € [-1,1] and
at,a” € B, (27"3(6)) (see Fig. 3). Now we consider the Jordan closed curve in (2, formed by the graphs of
the functions

a+2_n(ﬁ°ﬁ;l)‘35[6*] and a_2_n(5°19e_*1)’35[2*]’

together with the four segments that join the points:

(0" —a,a”) with (£*—d,a—2""6(-0)),

(0" —a,a”) with (¢* —8,a+27"3(-0)),

(0" + o,a™)  with (*+6,a—27"8(5)), and
(0" +a,a™) with (¢ +6,a+2" "6(5))

We denote the closure of the connected component of the complement of the above Jordan curve in {2
that contains the point (£*,a) by R(£*,n,a,d,a,a™,a”) (the coloured region in Fig. 3). Observe that
7 (R(€*,n,,d,a,a,a7)), the projection of R(£*,n,a,6,a,at,a”) to St, is B, [(*] = [(* — a, {* + a.
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*In,a,8,a,at,a7)

C—a =5 0 48 Cta

L /

Fig. 3. The region R(£*, n, a, 8, a,a’, a™) is the coloured filled area, delimited in the rectangle 11 Bs [£*] by the graphs of the functions
at 3 (Bo 19;1)(0). In blue the set ', inductively defining the pseudo-curve. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

J8,a,at,a7)

We denote by

O = w(z*,n,a,é,a,aJr,a*) : Ba [é*] \{f*} — 1

the continuous map defined as follows:

(i) .- =a+(-1)27"(¢ov.h).

Bslex]\{¢*}
(i) ¢,.((* —a)=a" and ¢,. ((* + a) =a™.
(i) ¢,. (0o te ] and ¢,. (05 45,0 1a] € affine.

We also denote by I'y
|

C RE*,n,a,8,a,at,a”) the closure in {2 of the graph of

(£*,n,a,8,a,at,a7)

<p<2* 8,00t ,a7) "

Remark 3.2. The region R({*,n,a,d0,a,a™,a~) and the set I'p
properties:

satisfy the following

(*,n,a,8,a,aF,a7)

(1) R(¢*,n,a,6,a,a",a7) C By [(*] x [a—2"",a+27"].
iam n,a,0,a,a",a")) = diam n,a,d,a,at,a”))=2.2"".
(2) diam(R(¢*,n, @, 6,a,a",a”)) = diam(R(¢*,n, @, 6,a,a",a™)") =22
esets I'p | _ . an ,n,a,0,a,am,a" ) only intersect at the points ,a—27"), (5 a4+
3) Th r (€ modiasat am) d OR(¢* 1) + ly i h i r* 27, (£*
27"), (* — a,a”) and (€* + a,a™).

¢ .
(4) (F90<z*,n,a,s,a,a+,a—)> =R(*,n,,6,a,at,a7)" is an interval.
(5) Let R(¢*,n,,0,a,a™,a”) and R(k*,n,&,d,a,a",a") be two regions, then By, [¢*] N B~ [k*] = () implies

R(*,n,a,68,a,a",a”) N R(K*,7,&,0,a,at,a ) =0. W
For every j € Z*, we set

Zj={iel: |i|<j}={-j—j+1,...,-1,0,1,....5—1,j} and
Z;={i"1i € Z;}.
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With the help of the sets R(£*,n,a,8,a,a,a™) and Fgo“* o 5aat s which are the “bricks” of our
construction we are ready to define the sequence of pseudo-curve generators {(v,, S \Z5)}52, that we are
looking for.

To do this, for every j > 0 we define

e a strictly increasing sequence {n;}2°, C N,
e a strictly decreasing sequence {«;}32 such that 27"+ < a; <27™
e and a sequence {d;}72, with 27"+ < §; <

verifying some technical properties that we will make explicit below, and we define a sequence of boxes
R(5*) = R(j*mj,aj,(Sj,aj,a;r, ) and R((—j4)*) := R((—j)*,nj,aj75j,a,j,afj7a:j) (for j = 0 both sets
coincide) with projections

m(R(J")) = Ba, [i"]  and 7 (R((=4)")) = Ba, [(=4)"]-

Finally, with the use of all these sequences and objects we can define our functions v, ’Sl\ .
i

aj;

Observe that we are using the intervals of the form By, [¢*], Bs,, [¢*] and also By, _, [¢*] when £ is
negative. To ease the use of these intervals we introduce the following notation:

- By, [07] if £>0, or ~ By, (%) it £>0, or
B E* = £ ) d B E* = e y
e 1] {Balm ] ite<o, 4 Bl {BMM (") it £<0.

Notice that the ball By [¢*] has diameter «; for £ € {j, —(j + 1)}.

Remark 3.3. With the above notation B, [(*] & By (¢*) for every £ < 0. Moreover, for £ € Z and j € Z,
R, (Baj [*]) = By, [(£+1)*], and
- Ba, [(€+1)7] if £>0, or
Rw B [6*] — £ . ] )
(B 1) {Balm [(t+1)7] ife<o.
Also, the same formulae holds with « replaced by § and for open balls. B
The next crucial definition fixes in detail all quantities and objects mentioned above.
Definition 3.4. We start by defining R(0*) := R(0%, no, ao,d0,0,0,0) and ¢,.
choosing (Definition 3.1) ng = 1, ap <
)*

By [07] = Ba, [07], Ba, [1"] and B2, [(—1)7]
and, additionally, Bd (B, [0*]) N O*(w) = 0.

= P0%,np.00.50,0,0,0) by
= 27" and 09 < «ap small enough so that the intervals
B,, [(—1)*] are pairwise disjoint; and (—2)*,2* & B, [(—1)*]

H N[

We also set aj = a; = ap = 0, and we define the map =, : S'\{0} — I by

_ Jw,-(0) if 6 € B, [07]\{0},
%(0) = {o it 0 & Ba, [0°].

For consistency with the definition of v, in the case j > 1, we define the map ~v_,: S'\{0} — T by
v_,(0) = 0 for every § € S'. Then, notice that, ag = v_,(0%),ad = ¢,. (0* + ag) = v_,(0* + ag), and
v, (0) = v_,(0) for every 6 & B, [0*].

Next, for every j € N we define R(j*), R((—j)*) and (v,,S'\Z;) from the corresponding boxes R(i*)
and By, [i*] C Bj [i*] for i € Z;_1, and (v,_,,S"\Z;_,) as follows. We take n;, d; and a; such that (see
Fig. 4 to fix ideas):
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(R.1)

(R.2)

(R.3)
(R4)

(R.5)
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n; >nj_1,0; <oy <27 < ;1 < aj—q and
(Bd (Ba, [(—§)"]) UBd (Ba, [j*})) NO*(w) = 0.

The intervals

are pairwise disjoint,
Ti-1 (Baj [e*]) - [ryj71(€*) - 2_nj7’y]'—1(£*) + 2_nj]

for every € {j +1,—(j + 1)},
By [N Z; ={¢} forLe{j,—(j+1)} and
Bo; [+ D INZj ={G+ 1)},

and (=(j+2))", (G +2)" & B (1) (=G + )] = Ba, (=G + Y]
Bd (Ba,,, [(k+1)*]) N (Ba, [7*]U Ba, [(—4)*]) = 0 for every k € Z;_;.
Assume that there exists k& € Z;_; such that B, [(j +1)*] N B [k*] # 0 and |k| is maximal
verifying these conditions. Then, By, [(j 4 1)*] is contained in one of the two connected components
of By, (K*)\{k*} when B, [(j +1)*] N Ba,, [k*] # 0, and B, [(j + 1)*] is contained in one of the
two connected components of By (k*)\Ba,,, [k*] if B, [(j +1)*] N Ba,,, [k*] = 0 (note that, in this
case, k must be negative).
Let ¢ € {j,—(j + 1)} (vecall that the ball B, [¢*] has diameter «; for these two values of ¢ and only
for them).
(R5.0) If £ & Ujc 5, _, By [i"] then, By [(*] N By [i*] = () for every i € Z;_;.
(R.5.1) If ¢* € B, [m*] for some m € Z;_; such that |m| is maximal with these properties, then
(R.5.ii.1) By [¢*] N B; [i*] = 0 for every i € Z;_; such that |i| > |m|, i # m, and
(R.5.i1.2) B, [¢*] is contained in (a connected component of)

B, (m*)\ (Bd (Ba|m| [m*]) U{m*}) = (m* — T O‘\m\) U (m* — CV|m|’m*)

U (m*,m*—ka‘m‘) U(m*+a m*—l—a‘m‘fl)

|ml?
(observe that B, [¢*] C B,, (m*)\B
By, [m*] = By, [m*] for m > 0).

Let £ € {j,—j}. If By [(*] N B, [m*] = 0 for every m € Z;, m # { then, to define R(¢*) and the map
P> WE set

[m*] can only happen when m < 0 since

X m|

ap = ij—l (f*) = azt = ij—l (f* + aj) =0.

Otherwise, there exists m € Z;_; such that Bj [¢*] is contained in a connected component of
By, (m*)\ (Bd (Ba‘m‘ [m*]) U{m*}) and |m| is maximal with these properties. Then, to define R(¢*)
and the map ¢,., we set

(R6.4) ar =7, (%), af ==, (¢* + a;) and Graph( *]) C R(£%).

Vim| ‘Baj e
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R((~1)°)

R(1%)

Fig. 4. The boxes R(£*) for £ € {—4,—-3,—-2,—1,0,1,2,3,4} and the graph of ~,. The wings are represented as a thick garnet curve
surrounding the graph of ~,. For clarity the scale and separation between boxes are not preserved. The circle St is parametrized as

)

(R.6.ii) Assume that there exists k € Z),,, C Zj—1 such that By [(*] C By, (k") \{k"}. Then, R(£*)
is contained in one of the two connected components of Int (R(k*)\1T&*).

Finally we define v, : S"\Z¥ — T by

@, (0)  if0 € Bq, [j7]\{J
7;‘ (0) = 90(7]')* (6> lf 9 € Ba; [( )
v,.,(0)  if0 & (Ba, [i*]U

(notice that Z; = Z7_; U{j*,(=j)*}). W

b
(=)
U Ba, [(=5)"TU Z] 4).-

For every ¢ € 7Z we define the winged region associated to £ as

- R(L¥) if £ >0, or
(£7) = {

R(E) U Graph (7, | = INBa 8 ) <0,

Remark 3.5 (Explicit Consequences of Definition 3.4). The following statements are easy consequences of
Definition 3.4. They are stated explicitly for easiness of usage.

(R.1) m; > j. This follows from Definition 3.4(R.1) and the fact that we have set ng =1 and n; > n;_; for
jeN.
(R.2) For every j € N,

BZ; [(=5)"]N Zjn = {(=5)"}
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This follows from Definition 3.4(R.2) for j — 1. We get
BZi (=) 10 Zy ={(=5)"} and (=G +1)"G+1)" ¢ B, [(=5)7]

which shows the statement.
(R.3) Let j € N and ¢ € {j,—j}, and assume that Bj [¢*] N B, [m*] = 0 for every m € Z;, m # (. Then,

el prie) :%‘B;[e*] =0forr=1,2,...,5 -1

(R.6.1)) Assume that here exists m € Z;_; such that B} [¢*] is contained in a connected component
of By, (m*)\ (Bd (B, [m*])U{m*}) and |m| is maximal with these properties. Then,
7r|BZ[z*] = Vimi ‘BZ[Z*] forr=|m[+1,|m|+2,...,5 - 1.

(R.6.ii) Assume that there exists k € Z,,) C Z;—1 such that By [(*] C By, (k") \{k*} and |k| is
maximal with these properties. Then, =, |B»[ for r = k| + 1,|k|+2,...,|m|.

14

o] = il |BZ[Z*]

To prove (R.6) notice that when By [(*]N By, [m*] C By [(*]N By, [m*] = 0 for every m € Z;, m # {, from
the definition of . for 0 <r < j we get that ~, =0forr=1,2,...,5— 1.

B[] T 70|B;[z*]
(R.6.i) The maximality of |m|, together with Definition 3.4(R.2), imply that Bj [(*] N By, [i*] C
By [¢*]N B [i*] = 0 for every i € Z;_1, |i| > |m|, i # m. So, by the definition of the functions 7, ,

v, forr=|m|+1,|m|+2,...,5—1.

Ba, <] = Timi| B, [e7]

(R.6.i)) When |k| = |m| (R.6.ii) holds trivially. So, assume that |k| < |m|. As in the case (R.6.i), the
maximality of [k| and Definition 3.4(R.2) imply that By [£*] N By, [r*] = 0 for every r € Z;_1, [r| >
|k, r # k. So, (R.6.ii) follows from the definition of the functions v,. W

The next technical lemma shows that the objects from Definition 3.4 exist (that is, they are well defined),
and studies some of the basic properties of the family of pseudo-curve generators {(v,,S'\Z})}5°,. For
easiness of reading, its long and complicate proof is displaced to the Appendix (Appendix A.1).

Lemma 3.6. For every j € Z* the regions R(j*) and R((—j)*) (and hence R™(5*) and R™((—5)*)), and the
maps (’yj,Sl\Z;‘) are well defined. Moreover, the following statements hold:

(a) (W’j,Sl\Z;) € PCG. Furthermore, for every £ € {j +1,—(j + 1)},
7, (Bay [€7]) C [, (€7) =277, (£%) +277] .

(b) Urer, R(¢7) © 81 x [~1,1] and Graph ( ) o8t x[-1,1].

(c) For £ € {j,—j} we have Graph(%—l’B%[e*]) C R(*), ag = v,_,(¢*), and af = ¢, (0" +a;) =
v, (0 £ o).

(d) Graph (7"|Baj [[*]\Z’;) C R(€*) for every n>j and £ € {j,—j}.

(e) For every ¢ € {j,—j},

v ’81\2_;

%'|(BZ[@*]\B%(e*))URw(BZ[e*]\Buj(m) 7]'—1|(BZ[Z*]\Buj(é*))URw(BZ[f*]\Ba,-(f*))'

Moreover, for every 0 € Bd(Bj [(*]\Ba,; (¢*)) = Bd(By, [¢*]) U Bd(B] [¢*]), we have § ¢ B [n*] U

B~ [(=n)*] and ~,(0) = ~v,(0) = ~,_,(0) for every n > j, and R,(0) ¢ Ba, [n*] U Ba, [(—n)*] and
v, (Rw(ﬁ)) =9_, (Rw(ﬂ)) for every n > j.
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(f) For every { € Z, R™(€*) is a compact connected set such that = (R™(¢*)) = By [¢*], Vel ’BZ[Z*]\BQW(IZ*)

18 continuous and

. — e Jdiam (R(£7)) = diam (R((—0)*)) =2-27™ <27 if £>0,
diam (R (g )) - {2 L QTN et S 2. 2—‘“ Zf ? < 0.
g) Given E,m € 7Z such that |£] > |m|, £ # m and B, [{*|NB, [m*] # 0, it follows that |£| > |m/|, and either
14 m
By [t*] C Ba,,,, (m*)\{m*} and the region R™(£*) is contained in one of the two connected components

of Int (R(m*)\TTm™*), or m < 0 and By [¢*] is contained in one of the two connected components of

(m
By, (m*)\Ba,,, [m"].
The next results allow us to define the limit pseudo-curve generated by the sequence {(v,,S'\Z})}2,.
Lemma 3.7. The sequence {(vy,,S'\Z})}32, C PCG is convergent in PCG.

Proof. By Proposition 2.9 it suffices to show that {(v,,S'\Z})}2, is a Cauchy sequence in PCG. By the
definition of v, (Definition 3.4) we have

dao (’71'717’71') = sup ’71'71(0) — % (9)|

0es'\z;

= sup ’7@'71 (9) — Y (9)| .
0€(Ba, i*I\{i"})U(Ba, (=) N {(=)"})

By Lemma 3.6(c), (d), and Definition 3.4(R.2) and Remark 3.5(R.2),
(0,7, ,(0)),(0,7,(0)) € R(£*) for 6 € By, [¢*]\{¢"} and ¢ € {3, —i}.
Hence, by Lemma 3.6(f),
d(4,_,,7,) < diam(R(i")) = diam(R((—i)")) < 2~

Since n; is a strictly increasing sequence, for every m > 0,

i+m [e%e]

k 1) 1
d_ (v 1+m’7 Z 9=k ~ 9=(i+1) Z 2% — 9.9 (+ )
k=i+1 k=0

and consequently {(v,,S'\Z;)}2°, is a Cauchy sequence in PCG. O

Lemma 3.7 allows us to define the following limit pseudo-curve generator of the sequence {(v,, S'\Z})}22,.

Definition 3.8. There exists (v, S'\O*(w)) € PCG such that
(7, SN\O*(w)) = lim (7,,8"\Z;)

(that is, v(0) = lim; o 7, (0) for every § € S'\O*(w)). Observe that

5

©
Il
=

SNO*(w) =[] (8"\2;)

is a residual set in S'. MW

Now, we are ready to define the sequence of pseudo-curves associated to the sequence {(v,,S'\Z})}2,,
and to the limit pseudo-curve generator (y,S*\O*(w)). This will finally define the pseudo-curve A that we
want to construct.



214 LL. Alseda et al. / Nonlinear Analysis 145 (2016) 199-263

Definition 3.9. We denote by

Aj = A(’Yj ,SI\Z‘;‘) = Graph(’yj y SI\Z;)
the pseudo-curve defined by (v, Sl\Z;) € PCG, and
A = A('YvSl\O*(W)) = Graph(fy, Sl\O* ((.«J))

By Definition 3.8 and Proposition 2.11, A = lim;j_ o A, si\z+). B
J J

The next lemmas study the properties the pseudo-curves A; and A.
Lemma 3.10. The following statements hold for every £ € Z:

(a) AY C R(¢*)Y for every n > |¢| — 1 and 6 € Ba,,, [€7].

(b) AL = Afg‘ C R(*)" for every n > |{|. Moreover, Afgl =R(*)" is a non-degenerate interval.
(c) AL = {(6,7,(6))} for every 0 € S\ 7.

( ) Aw C St x [—1,1],

Proof. (a) By Lemma 3.6(c), (d), Graph ('yn
compacity of R(£*).

Ba‘e‘[l*]\Z:L) C R(£*). Then, the statement follows from the

(b) From the definition of 7, (Definition 3.4) and Definition 3.4(R.2), for every n > || there exists
an £(n) > 0 such that v, (0) = v,/ (0) for every 0 € B, (¢*)\{¢*}. Hence AL = Afg|. Moreover, 7,
coincides with ¢,, in a neighbourhood of £*. Thus, Affl = R(¢£*)*" and it is an interval by Definition 3.1 and
Remark 3.2(4).

Finally statement (c) follows from Lemma 2.2(a) and Definition 3.9, and (d) from Lemma 3.6(b). O

Lemma 3.11. The following statements hold.

Al = Afg‘ for every € € 7. In particular A® is a non-degenerate interval.

)
)

c) If 0 ¢ O*(w), then A” = {(0,7(0))}-
)

Proof. Statement (c) follows directly from Lemma 2.2(a).

Now we prove (a). From Lemma 3.10(a), A2 C R(£*) for every £ € Z and n > |¢|. On the other hand, by
Definition 3.8 and Proposition 2.11, A’ = lim,, o, A?. Hence the result follows from the compacity of R(£*).

By Lemma 3.10(b) and the part of the lemma already proved we have
A" = lim AL = Al

Statement (d) follows from Lemma 3.10(d), the compacity of S! x [-1,1] and the fact that A =
lim]‘_,oo Aj. U

The next proposition, summarizes the main properties of the set A.

Proposition 3.12. The set A is a connected, does not contain any arc of curve and 2\A has two connected
components.
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Proof. From statements (b) and (c) of the previous lemma, we know that A? is connected for every 6 € S*.

If A is not connected there exist closed (in A) sets U and V such that UNV = @ and U UV = A.
Observe that 7(U) U (V) = m(A) = S* because every pseudo-curve is a circular set. Moreover, since A is
compact, U and V are also compact sets of £2. Hence, w(U) are 7(V) compact in S*. Since S! is connected,
7(U)Nw(V) # 0. For every § € m(U) N7(V) we have,

A= wuv)y? =U’uv’
The sets U? and V? are closed, non-empty and disjoint. Consequently, A’ is not connected; a contradiction.

This proves that A is connected.

By Lemma 3.11(b), A*" is a non-degenerate interval for every ¢ € O*(w). Then, since O*(w) is dense in
S, A does not contain any arc of curve by Lemma 2.3(b).

To prove that 2\A has two connected components we define
02_:={0,y) € 2: y<min{z €I: (0,x) € A}}, and
2, :={0,y) € 2:y>max{z €l: (0,x) € A}}.
By Lemma 3.11(d) we know that
—1 <minf{x €I: (0,z) € A} <max{z €l: (0,z) € A} <1.

Hence, 2\A = 2_ U 24, 2, and £2_ are disjoint open circular subsets of 2 and £2_ D S! x [-2,—1] and
24 O S! x [1,2] (in particular, for every 6 € S', 29 and 2% are non-degenerate intervals). Thus, {2, and
f2_ are arc-wise connected and, hence, connected. [

4. A collection of auxiliary functions G; defined on the boxes R™(¢*)

In this section we define a family of auxiliary functions
Gi: R (") — R (1 +1)%)
with ¢ € Z and study their properties. These functions will play an essential role in the construction of the
map which leaves the set A invariant.
In what follows we consider the supremum metric d_ on the class of all functions F': A — 2 with
A C (2. That is, given F,G: A — {2 we set
d_(F,G):=sup d,(F(0,z),G(9,x)).
(0,z)€A
In the special case when F' and G are skew products with the same base, that is when F (6, x) = (R(0), f(6,x))
and G(0,z) = (R(9),9(0,x)), then
doo(FvG) ‘= sup |f(9,l‘>—g(6,.'11)|
(0,x)€A
Observe that (S(£2),d_) is a complete metric space.
Before defining the maps G; we need to introduce the necessary notation, and recall and collect some
basic facts that we will use in this definition and to study their properties.
For every ¢ € Z, we define

M;: B [i*] — I by M;(0) := max{z € I: (f,z) € R™(¢*)}, and
m;: B; [i*] — 1 by m;(0) :== min{z € I: (§,z) € R™(3")}.

The next simple lemma states the basic properties of the maps m; and M;.
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Lemma 4.1. The following statements hold for every i € Z

(a) =1 < my(0) < M;(0) <1 for every § € B] [i*].

(b) m; and M; are continuous.

(c) my |Ba‘ ] and M; |B gy 7] are piecewise linear.

(d) mi(0) = Mi(0) =, (0) if and only if 6 € B} [i*]\Ba, (i").

Proof. It follows easily from Definition 3.1, the definition of a winged region and Lemma 3.6(b), (f). O

Notice that, for every i € Z,
R = R@'=U {6} xmi®), Mi(9)].
6eB; [i*] 0eB; [i*]

In what follows the interval [m;(0), M;(6)] C I, defined for every 6 € B; [i*], will be denoted by I; 4.
Clearly, for every 0 € B; [i*], R™(i*)? = {0} x L, 4.
By Definition 3.4(R.2) and Remark 3.5(R.2),

B [i*]\{i"} is disjoint from Z;,.
Hence, Lemmas 3.6(a), (d) and 3.10(c) can be summarized as:

Vel |BZ[€*]\{£*} is continuous,
Yy (0) €T p  for every 0 € By [¢*]\{¢"}, and (1)
Afy = {(0,7,,(0)} for every 6 € By [(*]\{¢"}
for ¢ € {i,i+ 1}.
Now we define a family of continuous maps G;: R™(i*) — R™((i + 1)*) with i € Z, by

G;(0,x) = (RW(Q),gi(e,x)).
Also, for every 6 € B; [i*], we will denote the map g;(,-): I;» — 1 by g, ,.

To define the functions g, ,, for clarity, we will consider separately two different situations:

e i >0, when R™(i*) = R(i*), B} [i*] = Ba,, [i*] and G;(R(i*)) strictly contains the smaller box R((i+1)*),
and
o i < —1, when G;(R™(3*)) is strictly contained in the bigger box R((i + 1)*).

We start by defining g, , for i > 0 in three different ways, depending on the base point 6 € By, [i*]. In this
definition, for simplicity we will use R(i*) instead of R™(i*) and By, [i*] instead of B; [i*].
Notice that, by Definition 3.4(R.1) and Lemma 3.6(c),

for every ¢ > 0
By, [i*] € By, (') and B, [i*] C B, (i*) C Ba, (i), and (2)
Vi, () =a; and 7, ((i +1)") = a1

Definition 4.2 (Definition of g; for i > 0).

0€ Bs,., [i*]: g,0(2) =7, (i + 1)*) + g (7,2, (6%) — 2).
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0 € Ba,,, [i*]\Bs,,, (i*): we define g, , to be the unique piecewise affine map with two affine pieces, defined
on I; 9, whose graph joins (m;(0), M1 (Rw(0))) with (v,(0),7,., (Rw(9))), and this with the point
(M(e) mi4+1 (Rw (9))) (il’l particular, Yi6 (’Yi (9)) = Vit (Rw (9)))7

0 € By, [i*] \Basy, (i%): g,,(®) :=7,,,(R,(0)) (that is, g, , is constant). W

The next lemma states the basic properties of the functions G; for ¢ > 0.
Lemma 4.3. The following statements hold for every ¢ > 0:

(a) The map g, , is well defined and non-increasing for every 6 € By, [i*]. Moreover, =1 < g, ,(x) < 1 for
every 0 € By, [i*] and x € 1, . Furthermore, the function G; is continuous.

b) GAR(Z.*)Q is affine and G;(R(i*)?) = R((i + 1)*)%@ for every 0 € Bs, ., [i*]; Gi‘R(i*)e is piecewise
affine with two pieces and G;(R(i*)?) = R((i + 1)*)5~© for every 0 € Ba,,, [i*] \Bs,,, (i*); and
Gi(R(i*)?) = fl-l( ) for every 6 € By, )\ Bayy, (5%).

(c) Gi(AY) = AZ-Jrl D for every 0 € By, [i*].

Proof. We will prove all statements of the lemma simultaneously and according to the regions in the definition

of the map g;.
o We start with the region R (i*)MBi+1 (7],
Let z € [—6;,6;] C R and let § = i* + z € By, [i*]. From Definition 3.1 and (2) we get

m;(0) = a; —27"(1—2)=7~,_,(@")—27"(1—2), and

Mi(6) = a; + 277 (1— 2) =7, (i) + 27" (1 2). 3)

In a similar way, for every 6 € Bs, , [i*] (that is, z € [=d;41,0i41]), we have R (0) = (i + 1)* + z €
Béi+1 [(l + 1) ]? and

miq1(Ry (9;) = a1 — 27" (1 —2)=7,(E+1)") — 27"+ (1 — 2),and )

Mip1(Ro(0) = aipr + 27" (1= 2) = 5, ((0 + 1)%) + 27"+ (1 - 2).

Hence, for every 6 € Bs, | [i*],

9i0(mi(8)) = 7, ((( +1)") + 27" (1= 2) = %, ((i + 1)7) + 27"+ (1 = 2)

= i+1(Rw(9))’ . (5)
9o (Mi(0)) = 7 ((1+1)") = 27 (1= 2) = 7, (I +1)7) = 27"+ (1 - 2)
= mit1(Ry(0)).
Lo is the affine map whose graph joins the point (m;(0), M;41(R.(6))) with (M;(0), m;1(R.(6))).
In particular, g, , sends the interval I; g affinely onto I; 11 g_g) or, equivalently, G; sends the interval R(i*)°?
affinely onto R((i + 1)*)7«(®). Then, by Lemma 3.6(b), this implies that —1 < g.o(x) < 1 for every x € I; 5.
Moreover, the continuity of the maps m;, M;, m;+1 o R, and M, o R,, implies that g; is well defined and
continuous on R (i*)MBsi1 ],

S0, g, 4

Next we will prove that G;(A?) = Azﬂ( ) for every 0 € Bs,., [i*]. We take 0 = i* 4z € Bs,, [i*] \{i"}.
Then, clearly, z € [—d;+1,9;+1]\{0} C R. By Definitions 3.4 and 3.1 and statement (2),

Vi (0) = P« (0) =a; + 27"Md = Yio1 (7’*) +27"d € ]11'797 and
Vit (Rw(e)) = Plitny» (9) =aj1— 27" d =1, , (7’*) —27"d e Hi+1,Rw(9)7
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where d = (—1)¢(z). So, for every 0 € By, [i*] \{i*},

Uz

9,0 (7,(0)) = 7,((i + 1)) —
Thus, from (2) and (1) we get
Gi(A?) = Gi({(0.7,0)}) = {(Ru(6).9,,(7.(9)))}
= {(Ru(0),7,,. (Ru(0))} = AM”

[i*]\{i*}. On the other hand, by the part already proven, g, . sends the interval

27"Md = Yit1 (Rw(e)) (6)

QMit1

for every 6 € Bs,.,,

I; ;= affinely to I, yq (i+1)- or, equivalently, G; sends the interval R(i )" = {i*} x I;;- affinely onto
R((i + 1))+ = {(i +1)*} x I; (i+1)~- This implies that G; (Aﬁ*) = Agfll) by Lemma 3.10(b). Hence,
Gi(A?) = AR ( ) for every 0 € Bs, ., [i*].

e Now we study R(i*)n(B‘”“[i*]\B‘”H(i*)).

Observe that R, (Bg [¢*]\{i*}) = Bo [(i + 1)*]\{(i + 1)*} for @ € {e;, @;41}. Then, by (1)

Yis1 © Ro |B ey 8 continuous, and )
Yia (R (0)) E Iit1,r, 9 forevery 6 € By, [i*]\{i"}.

So, the continuity of the maps m;, M;, m;y; o R, and M;;; o R, implies that g¢; is well defined and

continuous on R(i*)n(B" 1 T\ Bo g 7 )), and

(’V‘L (9)7 Vit1 (Rw(e))) € Hiﬁ X ]Ii“l'lwa(G)

for every 6 € B,,,, [i*]\Bs,,, (i*). Consequently, g, , maps I; g piecewise affinely with two pieces onto
Iit1,R.,(9) or, equivalently, G; sends the interval R(i*)? piecewise affinely with two pieces onto R((i +
1)*)E« ) Again, by Lemma 3.6(b), this implies that —1 < g, ,(z) < 1 for every = € I; g. On the other hand,
from (2) and (1) we have

Gi(A7) = Gi({(6.7.(0))}) = {(Ru(0),9,,(7.(0))}
)

for every 0 € B, [i*]\Bs,, (i*).
e Finally, we study the region R(i*)TT(B"i[i*]\B"iH(i*)).

In this case, by definition and Lemma 3.6(b) we have —1 < g, ,(z) < 1 for every z € I; 4. By (7),

gi(-,x) = v,,, o Ry, is well defined and continuous in both variables on R(i*)"(B"i[i*]\B‘”H(i*)) because m;
and M; are continuous. Moreover, for every 6 € By, [i*] \Ba,,, (i*) and z such that (6, z) € R(i*)?, we have

{Gil0,2)} = {(Ra(0), 9:(0,2))} = {(Ru(0)), 70, (Ra(0)} = AT
by Definition 3.9 and Lemma 2.2(a). Thus, by Lemma 3.10(a),

Gi(A?) = Gi(R(i*)?) = AF(®).

From all the previous arguments (b) and (c) follow. To end the proof of (a) we have to see that G; is well
defined and globally continuous. This amounts to show that it is well defined on the fibres

R(i*)(i*:t5i+1) — {Z* + 5“_1} % Hi,i*i&prl and
R(*)E ) = {i* L} X Ljesa

i1t
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We will only show that the two definitions of g; coincide on {0} x I; g with 6 € {¢* + d;41,7* + i1} The
case 0 € {i* — §;41,1" — a;41} follows analogously.

We start with 0 = i* + a1 € Bs, (i*). In this case, R, (0) = (i + 1)* + a1 € Bd(Bq,, [(i +1)*]) and,
by Definition 3.1 and Lemma 3.6(c),

M1 (Ro(9)) = miz1(Ru(9)) = afyy =7, (R (0))-

Thus, the piecewise affine map whose graph joins the points (m;(6), M;41(Ry(6))), (7,(6),7,,, (R.(9))),
and (M;(0), mi41(R.(6))) is the constant map 7, , (R, (#)). Hence, g, , is well defined for § = i* + a;41.

Now we deal with the case 8 = * + 0,41 € 35 [i*]. By (5) and (6) we know that the points
(mi(8), Miz1(Rw(9))), (7,(0),7,,, (R.(6))) and (M;(6) m1+1( .(0))) belong to Graph(z — ~,((i + 1)*) +
%1 (7, (i*) — x)). Consequently, the map 'y (G+D)")+ 271L+1 (7,_,(i*) — z) coincides with the piecewise
affine map whose graph joins (m;(0), M;11(Ru(9))), (7,(6),7,,, (R.())) and (M;(6),mi41(Re(0))). This
ends the proof of (a). O

Now we define g, , for i < 0. In this case, since we are going from a smaller box R™(:*) to a bigger one,
we only need to define g, , in two different ways, depending on the base point § € By [i*].

As in the previous case we need to fix some facts about the elements that we will use in the definition.

By Definition 3.4(R.1) and Lemma 3.6(c),

for every i < 0

B, (i +1)*] C Bay, [(i+1)*] C Bsupyy (i 4+ 1)*) C Bayyy, (i 4+ 1)),
R, (B [i*]) = Bauy, [(i+1)"],  Bs,, [i*] C Bay, (i), and

Vg () =ai and L, (((+ 1)) = aig.

Consequently, from (1) and Definitions 3.1 and 3.4 we get

m;(0) <7, (0) < M;(0) and

M1 (Ro(0)) < 7,1, (Ro(0)) < Mi1(Ro(0))
for every 0 € By, (i*) \{i"} (and Ry, (0) € Ba,, ((i +1)*)\{(é + 1)*}). Then,

m1+1(Rw(0)) = Vit (Rw(a)) M1+1(Rw(0)) = Vit (RUJ(G))

271l ’ 2"l >0
2" li+1] (’Y\il (6) — M;(6)) =Y (’Ym (0) —m;(0))

%i(#) = minK 1,

defines a continuous function k;: B, (i*) \Bs,, (i*) — (0,1]. To define the map g; we need an auxiliary

function
"%’5BQH[ ]\B(SH( ) [071]

such that k; is non-decreasing and continuous, r;(i* & 6);) = R;i(i* £ d)5)), and x;(0) < K;(0) for every
6 € Bay, (i*) \Bs,,, (i*). In principle any such function would do, but for definiteness, and to show that such

function exists, we note that we can take, for instance,

inf Ri(t) if6<i*— 5|Z-‘,
K/(Q) . tE[O,i*—ém]ﬁBm‘il(i*)
U inf Ri(t) if 0 >i" 40}

t€li*+8}:),010 B, (%)

It is easy to check that this map verifies the desired properties.
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Definition 4.4 (Definition of g; for i < 0). For every (0,z) € R™(i*) we set

o (e () =)+ (1)) € By 1],
9PV = i (0) (3, (0) = ) + 3, (Ro®) 0 € By [\ By, ().
Yyisn (Ru(0)) if 0 € B; [i*] \Bq, (7). W

The next lemma states the basic properties of the functions G; for i < 0.
Lemma 4.5. The following statements hold for every i < 0:

(a) The map g, , is well defined and non-increasing for every 6 € By, [i*]. Moreover, =1 < g, ,(z) < 1 for
every 0 € Ba [i*] and x € 1; 9. Furthermore, the function G; is continuous.

(b) Gi|72*(i*)9 is affine, G;(R™(i*)%) C R((i + 1)*)B©) for every 6 € B; [i*] and G;(R™(i*)’) =
R((i + 1)*) B for every 6 € Bs,, [i*]-

(c) Gz‘(Aﬂ ) = Aﬁj_(ﬁ) for every 0 € By [i*].

Proof. First we will prove that the map G; is continuous and that Gi|72“’ (i)° is affine, according to the three
regions in the definition.
e As in the previous lemma we start with R”(i*)nB‘;li\ - R(i*) P00 i,
As in the same case of Lemma 4.3, by using (8) instead of (2), it follows that g, , ‘H, , is the affine map whose
graph joins the points (m;(0), M;y1(R,(0))) and (M;(6),mi41(Ru(0))), gi is well defined and continuous
-\ 1T Bs i [l*]
on R(#*)" ~rt
G (Py‘u (9)) = Vit (Rw(a)) for every 0 € Btsm [Z*] \{7;*}7
G; sends the interval R(i*)? affinely onto R((i +1)*)?, and

(0 .
Gi(Al)) = Aﬁ+(1|) for every 6 € Bs,,, [i*].

. R—(i*)n(BaM[z'*]\BaM‘u*)) _ R(i*)ﬂ(Bam[i*]\Bém(i*))_

From (1) we know that the maps v, and v, ., o R, are continuous on the domain By, [i*] \Bs), (i*).

Hence, the continuity of g; follows from the continuity of the maps x;, m;, M;, m;+1 o R, and M;; o R,,.
Notice that, from the definition of g; in this region we clearly have that
9014 (0)) = 7,41, (Ru(0)), and
Gi’R"(i*)e = g¢;(0,-) is affine.
. R~(i*)n(3ni*1\3am (i)

In this case we have m;(0) = v, (0) = M;(f) by definition. Then, the map G1|R~(i*)9 = g;(0,-) is affine
because it is constant, and g; is continuous because v, and 7, , o R, are continuous on the domain
By [i*]\{e"} by (1).

To end the proof of (a) we have to see that G; is well defined and globally continuous. This amounts to

show that it is well defined on the fibres
R(i*)TE0) and  R(i%) 0 Em).
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We start by showing that the two definitions of g; coincide on the fibres R(i*)? for § € {i* £ a;}. In this
case we have m;(0) = v, (9) = M;(0). Consequently, I; = {7, (¢)} and

il
mﬁi(e) (’7\“ (0) - 1‘) + Vit (Rw(a)) = Vit (Rw(e))

for z € I; 5.

Next we consider R(i*)? = {6} x I; 9 with 6 = i*+4);|. We will show that the two definitions of g; coincide
on this set. The case § = i* — §); follows analogously.

For simplicity we will denote
il
93| 2

9o (CL‘) = m (7\1,+1\ (Z*) - x) + Viital ((Z + 1)*)7 and
£,0(0) = o (3, (6) = 2) 71, (Ra(6)):

Notice that gi Wl is the map g, as defined in the first region while

Ki(e) (gi,e - fY\i+1\ (Rw(e))) + 7|i+1| (Rw(e))

is the map g, , as defined in the second region. In a similar way to the previous lemma we have that
(7,,,(6),7,,.,,(Ru(0))) € Graph (gi‘e”). Hence, since gi‘g‘ is affine with slope 723“7!1‘, it follows that
gi‘;‘ =&, 4. S0, to end the proof of the lemma, we only have to see that r;(i* + d);) = ki (i* 4 d);) = 1.

Since the points (m;(0), M;y1(R.(6))) and (M;(0),mi1(R.(0))) also belong to Graph (gi‘g‘) =
Graph (¢, ,) , it follows that

Ml
mis1 (Ro(9)) = &0 (Mi(0)) = o (74 (0) = Mi(0)) + ;.4 (Ro(0)), - and

M
Miy1(Ru(0)) =€, ,(mi(0)) = S (711 (0) = mi(0)) + .1, (R ().
This shows that %;(i* + 0);) = £;(f) = 1 and ends the proof of (a).

Now we prove (b) according to the three regions in the definition. From the part of the lemma already
o i affine, and G;(R™(i*)?) = R((i+1)*)F=(® for every 0 € Bs,,, i*].
So, to end the proof of (b) we have to see that

proven we already know that G; ’R~ (i

900 {i0) CLit1,Rr,(0) (9)

for every 0 € Bj [i*]\Bs, [i*] (by definition, since i < 0, Bj [i*] = Ba,,,, [i*]; therefore, R,(0) €
Bay,y [0+ 1)7] and Ty g, o) = R((i +1)7) B ).

For € B} [i*]\Ba,, (i*), by (1), we have
9:.0Wio) = {710 (B(0))} C Liva R, (6)-
Now we consider 6 € By, (i*) \Bs,, [i*]. Since
Mig1(Ro(0)) = 7y (B (0))
F (3, (0) = ma(0))

ki(0) <k (0) <

)

we have

27l M1 (Ry(0)) — 7,4, (Ru(9))
i o\ 14 0 S o [
95,0 (mi(0)) < i 20 (9,(0) — mi(0))

= M;41(Ru(0)).

(’YM (6) - ml(e)) + Vit (Rw(e))
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An analogous computation shows that g, ,(M;(0)) > m;1(R.(0)). Hence, (9) holds because g, , is affine.
This ends the proof of (b).

Then, by Lemma 3.6(b), Statement (b) of the lemma implies that —1 < g, ,(x) < 1 for every z € I; 4.

By the part of the lemma already proved we know that G; (Aleil) = A gop every 0 € Bs, [i [i*]. On the

I%+1\
other hand, as in the previous lemma, from (8) and (1) we get

Gi(Afy) = Gi({(0,7,,(0)}) = {(Ru(0),9,, (7, (0))}
— {(Ru(0),7,0,,, (R0 >>>} Al
for every 6 € By [i*] \Bs,,, [i*]. So, (c) holds. [

Up to now we have defined the family of auxiliary functions G;: R™(¢*) — {2 with i € Z. The next step
before being able to define the family {7,,} C S({2) is to fix some stratification in the set of boxes R™(¢*).

5. A stratification in the set of boxes R™(i*)

In this section we introduce a notion of depth in the set of arcs B; [i*] defined earlier. This notion introduce
a stratification in the set of boxes R™(¢*) that we study below.

Definition 5.1. For every £ € Z we define the depth of ¢, which will be denoted by depth(¢), as the cardinality
of the set (see Lemma 3.6(g))

{iez: B (1Y) € B[]} = {i € 2: B ()0 B °] # )
={i€Z:R (R (")} ={i€Z: R(*YNR (i*) # 0}.
Also, for every m € Z*, we denote
D, :={l € Z: depth({) = m},
D ={i"rie®D, }, and
pm i=min{lil:i€®D,_}. N

The next lemma studies the stratification on Z created by the notion of depth.
Lemma 5.2. The following statements hold:

(@) D, C{leZ:FieD, suchthat B [(*] & By [i*]}.
(b) For every (,k € ®, it follows that By [(*] N B, [k*] = 0.

Proof. Observe that if B, [¢*] & B; [i*] then depth(¢) > depth(i) + 1. Hence, (a) holds.
Statement (b) follows from Lemma 3.6(g). O

In what follows, for every m € Z1 we set

= |J B/ li"]o92:.
€D,
Note that, by Lemma 5.2(b), B” is a disjoint union of closed arcs. Therefore, for every 6 € B’ , there exists
a unique ¢ € ®_ such that 0 € B; [*]. We will denote such integer ¢ by b™ (0, m) € ®
The next two lemmas study the properties of the winged boxes B; [i*] and R™(i*) according to the depth
stratification. Lemma 5.4 is the real motivation to introduce the winged boxes.
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Lemma 5.3. The following statements hold:

(a) The sequence {pm}oo_ is strictly increasing. In particular limy, oo fim =

(b) For every m € Z*, B is dense in S', B, CB. and D* NB  =0.

(c) O*(w) C B, and Aa = {(9 0)} for every 6 € S'\B;.

(d) Let i € Z and 6 € B; [i ]\Bdepth(L)+1 Then, 6 ¢ O*(w) unless 0 = i*, and A2 = A?i\ for every n > |i|. In
particular A = A\GI

1

Proof. By Lemmas 5.2(a) and 3.6(g) it follows that for every m € Z+ and £ € ®, ,, there exists i € D,
such that By [¢*] & By [i*] and [i| < |€]. Thus, B . C B and py, < fim+1. This proves (a) and the second

statement of (b).

Next we will show that i* & IB%;Jr | for every i € ® . Assume by way of contradiction that there exists
i €D, such that ¥ € B . Let k=b"(i",m+1) €D, . Clearly, i # k and i* € By [k*]. Then, by
Lemma 3.6(g), |k| < || and B; [¢*] & By, [k*]. Thus,

m = depth(i) > depth(k) + 1 = m + 2;
a contradiction.

Now we prove the first statement of (¢). From the definitions and the part of (b) already proven we have

clUB il c DB;Z

1€EL

To end the proof of (b) it remains to show the density of B’ . We will do it by induction on m.
Clearly B] D O*(w) is dense in S* because so is O*(w). Suppose that (b) holds for BT . We will show
that (b) also holds for B , . Choose § € B} and set i = b (6,7m). Since O*(w) is dense in S', there
exists a sequence {s,}52, C Z such that s} € B; (i*) and lim, . s = 6. As above, we get that
depth(s,,) > depth(i) + 1 = m + 1. Moreover, s € ]B%;pth(sm C B ., for every n. Consequently, B, C BT |,

and the density of B, follows from the density of B] .

Next we prove the second statement of (¢). From above it follows that

U Bay 71 < U B7

€L 1€EZ

Hence, by the definition of the maps v, (Definition 3.4) it follows that v, () = ~,(¢) = 0 for every § ¢ B~
and m € ZT. So, v(#) = lim,, .00 7,, (#) = 0, and A’ = {(0,7(6))} = {(#,0)} by Lemma 3.11(c). This ends
the proof of (c).

(d) If @ = ¢* then the statement follows from Lemmas 3.10(b) and 3.11(b). So, we assume that 6 # i*.

By Definition 3.4(R.2) and Remark 3.5(R.2) we get that 6 ¢ Z; . Hence, if § € O*(w), it follows that
0=k B ey With |k| > |i|+1 and By, [k*]NB; [i*] # 0. Thus, by Lemma 3.6(g), depth(k) > depth() +1
By (b), this implies that § = k* € Bdepm E contradiction. Therefore, § ¢ O*(w). On the other hand,

0 ¢ B~, [(—i)*] by Definition 3.4(R.2).

If 0 ¢ Ba,,, [k*] for every k € Z such that |k| > [i|, then v, (8) = v, (9) and Al = A\ail for every n > ||,
by Definition 3.4 and Lemma 3.10(c).

Now assume that 6 € By, [k*] for some k € Z such that [k| > [|i| and |k| is minimal with these
properties. If 8 € By (k*), as above we get that depth(k) > depth(:) + 1 and 6 € B Cc B

depth(k) depth(i)+1 "

Thus, 0 € Bd(By [k*]) = Bd(Ba,,, [k*]) and k > 0. So, by Lemma 3.6(c) and the definition of the maps v,
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(Definition 3.4), 7, (8) = v,,_, (#). Moreover, by Lemma 3.6(e), 7,(6) = v,,(0) for every j > |k[. On the
other hand, the minimality of |k| implies that 6 ¢ B, ,, [¢*] for every £ € Z such that |k| > |[¢| > [i|. Hence,
by the definition of the maps ~; (Definition 3.4), «,(6) = v, (0) for every [k| > j > [i[. In short, we have
proved that v,(0) = ~,,(¢) for every j > |i|. Thus, as above, Al = Afi‘ for every n > |i|. This ends the proof
of the lemma. [

Lemma 5.4. Assume that B; [i*] C By [k*] for some i € D,
|k + 1| < |i + 1| unless k > 0 and i = —(k+2) (whence |k + 1
hold:

ke®, , and m € N. Then, |k| < |i| and
= |i + 1] ). Moreover, the following statements

(a) For every 6 € B; [i*],

Ykl (9) = Vk+1 (0) == ’Ym71(9) € ]Ii,O

and, when |k + 1] < |i + 1],

Vik+1) (Rw(e)) = Vikt1141 (Rw(e)) == Vg1 -1 (Rw(e))

(b) For every 0 € B [i*] \Ba,,, (i),

V) (9) = ’7\“71(6) and I; g = {7\7:\ (6‘)} = {A/m (9)} C Ikp-

Proof. The fact that |k| < |i| follows from Lemma 3.6(g). Therefore, either |k+1| < |i+1| or k >
0, i=—(k+2)and |[k+1] =|i+1lor k >0, i = —(k+ 1) and |k +1| > |i +1|. In the last case,
B [i*] = B” 4,11y [(=(k + 1))*] and B [k*] must be disjoint by Definition 3.4(R.2) (with j = k); which is a

3

contradiction. Thus |k + 1| < |i + 1] unless k > 0 and i = —(k+2) (|k + 1| = |i + 1]).
By Definition 3.4(R.2) and Remark 3.5(R.2), B} [i*] N Z};_, = 0. Hence, from the definition of the maps
7, (Definition 3.4), to prove that
Vil |Bj[i*] = Vikia |Bj[¢*] == 'Vm—z‘Bj[i*] = Yt |B;[i*]’

it is enough to show that By, [(*] N By [i*] = 0 for every ¢ such that |k] < [{| < [i]. Assume that
Ba,, [£*] N B; [i*] # 0 for some £ such that |k| < |¢| < |i|. Then,

el

0 # Bay, (1N B; [i] € By [*] 0 By [i*] € By (7] N By, [k7]
and, by Lemma 3.6(g),

Bi[i*] @ B[] & By [k7].
So, in a similar way as before,
m = depth(i) > depth(¢) + 1 > depth(k) + 2 =m + 1;

a contradiction. This ends the proof of the first statement of (a).
Now we show that if |k 4+ 1| < |i + 1| — 1, then

Yk (Rw(e)) = Vikt1i+1 (Rw(e)) == Vi1 -1 (Rw(e))v

and are well defined.
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First we prove that v, (R, (0)) is well defined for every £ = 0,1,...,|i + 1| — 1. For every 6 € B] [i*] we
have

B, [(i 4+ 1)*] when 7 > 0, and

R.(6) € R, (B} [i7]) = {Bai+1| [(i+1)*] € B, [(i+1)*] wheni<0.

In any case, by Definition 3.4(R.2) and Remark 3.5(R.2) with j =¢ wheni>0and £ = —(j+1) =i+1
when ¢ < 0, and Lemma 3.6(a),

VA when 7 > 0, and
Z|t+1|—1 When Z < O,

R,(0) ¢ {

and v, (R, (0)) is well defined for £ =0,1,...,]i 4+ 1| — 1 (recall that Z,, C Z;, ,; for every m > 0).

Now, assume by way of contradiction that

v, (Rw(0)) # v, , (R,(8)) forsome e {|k+1|+1,|k+1]+2,...,]i+1] -1},
and ¢ is minimal with this property (observe that ¢ > 1). By the definition of the map ~, (Definition 3.4),
R,(0) € Ba, (g +1)*) withqge {£—1,—(£+1)}

and, hence, 6 € By, (¢%).

Since [k +1|+1<{<|i+ 1|, when g =—(£+1) < -2,

k+1+2<—q<l|i+1] and Ba,(q") =Bl (-((+1)") =B, (q").

Otherwise, when ¢ =¢—1>0, |[k+ 1/ <¢<|i+1]—2and

B, (q") € By, (E=1)7) =By, (€= 1)") = By ("),
by Definition 3.4(R.1).
Next we want to use Lemma 3.6(g) to show that B; [i*] & B [¢*] & By [k*]. To this end we have to
compare |q| with |i| and |k|.
Notice By [¢*] N By, [k*] # () because
9 € B, (¢")N By [i*] C B (¢") N By [k*].

If Kk >0, |¢gf > |k+1] > |k|. When k,q < 0, |¢| > |[k+1]+2 = |k|+1 > |k|. If £ < 0 and
q>0, l[gqg=g>1|k+1 =k|—1.1If ¢ = |k| — 1 (that is, k = —(¢ + 1)), as above, by Definition 3.4(R.2)
with j = ¢ we get By [k*] N B [¢*] = 0; a contradiction. So, [g| > [k| unless [¢| = [k| and k < 0 < ¢.
Summarizing, we have shown that |q| > |k| and g # k. Then, from Lemma 3.6(g) we get that |g| > |k| and
By lg] & By [k].

Now we will study the relation of B [¢*] with the box B; [i*]. From above we get that B [¢*|NB; [i*] # 0.
Ifi <0, |¢gf <|i+1] = |i] = 1. When ¢, > 0, we have |¢| = ¢ < |i+1] -2 =1]i| — 1. If ¢« > 0 and
¢<0, lg <|i+1]=]i+1

Assume that ¢ > 0 and ¢ = —(¢ + 1) < 0. In this case, additionally, ¢ = —(¢ + 1) and, thus, i = ¢ > 1.
Then,

R,(0) € Ry, (B] [i]) = R (Ba, [i"]) = Ba, [(i+1)7],  and
Ry,(0) € Ba, ((¢+1)") = Ba, ((—=0)") € BZ, ((=4)") ,
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which is a contradiction by Definition 3.4(R.2). Summarizing, |g| < |i| unless |¢| = |i| and ¢ < 0 < ¢ (that
is, |¢| < |i| and q # 7). Then, again by Lemma 3.6(g), |¢| < |i| and B; [i*] & By [¢*] & By, [k*]. So, as before,

m = depth(i) > depth(q) + 1 > depth(k) +2 =m + 1;
a contradiction. This ends the proof of (a).
Now we assume that 6 € B; [i*] \Bq,, (i*). By Lemmas 3.6(e) and 4.1(d),
’YM(Q) = ’7\1'\71(9) and I = {'7\“(0)} = {'7”\71(0)} = {’Vm (0)}.
On the other hand, by Lemma 5.3(b), ©*
0 € B; [i*] \Bam (i*) C B . So, by (1),
Hiﬂ = {r}/m (9)} = {’Y\k| (9)} C Hk,e'

NB’ = () which implies that 6 # k* because k* € D*  and

m—1

Now we prove that v, _, (0) € I; o for every 6 € B; [i*]. From above, we have I; 9 = {v,,_, ()} for every
0 € B [i*]\Ba,, (i*). Moreover, when 6 € B, (i) the statement follows directly from Lemma 3.6(c).
Thus, (b) is proved. O

6. Boxes in the wings

To prove Theorem A we will inductively construct a Cauchy sequence {1}, }5°_, C S({2) that gives the
function T' from Theorem A as a limit.

This section is devoted to study the points in the wings of boxes in the circle and its interaction with
boxes of higher depth. The resulting technology is necessary to be able to construct the sequence {T,,}5°_,
so that it is Cauchy sequence. Unfortunately this will complicate even more the definition of the functions
T, and the proof of its continuity.

We start by introducing some more notation. For every m € Z* we set

B, = U B, [i"]CB , and

m
i€,

WDB, = {0 €eB \B,, : 0B, for some j > m}.

On the other hand, the smallest number j from the above definition will be called the least essential depth

of 0 below m, and will be denoted by led (8, m). That is, led (6, m) denotes the positive integer larger than
m such that

HEB;\IB%]. forj=m,m+1,...;led(§,m)—1 and 0€B

led(6,m) *
The following simple lemmas are useful to better understand and use the above definitions. The next
lemma establishes the relation between boxes in the wings of increasing depth.

Lemma 6.1. Assume that 0 € WDB_ for some m € Z" and set £ = led (6, m). Then, the following statements
hold.

(a) For every j = m,m + 1,...,{ the numbers i; = b~ (0,7) € D, are well defined and are all of them
negative except, perhaps, ip = b~ (0, led (6, m)).

(b)

lim] < lim+1] <+ <liem1] < lie], and
0 € Ba|ié| [(if)*} - Bi;—l ((iffl)*) \Ba\ie,l\ [(iffl)*]
C Br, ((ie-2)) \Bay,_, [(i0-2)] €+ € B, (lim)) \ B, [(im)"]
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(¢) For every j =mym+1,....0—1, B@M [(i)"] € WDB,, led (v,5) = led (§,m) and b~ (v,led (v, j)) =
b~ (0,led (0, m)) = iy for every v € By, [(ie)"].
(AL, ., = {’y“m‘(l/)} C L, for every v € 4Boéw| ((ie)*) and

L = A, (W} = {mi, ()} = {M;, ()} = {, (")} = L,

ie]

for every v € Bd (Ba\izl [(ig)*]).

Proof. Since B; [i*] = B,, [i*] for every i > 0,

BB, = U (B777\Bay, () (10

for every m € Z*.

Statement (a) follows from Lemma 5.3(b) and (10). Then, (b) follows from Lemma 3.6(g). Statement (c)
is an easy consequence of (b) and the definitions.

Now we prove (d) iteratively. Fix v € Bo‘liz\ ((i)*). By (b)
& B (V) \ By i) € BT, (6)) VB, [

provided that ¢ = led (6, m) > m + 1. Hence, by Lemmas 4.1(d) and 5.4,

m1]

Vi | (V) = Vi 141 (V) == ’7|Tm+1| (V)v and
Him,7” = {’Y|im\ (V)} = {’Yh’ (V)} = ]Iiwz+17’/'

By iterating this argument we get,

n,+1|

o ) =Y = =7, () and L =T
Again by (b) and Lemmas 4.1(d) and 5.4,
o ) = Y a @) = =7, () and Ty, =T,
when v € Bd (BQM [(ig)*]) and, otherwise,
Vit W) = Vi W) == () and L, Cliype O
Equipped with above results and definition we are going to define two maps, analogous to the maps m;

and M;, on the wings of the negative boxes.

Definition 6.2. For every m € Z™ we define
WFD ={b (0, led(d,m)): 0 WDB,_ }CZ,
WIB,, := Int(WDB,,) = J  Ba, (i),

iEWFD,
WB™ .= U (B][i*]\B%.I (i*)), and
i€9,,
1<0

EB” := | J Bd(B][i*]) C B.

m
i€?,,



228 LL. Alseda et al. / Nonlinear Analysis 145 (2016) 199-263

By Lemma 6.1(a), (c), WFD,, is well defined and
WIB,, c WDB,, CB \B,, C WB_ .
Consequently,
B  =B,UWB .
— T and A\, : WB~ — T as follows:

Then, we can define functions 7,,: WB
{Mb-(9 Jled(0,m))(0) if 6 € WIB_,

’y|b.,(9 m>| otherwise,
(0) = 4 OO, my)(0) if 0 € WIB_,
Am(0) = 7|b*<6,m>|(9) otherwise.

Clearly, by Lemmas 4.1(a) and 3.6(b),
—1 < An(0) <7p(0) <1
for every § € WB_ . So, we can define

IW_ , = [An(8), 7 (0)] C[0,1]. W

m,0
The next lemmas will help us in the definition and study of the maps T),.
Lemma 6.3. The following statements hold for every m € Z7T.
(a) WIB, NB, =WIB,_ N ]EIB; = 0.
(b) Let 6 € WB] . Then, To-(o.m0 = {00y, () }-
Ip~o,m),0 =W, ,  when 6 ¢ WIB, , and
Ip~0,m),0 CIW_ ,  when 6 € WIB, .

(c) Assume that m € N and let U be a connected component of WB™ such that U C WB . Then,
WDB, NU C WDB WIB,, "\U=WIB,_, NU and IW _ , =1TW __  for every 0 € U.

m—17 m—1

Proof. (a) By Lemma 6.1(b),
AS B;"(G,m) ((b’ (05 m))*) \Ba|b~.<9’m)| [(b* (9, m))*]
and b~ (0, m) < 0 for every § € WIB,, C WDB,, . So, by Lemma 5.2(b), we get § ¢ B, UEB .

(b) The fact that Iy-(g,m),0 = {’y‘b,(e ol (0)} follows from Lemma 4.1(d). The other two statements follow
from Definition 6.2 and Lemma 6.1(d).

(¢) The assumption that U is a connected component of WB~ and U € WB~ _ implies by Lemmas 5.2(b)
and 3.6(g) that there exist i € ®  and k € ® __,, i,k <0, such that U is a connected component of

B [i*]\Ba,, (i) C By (k") \Ba,, [£"] C WB_ .

Again by Lemma 5.2(b) this implies that U € B’ \B, _,. Moreover, by definition, WDB,  C B \B, .
Consequently, WDB,_ NU C WDB,_ _,.

Let 6 € WIB, NU C WDB, NU C WDB,__, NU. By Definition 6.2 and Lemma 6.1(a), (b), ¢ = b~ (6, m)
and there exists £ = b~ (0, led (6, m)) € WFD, such that

0 € Ba, (€7) C By [i*]\Bay, (i") C By, (K*) \Bay, [k"].
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Therefore, again by Lemma 6.1(a)—(c) and Definition 6.2, led (6,m — 1) = led (6, m),
¢=Db"(0,led (8,m)) =b~ (0,led (§,m — 1)) € WFD__

—1

and 0 € By, (¢*) C WIB, _,. Hence, WIB, NU C WIB

m—1"°

Now assume that § € WIB _, N U. As above, there exist r = b (,m) € D and ¢ =
b~ (6,led (§,m — 1)) € WFD, _, such that

1

0 € Ba\e\ (E*) - B; (T*) \Bam [T*} C B; (k*) \Bam [k*] .

Since § € U C Bj [i*], Lemma 5.2(b) gives i = r and 6 € By, (£*) C U. Moreover, by Lemma 6.1(c),
¢="b"(0,led (0,m — 1)) = b™ (0,led (0, m)) € WFD,, and, so, 0 € By, (¢*) C WIB, . Thus, WIB, NU =
WIB NnU.

m—1

To end the proof of the lemma we have to show that IW , =1W __  for every 6 € U. Assume first that
0 € U\WIB,, C WB_ \WIB, . Then,

0cU\WIB, =U\WIB, , C WB \WIB

m—1 m—1 m—1

and, by (b) and Lemmas 4.1(d) and 5.4,
me,e = Hi,e = {7\7’,\(0)} = {’Y\H(G)} = Hk,e = ]IWm—l,S'
f0cUNWIB, =UNWIB, , then we get
IW,, , = [1mb=(0,1ed(0.m)) (8), Mo=(0.1ed(0.m)) (9)]
= [Mb=(0,1ed(0.m—1)) (0); Mo~ (0 ted(0,m—1)) ()] =TW,_,
from Definition 6.2 and Lemma 6.1(c). O

Lemma 6.4. Let m € ZT and let U be a connected component of W]B:n. Then, the functions )\m|U and Tm|U
are continuous.

Proof. We will prove only the continuity of )\m|U. The proof of the continuity of Tm|U is analogous.
By Lemmas 6.1(c) and 4.1(b) we get
for every ¢ € 20FD

m?

¢=b"(v,led (v,m)) for every v € By, [(*], and the
function my is continuous on By, [¢]. (11)
Let £ € 20§D, be such that B,,, (£*) C WIB, NU. Thus, by (11), the function A, = my is continuous
on B,,, (£*).
Ie]

So, we have to show that A, is continuous at every § € U\WIB, . To show this we will use a simple usual
e—0 game. Fix ¢ > 0.

By Lemma 5.2(b) it follows that U is a connected component of B} [i*]\ By, (i*) for some i € ®, , i <0,

m?

and
b” (v,m) =1 for every v e U. (12)

By Lemma 3.6(a) and Definition 3.4(R.2) and Remark 3.5(R.2), the function v,

¢y 1s continuous. So,

there exists 6); = 8},/(f) > 0 such that |'yh.| (), (1/)‘ < /2 provided that d_, (0,v) < d};). (13)
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On the other hand, by (11),

for every ¢ € 20§D, there exists §; > 0 such that mg(ﬁ),mg(u)‘ <eg/2

for every 6 € Bd (BO‘M\ [(*]) and v € BdB.,,, [£*] such that d_, (6,v) < d.

Now we will define d. Note that there exists N € N such that 2=~ < £/2. Then we set:
§=05(0) = min{gm(tﬁ)),min{éz: (€ WED, and |¢| < N}}.
Clearly, § > 0 because the set {¢{ € WFD_: |{| < N} is finite.
To end the proof of the lemma we have to show that
[Am(0) — A (V)] < €
whenever v € U and d_, (6,v) < 4.

Assume that v € U and d, (0,) < ¢ (recall that we have the assumption that 6 ¢ WIB, ). If v ¢ WIB, ,
then d_, (A,v) < & < 6);)(0) and, by (12) and (13),

A (0) = A ()] = [7,,(0) =7, ()] <e/2 <e.

Now assume that there exists ¢ € 2§D, such that v € B, (¢*) C WIB, . Clearly, there exists
0 € Bd (Ba,, [¢*]) such that
d,(0,0) <d,(0,v)<5<38;(0) and
d,(0,v)<d,(0,v) <4
Observe that, by Lemma 5.2(b), 6 & WIB, . Hence, by (12) and Lemma 6.1(c), (d),

A (6) =7, () = me(6).
If [(| < N, then d, (0,v) < 8 < & and, by (14), |me(f) — me(v)| < £/2. Otherwise, by Lemma 3.6(f),
me(f) — me(v)| < diam (R(£*)) <2714 < 27N < ¢/2.

In any case, mg(g) - mg(u)’ < g/2. Thus, again by (12) and (13),

Aon®) = A ()] < [Ma(8) = A @) + A @) = A

= 17, (0) — 7‘“(5)‘ + ‘me(g) - mg(u)‘ <e. O

7. A Cauchy sequence of skew products. Proof of Theorem A

In this section prove Theorem A. To do this we inductively construct a Cauchy sequence {1, }5°_, C S(£2)
that gives the function 7" from Theorem A as a limit.
The sequence {T},,}>_, C S(§2) is defined so that

T (0,2) = (R (0), fm (0, 2))

and fn,: 2 — T is continuous. The maps f,,,(0,-) will also be denoted as f, g, and will be defined non-
increasing, and such that f,, ¢(2) = —2 and f,, 9(—2) = 2 for every 6 € S'.
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M1 (Ro(®) boo o N Jmro -

Lit1, Ry, (0) Yie

miq (Ry(0)) i

—2
9 ms (0 Y"1,(6) 2

Fig. 5. A symbolic representation of the map fp, ¢ in a generic case (red and black) together with the map f,,_1,6 in blue. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

To build these functions we will use the auxiliary functions
Gi: R (") — R ((+1)%)

with ¢ € Z from Section 4. The basic property of the maps T, is that for every i of depth m (that is,
i€eD, ),

Tm|7?,~(i*) = Gi7

R (0)

Pty (the red part in Fig. 5). Moreover, for those integers

and fy, ¢ send I; g affinely into either I; 11 r_g) or A

Z,

ooy 5751\ R=(00)

is obtained by an affine perturbation of T;,,_1 that preserves the continuity of f,, ¢ (the black part in Fig. 5
which is obtained from the blue graph).

To make more evident the strategy of the construction of this sequence of maps we will separate several
cases, and we will state without proofs the results that study these maps. After establishing all the definitions
and results related to the construction of the sequence {T,,}5°_, without having been distracted by the
technicalities involving the proofs, we will proceed to provide the missing proofs. More precisely, we will
start by defining the map Ty and stating without proof the proposition that summarizes the necessary
properties of this map. Next we will inductively define the maps {77, }5°_; C S(2) and state without proof
the proposition that establishes the properties of the whole sequence {T,,,}2°_,.

Then, as we have said, we prove Theorem A and in the Appendix (Appendices A.2-A.4). we will provide
all pending proofs.

In what follows C(I,I) will denote the class of all continuous maps from I to itself. We endow C(I, I) with
the supremum metric denoted by ||-|| so that (C(I,I),]-||) is a complete metric space.

Next we define the map Tj.
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Definition 7.1 (The Map Tp). Assume first that 6 € B and let i = b~ (0,0) (that is § € By [i*]). In this case

we set:

g.0(x) if x €Ly,
foo(x) = gzsrf:zi ()9_):2_ 2(30 +2)+2 ifze[-2,mi(0)],
*‘m@ —9) 2 ifze[M(6) 2

If 0 € Sl\IB%; then we define fj ¢ to be the unique piecewise affine map with two affine pieces whose graph
joins the point (—2,2) with (0,v(R,(0))), and this with the point (2,—-2). N

Next we introduce some more notation to be able to define the maps {73, }5°_,. For every k € Z we set
Vi :=MBg k'] = B [k*] xI

and, for every m € ZT,

VI =1B] =B xI= ] V.

i€?,,

Definition 7.2 (The Maps T,, with m > 0). Now we assume that we have defined the function T,,_; for
some m > 1 and we define

T (0,x) = (R,(0), fm(0,2))
as follows. By Lemma 5.2(b), for every (6,z) € V_ , we have
fecB [i*]cB  withi=b"(6,m)eD,

(and, of course, x € II). Then we define:

fm—1,0(x) if 0 € Sl\IB%;; z el
ghg(x) if0eB, ; zely,

2 g,, (mi(6)) | g
2_fm 19( .(9))(fm 19( )*2) +2 lfGEBmv LEE[ 2, |(9)]7

2+ g,, (Mi(6)) | o

Fuo(@) = 25 for_ 19(Ml(e))(wa,e(x)+2)—2 1feeIB%m,* € [Mi(6),2],
Vi) (Fw(0)) if0eWB ; zelIW, .,
2~ Vi Bl0)) (fm_10(x) —2)+2 if0 € WB ; z€[-2,\n(0)],

2= fm-1,0 (Am(0)) "

2+ Vit (R (0))
2+ fmfl,e (Tm(e))
Since V. C V" | fm_1¢ is defined on V' . Moreover, the above formula defines f,, ¢ for every 6 € B~

since, by Definition 6.2, B =B U WIB%;. We also remark that f,, o formally is defined in two different
ways when 6 € WIB%; NB,,. Later on we will show that f,, ¢ is well defined. MW

(fm—10(z)+2)—2 iffe WIB%;; x € [t (6),2].

The next proposition studies the maps {1, }%°_, and describes their properties.

Proposition 7.3. The following statements hold for every m € Z*.
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(a) The map T,, is well defined, continuous and belongs to S(12).
(b) For every 0 € S', fmg is mon-increasing, and fno(2) = —2, fmo(—2) = 2. Moreover, —1 <
fo,0 (Mp=0,m)(0)) < fo.0 (mu=(0,m)(0)) < 1 for every 6 € B .
. i* i+1)*
(¢c) For everyie€®_, Tm|R,(i*) =G, T (Ali\) = Affiu) , and
Tk’{i*}xﬂ = Tm|{z‘*}><]1 (that is, fri+ = fm,i=) for every k > m.

The next result shows that the sequence {7}, }5°_, has a limit in S(£2).

Proposition 7.4. For every m > 2 and 0 € S,
| fmo = Fnmr0ll < 2 27F7Om =L, (15)
Moreover, the sequence {T),}72, is a Cauchy sequence.

Finally we are ready to prove the main result of the paper. It follows from the next result which gives a
more concrete version of Theorem A.

Theorem 7.5. There exists a map T € S(£2) with f(0,-) non-increasing for every 6 € S', such that T
permutes the upper and lower circles of {2 (thus having a periodic orbit of period two of curves), and there
exists a connected pseudo-curve A C 2 which does not contain any arc of a curve such that T(A) = A and
there does not exist any T-invariant curve.

Proof. By Propositions 7.3 and 7.4, there exists a map
T(0,x) = (Ru(6), £(0,2)) = (Ro(6). lim_f,u(0.2)) € S(22)

with f(6,-) non-increasing for every # € S! such that T permutes the upper and lower circles of 2 (that
is, f(0,2) = —2 and f(0,—2) = 2). As the connected set A we take the one given by Proposition 3.12 (and
Definition 3.9).

To end the proof of the theorem we need to show that T'(A) = A, since this already implies that there does
not exist any T-invariant curve. To see it, assume by way of contradiction that there exists an invariant curve
and denote its graph by B. Since B is the graph of a (continuous) curve, it is compact and connected. On
the other hand, let 2, and {2_ be the two connected components of 2\A from the proof of Proposition 3.12.
The facts that T(A) = A, f(0,-) is decreasing for every § € S', and T permutes the upper and lower circles
of £ imply that T(2;) = 2_ and T(£2_) = (2. Hence, by the invariance of B, B Z 2, and B € 2_. The
connectivity of A and B implies that there exists (6, ) € AN B. Consequently,

B={T"(0,x): n € Zt} C A;

a contradiction because A does not contain any arc of a curve.

So, only it remains to prove that T'(A) = A. By using Proposition 7.3(c) and Lemma 3.11(b) we get that
T, (Ai*) = AGHD" and T, a for every k,m € ZF, k> m and i € D, . Consequently, by the
definition of the map T we have, T(A") = AG+1)" for every i € Z or, equivalently, T'(ATO" () = AlIO™ (),

wer =T

Now we consider A? with 6 € S'\O*(w). Since O*(w) is dense in S, there exists a sequence {(6,,, ,,)}5, C
AMO™(@) guch that lim,_oc 6, = 6. By the compacity of A we can assume (by taking a convergent
subsequence, if necessary) that {(6,,2,)}°2, is convergent to a point (6,z) € A. By Lemma 3.11(c),
A% = (0,7) (and z = v(0)). On the other hand, by the part of the statement already proven, T'(6,,,z,) € A
for every n. Hence, by the continuity of T" and the compacity of A,

T(0,2) = (Ru(0), f(6,2)) = lim T(0,,z,) € A",
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Since 0 ¢ O*(w) we have that R, (f) ¢ O*(w) and, again by Lemma 3.11(c), AR~ consists of a unique
point. Hence, T(A?) = AR~ for every 6 € S'\O*(w). Equivalently, T(ATT(SI\O*(“’))) = A"(Sl\o*(w)). This
ends the proof of the theorem. [
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Appendix. The most technical proofs

A.1. Proof of Lemma 3.6

We start by proving the first statement of the lemma and (a) by induction.

Observe that ng = 1, ag, o and =, are defined so that Definition 3.4(R.1-2) for 7 = 0 and
(75, S"\Z) € PCG are verified except for the obvious fact that BT [(=j)*] = Bj [5*]. On the other hand,
by construction, By, [0*] is disjoint from B, [1*] and By, [(—1)*]. Then, by the definition of ~,,

Yo (B [61) = {0} € [-3.3] = [3(£) = 2770, 7, (¢) +277]

for ¢ € {1,—1}. Hence, (a) holds.

Fix 7 > 0 and assume that we have defined ng, oy, d¢ and ~, such that all Definition 3.4(R.1-6) and (a)
hold for ¢ =0,1,...,5 — 1.

Since the elements of Z7 , are pairwise different, we can choose an integer n; > n;_; and d; and a; small
enough so that

o )< (Sj <a; <27 <L 5]‘_1,
o (= +2)"G+2)" BT ) [(=( +1))]= Ba, [(=(F + 1)),
e the three intervals B [j*] = B, [7*], R (Ba, [i*]) = Ba, [(j +1)*] and BT ;1) [(=(G +1))7] are
pairwise disjoint,
B[]0 Z;,, = {€°} for L€ {j,—(+ D)},
Ba, [(j +1)*]N Z;,y = {(j + 1)*} and, additionally,

o (Bd (Ba, [(=5)"]) UB (Ba, [) ) N O*(w) = 0.

Then, Definition 3.4(R.1) is verified. Moreover, from the above conditions it follows that Bo, [(*] N Z7,; =
{€*} for every £ € {j +1,—(j + 1)}. Thus, by statement (a) for j — 1, v,_, is defined and contlnuous on
£* € By, [0*] because this interval is disjoint from Z7_;. Hence, we can decrease the value of a; (and,
accordlngly, the value of 0 < 0; < «;), if necessary, to get

@ 7,1 (Boy [€]) € [, (€)= 27,7, (¢7) 4+ 27

forevery € {j +1,—(j +1)}.

To see that Definition 3.4(R.2) is verified it remains to show that the intervals B} [j*], Ba, [(j +1)*]
and B:(j+1) [(—=(j +1))*] are disjoint from B~ [(—7)*]. By induction, Definition 3.4(R.2) holds for j — 1.
Thus we see, that (—(j +1))*,(j + 1)* & B7, [(—4)*], and Ry, (Ba,_, [(j —1)*]) = Ba,_, [j*] is disjoint
from B”;[(—j)*]. Hence, we can decrease the value of a; (and, accordingly, the value of 0 < §; < «;), if
necessary, until By, [(j +1)*] and B ;) [(=(j +1))*] = Ba, [(=(j +1))*] are disjoint from BZ; [(—j)*].
On the other hand we have that a; < 27" < §;_1 < ;1. So, B} [j*] = Ba, [§] C Ba,_, [j*] is disjoint
from B~ [(—7)*].



LL. Alseda et al. / Nonlinear Analysis 145 (2016) 199-263 235

Up to now we have seen that we can choose n;, d; and «; so that Definition 3.4(R.1-2) hold for j.
Let us see that we can choose «; such that Definition 3.4(R.3) also holds. Observe that for every ¢,i € Z
and every m > 0 it follows that Bd (Ba,, [(*]) N O*(w) # 0 if and only if Bd (R., (Ba,, [(*])) N O*(w) =
Bd (Ba,, [(£+1)*]) N O*(w) # 0. Therefore, by using Definition 3.4(R.1) inductively, we obtain

U Bd(Ba, [(k+ D)) n{(=)"5"}c | Bd(Ba,, [(k+1)]) NO*(w) = 0.

k€Z; 1 k€Z; 1

Consequently, since |Jyc, , Bd (Bayy [(k+1)*]) is a finite set, by decreasing again the value of ay, if
necessary, we can achieve that Definition 3.4(R.3) holds for j and Definition 3.4(R.1-2) are still verified.

Next we will take care of Definition 3.4(R.4). If (j + 1)* ¢ Uiezj_1 B; [i*], by decreasing again the value
of a; (and d;), if necessary, we can achieve that By, [(j +1)*]N (Uiezj,l B; [z*]) = () while preserving that
Definition 3.4(R.1-3) is verified for j. In this case Definition 3.4(R.4) holds trivially.

Conversely, assume that there exists k € Z;_1 such that (j + 1)* € By [k*] and |k| is maximal verifying
these conditions. By Definition 3.4(R.2), k is unique (that is, the condition cannot be verified by k and
—k simultaneously). On the other hand, by the Definition 3.4(R.1) for |k| and |k| — 1 and the comment
above, (j + 1)* ¢ Bd (Bj, [k*]) U Bd (Baw [k*]). Since k € Z;_y, |k| < j—1 and, hence, (j + 1)* ¢ 25
(in particular j* # k*). Consequently, (j + 1)* is contained in one of the connected components of

By (k*)\ (Bd (Bam [k*]) U Zl’;cl). Then, by decreasing again the value of «;, if necessary, we can get that

By, [(j 4+ 1)*] is contained in the connected component of By, (k*)\ (Bd (Bay,, [E*]) U Zl*kl) where (j + 1)*
lies, while preserving that Definition 3.4(R.1-3) are verified for j. Consequently, Definition 3.4(R.1-4) hold
for j.

Now we will deal with Definition 3.4(R.5). If £* & UiEZF1 B; [i*], by decreasing again the value of a;, if
necessary, we can get Definition 3.4(R.5.1) while preserving that Definition 3.4(R.1-4) are verified for j.

Assume that there exists m € Z;_; such that ¢* € B, [m*] and |m| is maximal with these properties.
As in the above construction, by Definition 3.4(R.1-2), £* € By, (m*)\ (Bd (Ba,,,, [m*]) U{m*}) and m is
unique (that is, the condition cannot be verified simultaneously by m and —m). Consequently, ¢* ¢ B; [i*] for
every i € Z;_y such that |i| > |m|, i # m. Thus, by decreasing again the value of «;, if necessary, we can get
that Definition 3.4(R.1-4) still holds, Definition 3.4(R.5.ii.1) is verified and the interval Bj [¢*] is contained
in the connected component of By, (m*)\ (Bd (Ba,,,, [m*]) U{m*}) where ¢* lies. So, Definition 3.4(R.5.ii.2)
also holds.

We claim that

for every £,m € Z such that |m| < |[{| < j, £ # m, either B; [(*] N By, [m*] =0 or |m| < |¢] and By [¢*]
1s contained in a connected component of

B, (m*)\ (Bd (Ba|m| [m*]) U {m*}) .

We prove the claim by induction. Observe that the claim holds trivially for |m| < |[¢] < 1 because
By [0%], B [1*] = Ba, [1*] C Bq, [1*] and B~ [(—1)*] are pairwise disjoint by construction.

Assume that the claim holds for every |m| < |[¢| < j. So, to prove the claim, we may assume that
te{j,—j}, me Zj—1U{—¢} and By [(*] N By, [m*] # 0. By Definition 3.4(R.2), B} [§*] N BZ; [(—j)*] = 0.
Consequently, m # —{ (that is, m € Z;_; and |[{| = j > |m|). On the other hand, if £ = —j,
Definition 3.4(R.2) for j — 1 shows that B}, [(j — 1)*], B (=@ —1))*] and BZ; [(—7)*] are pairwise
disjoint. Thus, m € Z;_5 in this case.

(3—1)

Hence, by Definition 3.4(R.5) for j when ¢ = j and for j — 1 when £ = —j, there exists k €
Zj—1 (in fact when ¢ = —j, k € Z;_5) such that B, [¢*] is contained in a connected component of
By (k) (Bd (Buy, [K°]) U {k°}) and [ = j > [K] > m].
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If m = k then the claim holds. Otherwise, m # k and since j = ¢ > [|k|] > |m|,
by the induction hypotheses, |k| > |m|, and By [k*] is contained in a connected component of
By, (m*)\ (Bd (B, [m*]) U{m*}). So, the claim holds also in this case. This ends the proof of the claim.

Finally, we consider Definition 3.4(R.6). The fact that either Bj [¢*] N B, [m*] = 0 for every m €
Zj, m # L or there exists m € Z;_; such that B, [(*] is contained in a connected component of
By, (m*)\ (Bd (B, [m*]) U {m*}) follows from the claim.

To show that Definition 3.4(R.6.i) can be guaranteed, it is enough to decrease again the value of «;, if
necessary, until B, [¢*] is disjoint from Zl*m| and Definition 3.4(R.1-5) are still verified. Thus by (a) for

Im|, 7, is well defined and continuous on B, [(*]. So, we can set a, := 7, (£*) and, by decreasing again

a; (if necessary), we get Graph (7|m| ’B -[5*]) C R(G*).

To show that Definition 3.4(R.6.ii) can be guaranteed we first assume that k = m. As before, if necessary,
we can increase the value of n; and, accordingly, decrease the values of a; < 27" and 0 < §; < «; so that
Definition 3.4(R.1-5) and (R.6.i) are still verified for j and in addition,

(Cap+27"7), (0% ap —277) € Int(R(KY))

and the region R(¢*) is contained in one of the two connected components of Int (R(k*)\TT£*).

Assume now that k # m (recall that [k| < |m| < 7). In this case we have By [¢*] C By, (m*)N By, (k). In
particular, By, (m*)N By, (k*) # 0 and, by the above claim, |k| < [m| and B; [¢*] C B, [m*] is contained in
a connected component of By, (k*)\ (Bd (Ba,,, [k*]) U {k*}). The fact that By [¢*] C Ba,,, (k*) \{k*} implies
that By [¢*] C B, [m*] C Ba,,, (k*) \{k*}. Then, as above we can increase the value of n; and, accordingly,
decrease the values of o;; < 27" and 0 < 0; < «; so that Definition 3.4(R.1-5) and (R.6.i) are still verified,

(% ag+27"7), (0%, ap = 27") € Int(R(k"))

and the region R(¢*) is contained in one of the two connected components of Int (R(k*)\TT£*).

Now assume that |k| is not maximal verifying the assumptions. Then, there exists r € Z,,) C Z;_1 such
that By [€*] C By, (r*)\{r*} and |r| is maximal with these properties.

We have |k| < |r| < |m| < j and

B N By [k7] D Bay, (r7) N Bay,, (k%) # 0

because B [(*] C B, (r*) N Bay,, (k*). Then, by the claim, |k| < |r| and B; [r*] are contained in a
connected component of Bj, (k*)\ (Bd (Baw [k*]) U{k*}). The fact that By [¢*] C Ba,,, (k*)\{k*} implies
that By [r*] C Bay,, (k") \{k"}. By the part already proven and Definition 3.4(R.6.ii) for |r| < j we get
that R(¢*) is contained in one of the two connected components of Int (R(r*)\1Tr*) and R(r*) is contained
in one of the two connected components of Int (R(k*)\TT5*). This shows that Definition 3.4(R.6.ii) can be
guaranteed.

Let us prove that (a) holds for j. Since the set Sl\Zj’f‘ is residual, to prove that (v,,S'\Z}) € PCG we have

to show that ~, |S1 is continuous. Note that, from Definition 3.4(R.6.ii), a;t =@, (" Fay) =,_, (0" £ay).

\Z;

Hence, the continuity of -, ’Sl\Z* follows from the fact that «,_, is continuous on Sl\Z;_1 D Sl\Z;‘ and the
j

1
continuity of ¢ . and Py (Definition 3.1).
This ends the proof of the first statement of the lemma and the first statement of (a). For every

te{j+1,—(+ 1)}, from By Definition 3.4(R.1,2) we get:
Vi1 (B%‘ [Z*]) - [7_7‘—1(6*) - 27”1‘7%‘—1(6*) + 27”3.]
Ba, [ is disjoint from By, [j*] and Ba,_, [(=j)] 2 Ba, [(<5)"] and
{6} & Bo, (0] N Z}_, C Ba, [€*]N Z14y = {7}
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So, from the definition of ~, it follows that

7 |Baj [ex] = Vi }Baj [e*]

and, thus, (a) holds.

Statement (c) follows immediately from Definition 3.4(R.6) and Remark 3.5(R.6).

Next we prove (b), (d), (e), (f), (g).

(d) When n = j, we get By, [(*]\Z] = By, [(*]\{¢*} from Definition 3.4(R.2). Hence,
Graph (%. |B(xj [f*]\Z;‘> C R(£*) by the definition of v, (Definition 3.4) and the definition of ¢,,
(Definition 3.1).

Now assume that n > j and fix § € By, [(*]\Z}. We have to show that the point (0,7, (0)) € R(£*).
If 0 ¢ By, [m*] for every m such that j < [m| < n then, by the iterative use of the definition of v, for
i=74+1,7+2,...,n (Definition 3.4) and Definition 3.1,

(0,7,(0)) = (0,7, -, (0)) = -~ = (6,7,..,(0)) = (0,7,(0)) = (6, 9,.(0)) € R(£7).

Otherwise, by Definition 3.4(R.2), there exists m € Z such that [{| < |m| < n,0 € By, [m*]\Z;;, and
6 & Ba,,, [s*] for every s such that [m| < [s| < n. This implies that By [¢*]NB;, [m*] D Ba; [(*]NBy,,, [m*] #
() and |m| is maximal with these properties. So, by the claim for j = |m|, B;, [m*] is contained in a
connected component of By (€*)\ (Bd (Ba,, [(*]) U{£*}). Moreover, since § € B, (m*) N By, [(*] # 0,
B, [m*] C Ba,,, [¢*]\{¢*}. Thus, by Definition 3.4(R.6.ii) and Remark 3.5(R.6.ii) for j = [m/|, £ replaced by
m and k replaced by ¢, R(m*) C R(¢*) and (d) follows from the part already proven by replacing ¢ by m
and j by |m|.

(g) By the claim we have that for every {,m € Z such that [¢{| > |m|, £ # m and B [(*] N
B, [m*] # 0, it follows that [¢| > |m|, and B, [¢*] is contained in a connected component of
B;, (m*)\ (Bd (Ba,,, [m*]) U{m*}). Only it remains to show that if B} [(*] C B, (m*)\{m*}, then
the region R™(£*) is contained in one of the two connected components of Int(R(m*)\Tfm*). By
Definition 3.4(R.6.i1) we know that this holds for R(¢*) instead of R™(¢*). Hence, if £ > 0, (g) holds because
R™(£*) = R(£*). Assume now that ¢ < 0. Since R™(£*) = R(£*) U Graph (’yw |BZ[Z*]\B%£\(€*))

R(€*) € R(m*), and Int (R(m*)\TTm™*) has two connected components, it is enough to show that

is connected,

Graph(, |BZ[Z*]\B(’W(£*)) c R(m”).

Since By [(*]\Ba,, ({*) C By [¢*] C By, (m*)\{m*}, statement (g) follows from (d) with ¢ replaced by m,
J by |m| and n replaced by |¢|.
(b) With (g) in mind we set

D:={eZ: R (£*) ¢ R(i") for every i € Z\{(}}.

Clearly,

Ur @)= U r6 u(UR”(F‘))

ez i€Z\D £€D
C <U R(i*)) U (U R*(é*)) =R ().
ieD £€D £€D
Claim. For every L €D, ~,,,_, BT 10\ Bayy (6°) =0.
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First we prove statement (b) from the above claim and then we will prove the claim. To this end we start

by pointing out few elementary facts.
From the definition of R™(¢£*) we see that R™(¢*)\R(£*) = 0 for every £ > 0 and R™(£*)\R(¢*) C
Graph (fym ’BZ[Z*]\BQW(Z*)) for every ¢ < 0. So, in any case,

RT(HN\R(Y) C Graph( for every £ € Z.

Vel |B;[e*]\3aw (z*))
On the other hand, the arc B, [(*] D By [€*]\Ba,,, (£*) is disjoint from the arc B~ ,[(—£)*] D Ba,, [(—£)"]
by Definition 3.4(R.2). Thus, by Definition 3.4 and (a),
Te-1 ‘BZ[[*]\BQW ey = e ‘BZ[Z*]\BQW ey

Furthermore, by the Claim and Definition 3.4(R.6), aj = a, = ap = 0 for every £ € D. So, by
Remark 3.2(1),

R(£*) C By, [07] x [-27M4,27141] € By, [¢*] x [-2711 27V} € By, [07] x [-1,1].

1|

Therefore, summarizing and using again by the Claim,

UrR ) c Ur e Y (W*) U Graph(, ‘B;w*J\Bam“*)))

ez teb Leb
= <U 'R(E*)) U (U Graph<’y[|1|BZ[£*]\BO‘“(€*))>
teb tebD

C (U Ba,,, [Z*]) x [-1,1]US! x {0} c S' x [-1,1].

Leb

So, the first part of (b) is proved, provided that the claim holds. Let us prove the second statement of (b).
Observe that, since

<U R(Z*)) US! x {0} c (U R’(E*)) Ust x {0} c St x [~1,1],

LeZ LeZ

it is enough to show that

Graph (71|81\Z;> C (U R(z*)> Us! x {0}

LEL

for every j € Z*. We will prove this statement by induction on j.
By construction we have

Graph <%|31\{0*}) C R(0*)US! x {0} C <U R(é*)) ust x {0}.

LEZL

So, the statement holds for j = 0. Now assume that it holds for some j > 0, and prove it for j + 1. By
Definition 3.4 and (d),

Graph (’Yjﬂ»l ’Sl\ZJ’.‘+1> - R(]*) U R((_])*) U Graph (P)/J |S1\Z;‘)

CRUIUR((=4))V (U R(”)) US! x {0}

LEZ

C (U R(f*)) uUst x {0}.

LET
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To end the proof of (b) it remains to show the claim.
Let £ € D and m € Z;, m # (. Then, either
B, [¢*]nB,, [m*]=0 or (16)
|| > |m|, m <0 and B, [(*] C B, (m")\By,,, [m"].

To see this, observe that if B, [¢*] N B, [m*] # 0 then, by (g), |¢| > |m| and either R™(¢*) C R(m*) or
m <0 and By [¢*] C By, (m*)\Ba,,, [m*], and the first possibility is ruled out because £ € D.

By using iteratively the dichotomy (16) we get that, for every ¢ € D, there exists a sequence
mo,mi,...,my = £ € Z with k > 0 such that By, [(mo)*] N By [¢*] = 0 for every ¢ € Zj;ny), ¢ # mo

and, in the case k > 0, |mo| < |my| < -+ < |mg| = |¢] and, for every p=10,1,...,k — 1,
e m, <0,

® Bmp+1 [(mp * ( ) ) 0‘|m | [(mp)*] and

* B, [(mpy )*] [ *] =0 for every q € Zj;m,, |, ¢ # mp, mp41 and [my| < |gf.

The condition By, [(mo)*] N By [¢*] = 0 for every q € Zp,,), q # mo implies

= (omoy1 = " = YolBz, ftmey) =0

Vimol- 1}3 Jmo)] = Timol-2

by Definition 3.4(R.6) and Remark 3.5(R.6) (with ¢ = myg). This ends the proof of the Claim when k = 0.
Assume now that k£ > 0. As before we have

Vimot-1 B3, (1m0 \Bayy ((m)®) = Voot | B3, (0m0) 1B (601

This, together with the inclusion,

By, [(m1)] € By, ((m0)") \Ba,,,, [(m0)"]

implies that

V\rno\’B ma)*] = 0.

Then, by Definition 3.4(R.6.1) and Remark 3.5(R.6.i) with £ = m;,

0= 'Ywmo\}B [(m1)*] 7\mo|+1|3m1 ()] = = Ymai-1 B, (ma) )

my

If £k =1 we are done. Otherwise, k > 2 and, as above,

Vi |B;2 (ma)+] = O-

By iterating the above arguments at most &k times the Claim holds. This ends the proof of (b).
(e) By Definition 3.4(R.2) and Remark 3.5(R.2) it follows that

0 &2 UBy, (*YUB”, ((—0)") for every 6 € By [(*]\Ba, (£*).

So, by (a), v,_,(0) is well defined and «,_, is continuous at #. Thus, by the definition of v, (Definition 3.4)
and the continuity of v,_, at 6, ,(0) = ,_, (0).

Now assume that 6 € Bd(Bj [*] \Ba, (¢*)) = Bd(B, [*])UBd(B; [¢*]). By (g), 0 € By, [n*]UB”,, [(—n)*]
for every n > j. So, by the iterative use of the definition of 7, for i = j + 1,7+ 2,...,n (Definition 3.4) we

get

% 0) =7000) = =7._,(0) =7.(0).
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Now we prove the part of (e) concerning R, (B [(*] \ By, (£*)). We first assume that £ = j > 0. Then,

B} [j*] = Ba, [j*], 0 €Bd(Ba,[5*]) and Ru(9) € Bd(Ba, [(j +1)"]).

2), Ru(0) & Z;., U By, [57] U B~ [( 7)*]. So, by (a) and the definition of ~,
)) is well defined and =, (R.(0)) = v,_, (Ru(#)). By Definition 3.4(R.3) (with
) & Ba,, [n*]U By, [(—n)*] for every n >j S0, 7, (Ru(0)) =, (R.(6)) as above.
—j < 0. In this case we have B, [(*] = B ¢*] and, hence, R,(0) €
(¢ + 1)*). By Definition 3.4(R.1) we have

B,
Again by Definition 3.4(R.
(Definition 3.4), (R (0
j—nandk—f—j) R, (6

t 0 =
(

Assume now tha
Ba|z+1\ [(6 + 1) ] \B

LAVEST| [

B, [(6+1)"] C Bayyyy [(€+1)7] € By [(€+1)7].

Thus, R, (0) € B/, [(¢+1)*]\{(£+1)*}. Again by Definition 3.4(R.2) and Remark 3.5(R.2) (with j replaced

Ru(0) & Zi U Ba_ ) [(=0TU B[] 5 Z7 U B, [57] U BZ; [(=4)"] -

So, by (a) and the definition of , (Definition 3.4),v,_, (R,,()) is well defined and ~, (R, (9)) = 7,_, (Rw()).

To end the proof of (e), assume as above that § € Bd(B,, [¢*]) U Bd(B; [¢*]) and, hence, R, (f) €
Bd(Ba, [(£ 4 1)*]))UBd (Ba,,.,, [(£41)"]). We have to show that, in this case, R,,(0) € Ba,, [n*]UBa,, [(—n)*]
for every n > j (the fact that v, (R.(6)) = 7, (R.()) follows as above). When R,,(#) € Bd(Ba, [(£+ 1)*])
this follows from Definition 3.4(R.3) as before. Assume now that R, () € Bd (B [(0+1) ]) Then, by
(g), Ru(0) & B, [n*]UB_,, [(—n)*| for every n > j.

(f) If £ > 0 then the first two statements of (f) follow directly from the definitions. Moreover, by
Remarks 3.2(2) and 3.5(R.1),

et

diam (R7(£%)) = diam (R(£*)) = diam (R((—£)*)) = 2-27™ < 2. 27 () = 27L,

Assume that ¢ < 0. From Definition 3.4(R.2) and Remark 3.5(R.2) we get (By []\Ba,, (£*)) N Ziy =10
and, hence, 7,, is continuous in an open neighbourhood of By [(*]\B,,,, (£*) by (a). On the other hand, by
(d), (8,7,,(0)) € R(£*) for every 6 € Bd (Ba,, [(*]) C B} [€*]\Ba,,, (£*). Thus,

R(E) = R() U Grabh (3| )

is closed, connected and projects onto the whole B, [¢*].
On the other hand, by (e) and (a) (since £ <0, |{ + 1| = |¢| — 1),

’Y\é\ (B; [g*] \Baw (f*)) — ’Y\E\—l (Ba|e+1‘ [z*] \Bam (Z*))
C [’lel_l(f*) _ 2—”\@\—1,%“_1(6*) + 2—nm71] .
Thus, by Remark 3.2(1), (¢) and Definition 3.4(R.1),

R™(£*) = R(£*) U Graph (7|e| |B (N Ba, (0 )>
C Buayy, [] X [9,, (€F) = 277180y, L, (£5) + 277041 ]
U (Bajepry [€T\Bayy (€)X [, (€7) = 271970y (07) 27710
C Bajpuy) 0] X [y, (€F) = 2700y, (£%) 427 M1 ]
Hence, by Definition 3.4(R.1) and Remark 3.5(R.1),
diam (R7(¢*)) < 2 max{aygyq, 27 "0-1} =2 271 <2271,

This ends the proof of Lemma 3.6.
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A.2. Proof of Proposition 7.3 in the case m =0

This section is devoted to prove Proposition 7.3 for m = 0; that is, to study the map Ty. It is the first
technical counterpart of Section 7.

To prove Proposition 7.3 for Ty we will need some more notation and a technical lemma.

Given a skew product F(6,z) = (R, (0)),((0,z) from £ = S! x I to itself we define the fibre map function
of F, fib(F): St — C(I, 1) by fib(F)(#) := ¢(0,-). A simple exercise shows that F is continuous if and only
if ¢(6,-) is continuous for every 6 € S, and fib(F) is continuous.

Lemma A.2.1. Let § € Bd (B] [i*]) for some i € ®,. Then, mi(0) = M;(0) = 0, g;(6,m;(0)) = v(R.(6)),
and fo g is the unique piecewise affine map with two affine pieces whose graph joins the point (—2,2) with
(0,7(R,(9))), and this with the point (2,—2).

Proof. By Lemma 4.1(d) and Definition 7.1, we have m;(0) = M;(0). Hence, fo ¢ is the piecewise affine map

with two affine pieces whose graph joins the point (—2,2) with (m;(6), g, , (m;(6))), and this with the point

(2,—2). So, we need to show that m;(¢) = 0, and g, , (m;(0)) = (Rw(ﬁ))
0 f

Lemma 3.6(g) and the fact that depthi = 0, B [*] N B, [¢*] =
by Definition 3.4(R.6), m;(8) = M;(0) = a; = 0.

or every £ € Zy;, i # {. Consequently,

Now we show that g, ,(m;(0)) = v(R,(0)). From the definition of the map g; (Definitions 4.2 and 4.4),
Lemma 3.6(e) and Definitions 3.4 and 3. 8(R.1), we get

1o (Mi(0)) = 7,4, (Ru(0) = 7(Ru(0)).
This ends the proof of the lemma. [

Proof of Proposition 7.3 for m = 0. By Lemma 3.6(b),
—1 < mp=(9,0)(0) < Mi(9,0)(0) < 1
for every 0 € B_. So, Tj is well defined.

(b) If € S\ B, then the statement follows directly from Definition 7.1. Now assume that 6 € B} and let
i =b"(0,0). From the definition of the maps g; ¢ (Definitions 4.2 and 4.4) and Definition 7.1, it follows that

foe |]1,- , is piecewise affine and non-increasing. On the other hand, again by Definition 7.1, fo ¢ | (- 2,m(0)] and

f019|[M_(0) g ATe affine with negative slope and fj¢(2) = —2 and fy9(—2) = 2. The fact that

—1 < foo (My=0,0)(0)) < fo.o (me=(6,0)(0)) <1
for every 0 € B_ follows from Definition 7.1 and Lemmas 4.3(a) and 4.5(a). This ends the proof of (b).
(c) Recall that
R =) {0} xTLis.
0eB,; [i*]
Hence, from Definition 7.1 and the definition of G; (Definitions 4.2 and 4.4) it follows that
Tn(0,2) = (Ru(9), fm(0, 7)) = (Ru(0), 9, ,(x)) = Gi(6, ),

for every (0,z) € R™(i*). Thus, To (AIZ ‘> = A\(zjr_11|) from Lemmas 3.10(b), 4.3(c) and 4.5(c). On the other
hand, Lemma 5.3(b) implies that i* € B but i* ¢ B for every k& € N. Then, we get fy;~ = fo+ from

Definition 7.2.
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(a) Since Tj is a skew product with base R, we only have to prove that fy is continuous.

By Definition 7.1, for every 8 € S, the map fy ¢ is continuous. So we have to prove that the map fib(Tp)
(that is, the map s — fo ) is continuous.

In the rest of the proof we will denote

IB; .= | B; (") C B;.
€9,

Clearly, since for every ¢ € Z, the maps m; and M; are continuous on B [i*], it follows that the map

s — fo,s is continuous on ]HB%;. Thus, we have to see that the fibre map function is continuous at every
0 € Sl\]HB%;'; that is, lim; o fo,0, = foe for every {0;}32, C S! converging to 6. Given a > 0, we can
consider four sets associated to such a sequence:

{j €N:0; € S'\IB]}, {j eN:0; eIB\B.(0)},

{jeN:0;€(0,0+a)NIB } and {jeN:0;€(§—a,0)NIB }.
Observe that the second set {j € N: 0; € IB_\B, (0)} is always finite and that any of the other three sets
gives rise to a subsequence of {6; };";1 converging to 6, when it is infinite. Consequently, the continuity of
the fibre map function s — fo s at 6 is equivalent to the fact that lim; .o fo,9, = fo,¢ for every {Gj};‘;l
converging to 6 and such that, for some a > 0, {6,}32, is contained either in S'\IB_, or (6,6 + o) NIB_, or

(60—, 0)NIB,. We will only deal with the first two cases since the proof in the last case (for (6 — e, 6)) can
be done symmetrically.

Case 1: lim; o, 0; = 0 and {6;}52, C S"\IB.

By Definition 7.1 and Lemma A.2.1, fo g, (respectively fo4) is the unique piecewise affine map with two
affine pieces whose graph joins the point (—2,2) with (0,v(R.(6,))) (respectively (0,7v(R.(0)))), and this
with the point (2, —2). By Lemma 5.3(c) and Definition 3.8 the function v is continuous at R, (0) € O*(w).
Hence, lim; ... v(R.(0;)) = v(R.,(0)) and, thus, lim; . fo,0, = fo,6-

Case 2: lim; .o, 0; = 0 and {0;}32, C (0,0 + a) N 1B, .

If there exists i € D, such that 6 is the left endpoint of By [i*] C B then the result follows from
Definition 7.1, the continuity of the maps m; and M; and the continuity of the maps g; (Lemmas 4.3(a) and

1.5(a)).

Assume now that ¢ is not the left endpoint of B; (i*) for every ¢ € ©,. For every j € N we set
ij = b~ (GJ,O) € @0 (that iS, 9j S B; ((I])*))

We claim that lim;_, |i;| = oo and consequently, by Definition 3.4(R.1),

lim 27"l = lim 27"l = 0. (17)

Jj—00 Jj—00

To prove this claim, assume by way of contradiction that there exists L such that for every k € N there
exists j, > k such that |ij,| < L. Then,

{ij}gozl C U B;k ((ijk)*)
k=1

and, since {i;, : k € N} is finite, it follows that there exists i € {i;,: k € N} C ©, and a subsequence of
{0, }72,, that by abuse of notation will also be called {6, }, such that {6}, }7°, C B; (i*). So,
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YV(R(O) = === =====~ o il

10 . |
777777777777777777777777777 ij4+1,Rew(65)

5.0, = [mi; (6,). M, (6,)]

Fig. 6. A symbolic representation of the maps fo,¢ and fo,¢, in Case 2 of the proof of Proposition 7.3 for m = 0. The map fo,9 and
the points 0 and (R, (0)) are drawn in blue. The map foyej and the corresponding intervals I, o, and HiJ+1,Rw(9J) are drawn in red.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

0= lim 0, € B[i%);
a contradiction. So, the claim (and hence (17)) holds.

Next we claim that the conditions

lim M;,(0;) = lim m;;(0;) =0, and (18)
j—o0 j—o0 -

i]
there exists a sequence {x;}72; with z; € Ii; o, = [my, (0;), M;, (0;)] for every j,

such that lim fo,(z;) = 7(Ru(0)) (19)
J]—00
imply

lim fog, = fo,6-
j—o00

To prove the claim notice that, by Definition 7.1 and Lemma A.2.1, fy¢ is the unique piecewise affine
map with two affine pieces whose graph joins the point (—2,2) with (0,v(R,(#))), and this with the point
(2,—2). On the other hand, for every j,

* fo, ‘[72 i (0,)] 19 the affine map joining the point (—2,2) with the point (1, (6;), gi, (05, mi,(65))), and
smi; (0

* fo, |[Mij ©:).2] is the affine map joining the point (M;; (0;), gi, (0, M;;(0;))) with the point (2, —2)

(see Fig. 6). Moreover, from the part of the proposition already proven we know that fo ¢, is non-increasing
and continuous. Therefore, the claim holds provided that

lim diam (fo,g, (Ii,.6,)) =0
j—00
(see again Fig. 6).

When 0; € Ba, [(i;)*]\B ((i;)*) and i; > 0, by Definitions 7.1 and 4.2,

Oéij+1

diam (fo,0, (I;,.0,)) = diam (gij,gj (H;j,gj)) = diam ({fyijﬂ(Rw(Oj))}) =0.
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Otherwise, by Definition 7.1, and Lemmas 4.3(b) and 4.5(b),
[Ro(0)} % foo, () = {Bul0))} < 9, . (,0,) = G, (R(G)")")
C R((ij +1)*) 0,

So, by Remark 3.2(2),

diam (fo,e, (Ii;0,)) < diam (R((i; + 1)*)) < 22" "ls+l,
In any case,

0 < diam (fo,, (I, 0,)) <22 "I+l for every j € N
and, by (17), lim;_, diam (foygj (H;j’gj)) = 0. This ends the proof of the claim.

By the last claim, to end the proof of the proposition in the case m = 0 it is enough to show that (18)—(19)
hold. We start by proving (18). By Lemma A.2.1,

mi, (Bd (B7 (5)71)) = M, (Bd (55 [6,)71)) =0,
and from the definition of the maps m;, and M;,, Definition 3.1 (or Lemma 4.1) and Remark 3.2(2), for
every s € B, ((i;)") we get
-1 <my,(s) <0< M, (s) <1, and
M, (s) —mi;(s) = diam(Hij,s) < 2.2 "l

So, (18) holds by (17). Now we prove (19).

(20)

By (1), (2) and (8), it follows that
mi, (QJ) < 7"3|(03) < Mj (6’]) if 9j 7é (ij)*, and
m;j (0J) < ’y\ij|—1(9j) =0< M7 (9]) if Hj = (IJ)*
Also, from Definition 7.1, the definitions of G; and g, , (Definitions 4.2 and 4.4), and Lemmas 4.3(c) and
4.5(c) we get
= gij,ej (ry‘i” (01 ) = V‘ijJrl‘ (RW(HJ)) if oj 7& (ij)*a
1)) = 9,0, (0,1 (67)) = 7, (Ro(65)) if 0; = (i)" and i; > 0, and
f079j (,y|i_7~‘—1 9])) =G o, (’7|ij+1‘(9j) = ’Y‘ij+2‘ (Rw(0]>) if ej = (IJ)* and ij <0.

Thus, to prove (19), we have to show that

lim oy (Ru0)) = 2(Ra(0) i 6, # ()",
lim 5, (Ro(6)) =7(Ro(6) i 6; = (i))" and i; > 0, and (21)
T 5 (Ru(67) = 7 (Ru(9) i 6 = (ij)" and ij <0

(that is, we take z; := ylij‘(ej) if 0; # (i;)", wj :=,_,(0;) if 0; = (i;)" and i; > 0, and z; := 7\aj|_1(9j) if
9j = (ij)* and ij < O)

Let € > 0. By Lemma 5.3(c) and Definition 3.4(R.1) we have that 6 ¢ O*(w) and, hence, R, (0) & O*(w).
By the continuity of v on S'\O*(w) and the fact that lim; . 7, = 7, there exist § > 0 and L € N such that

Y(Ry,(0)) — v(B)| < £/2 for every 6 € By (R.,(6))\O*(w), and

doo (7,7,) < €/2 for every i > L.
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Then, since lim;_., §; = 6 and lim;_,, |i;| = oo, there exists N € N such that |6 — 6,| < §/2, and |i;| > L+2
for every j > N.

First we will show that
‘V(Rw(e)) Vi (Rw(ej))‘ <e
lij+1]

for every j > N such that 6; # (i;)*. To see it observe that, by Definition 3.4(R.2) and Remark 3.5(R.2),
0;, R, (0;) & Z}; 41) whenever 0; # (ij)*. Thus, Ty is continuous at R,,(6;) by Lemma 3.6(a).

Also, there exists a sequence {é\je}l‘?ol C (Bssp2(8;) N B (()*))\O*( converging to 6;, because
S'\O*(w) is dense in S'. Clearly, for every j > N, we have {R, (ﬂ)}g 1 C Bs(R,(0))\O*(w) and

limy_ oo Ry (9 ) = R, (0;). Moreover, since {R,( ”)}g , C SN\O*(w) c S!\Z; Yy aa] 18 defined for

ij+1
every Rw(é\jf). Then, for every j > N and ¢ € N, we have o
Y (Ro(8) = 5, (Ro(@30)] < [1(Ru(0) = W(Rul@3))] + |1(Ro(B3)) =, (Rol@i.))
< $+d (W’WIVHI) <e.
Consequently,
(R() =5, (Ro(8)] = Jim [1(Ral0)) =7, (Ru(B5))]| < =

This ends the proof of the first equality of (21). The second and third equalities of (21) follow as above by
replacing Ty by 7, (respectively Vys2] ), and noting that

(=il =10)" & 25, ifi; <.

This ends the proof of the continuity of T, and the proposition for the case m =0. O

Ro(6;) = Rul()") = {

A.8. Proof of Proposition 7.3 for m >0

This section is the second technical counterpart of Section 7 and is devoted to prove Proposition 7.3 for
every map T}, with m > 0. To do this we will need some more technical results. Also we will use the notion
of fibre map function introduced in the previous section.

The next two lemmas establish some basic properties of the maps Tm|v* and clarify some aspects of
Definition 7.2. "

Lemma A.3.1. For every m € N and for every 0 € B_,
fm79|]li,9 = Gie |11i,g7
where i = b~ (0,m). Moreover, assume that 0 € WB \WIB_ . Then,
.o () if x €,
fate) = | o fsof) D)2 2 € 20,

2+g,, (Mi(0))
2+fm 19( (9))

(fm—1,0(z) +2)—2 if x € [Mi(6),2].
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Proof. We start by proving the first statement. When § € B, there is nothing to prove. So, assume that
0 € B_ \B,,. By Definition 6.2, 0 € WB™ , i <0 and 0 € B [i*] \Bq,, (i*). By Lemma 6.3(b),

HI,G = {’VM (9)} - HW'm,,H'
Consequently, by Definition 7.2 and the definition of the maps g, for i < 0 (Definition 4.4—mnotice that
Lo € R™(i*) by definition),

fm,0 (’YM (9)) = Vit (Rw(e)) =0 (’7“\ (9)) .
So, the first statement holds. Now we prove the second one. By Lemma 6.3(b),

Lo = {mi(0)} = {Mi(0)} = {7, (0)} = {Am(0)} = {7 (0)} =TW,,.
Thus, by the part already proven, the formulas
9,.0(2) if 2 € T g,
2 =g, (mi(0)
2— fm—l,e (mi(
2+g9, (M;(0)

(fm—10(x) —2)+2 if z e [-2,mi(0)],

(fm-10(x) +2) =2 if x € [Mi(0),2],

and
7\i+1| (Rw(9>) ifx e HWm,e,

(fm-10(x) —2)+2 ifxe[-2,\,(0)],

(fm—10(x) +2)—2 ifx € [1,(0),2],
coincide. [

Lemma A.3.2. The following statements hold for every m € N and i € ©, :

(a) The map Tm’v’,’ is well defined and continuous.
(b) For every 0 € B} [i*],

(bl) fm79(2) = -2 and fm,@(_Q) =2,

(b.ii) fim.e s piecewise affine and non-increasing, and

(b.iii) —1 < fr0 (Mi(0)) < fm,e (mi(0)) < 1.

— . i\ _ AGHD"

(€) Ton| ey = Gi and T, (AT ) = AT
Proof. Clearly, Tm|vi' is well defined and continuous if and only if so is fm’\f_— .

We will prove by induction on m € Z* that, (a), (b) and

(b.iv) fm79|[72’71] and fm,9|[1’2] are affine, f,,, 9(—1) <2 and fi, (1) > —2

hold for every 0 € B; [i*].

First we will show that (a), (b) and (b.iv) hold for m = 0 and i € ®, (we are including the map fo
studied earlier to correctly start the induction process). By Proposition 7.3(a), (b) for m = 0 we have that
T0|v" is well defined and continuous and (b) holds. By Definition 7.1, we also know that f,, | [ 2,ma( and

~ i(0)]
Jm.0 are affine. Then, (b.iv) follows from —1 < m;(0) < M;(0) <1 (see Lemma 4.1(a)) and (b.iii).

[M(0),2]
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Assume now that (a), (b) and (b.iv) hold for some m — 1 € Z+ and prove it for m and i € © . By
Lemma 5.2(a), 8 € B} [i*] & By [k*] for some k € ©,,_,. Consequently, V7. C Vy. and fp_1|,~ is well

defined and continuous.
By Lemma 4.1(a) and Definition 6.2,
—1<m;(f) < M;(8) <1 for6e B; [i'], and
—1 < An(0) <7(0) <1 for 0 € B] [i*]\Ba,,, (i") CWB, (i <0).
Consequently, by (b.ii) and (b.iv) for m — 1,
2 < f10(1) < Fonorp (Mi(9)) < Frnr0 (3(8)) < (1) < 2
for every 6 € B; [i*], and

-2 < fmfl,O(l) S fmfl,e (Tm(e)) S fmfl,G ()\m(g)) S fm,@(_l) <2
for § € B} [i*] \Bqg,, (i*) C WB when i < 0.

On the other hand, as it was observed in Definition 7.2, f,, ¢ is defined in two different ways when
6 € WB NB,, . Insuch a case, by Lemmas 6.3(a), (b) and A.3.1, § ¢ WIB , and both definitions for f, g

coincide. Hence, f, |\~ is well defined.

v

Now we prove that fm|v_° is continuous by using the continuity of fm—l‘v_’ . Since By, [i*] C B,,, by

Definition 7.2, the continuity of the maps m; and M; (see Lemma 4.1(b)), and the continuity of the maps

m)

. are continuous. Now we assume that ¢ < 0 and we study the

on a connected component U of B} [i*] \ By, (i*). Observe that, by Definition 6.2 and

gi; (Lemmas 4.3(a) and 4.5(a)), fm’nB i
K

continuity of fp,| -
Lemma 5.2(b), U is a connected component of WIB%;. Then, again by Definition 7.2, the continuity of the maps
)\m|U and Tm|U (Lemma 6.4), and the continuity of the map v, |U (Lemma 3.6(a) and Definition 3.4(R.2)

~ 1s continuous because it is well defined on

Q¥

and Remark 3.5(R.2)), fm|TTU is continuous. Therefore, f,,
TT ((B; [Z*] \Bam (Z*)) n Bam [7’*})

Let 6 € By, [i*] C B,,. By Definition 7.2, and the definition of the maps g; ¢ (Definitions 4.2 and
4.4), fm79|]1_ , is piecewise affine and non-increasing. So, by Lemma A.3.1 for m — 1 and Definition 7.2,

v

fmo(2) = =2, fmo(—2) = 2, and fm,9|[_2m_(9)} and fmﬂ‘[M(a) g are affine transformations of the map
fm—1,0 with positive slope. Hence, (b.i,ii) hold for f, ¢ in this case. Moreover, (b.iv) is verified by (22) and
(b.iv) for m — 1.
Consider 6 € By [i*]\Ba,,, (i*) C WB_ . Again by Definition 7.2, fmﬁ’]lw is constant. Then, (b.i,ii) and
m,0
(b.iv) hold for fi, ¢ as above by replacing m;(#) and M;(6) by A, (0) and 7,,,(), respectively.
By (b.i) and (22) we have fi,9 (M;(0)) < fmo(mi(6)). Hence, (b.iii) follows from Lemma A.3.1,

Definition 7.2, Lemmas 4.3(b) and 3.10(c), Definition 3.4(R.2) and Remark 3.5(R.2), Lemma 4.5(b) and
Lemma 3.6(b).

(¢) In a similar way to the proof of Proposition 7.3 for the case m = 0,
R =) {8} xLycVicV,
0eB; [i*]
and, by Definition 7.2, Lemma A.3.1 and the definition of G; (Definitions 4.2 and 4.4) it follows that
T (0, 2) = (R (0), fm(0,7)) = (Ru(0),9,,(z)) = Gi(0, ),
for every (0,z) € R™(¢*). Thus, T, (Ai*

M) = A\(Zj:llﬁ* from Lemmas 3.10(b), 4.3(c) and 4.5(c). O
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The next technical lemma compares the images of f,, 9 and f,,—1, on a point. It is an extension of
Lemma 5.4.

ke® and m € N. Then, for every

m) m—1

Lemma A.3.3. Assume that B; [i*] C B, [k*] for some i € ©
0 € By [i*] \Ba,,, (i), mi(0) = M;(0) = v,(0) and
fm,G (m (0 i, (ml(o)) = 7\1‘+1\ (Rw(e))7 and

i )) 9ie
fmfl,e (ml(e)) G0 (ml(e)) = Vks1 (Rw(a)) :

Proof. The fact that m;(0) = M;(0) = ~,(9) follows directly from the definitions. The first equation follows
from Lemma A.3.1, and the definition of the map g, , (Definitions 4.2 and 4.4).

By Lemma 5.4, I; o = {m;(0)} = {v,,(0)} C Ixp. Moreover, as in the proof of Lemma 5.4, § # k*.
Consequently, by Definition 7.1, Lemma A.3.1, Lemmas 4.3(c) and 4.5(c) and (1) (alternatively, for the last
equality check directly the proofs of Lemmas 4.3(c) and 4.5(c)),

fm—lﬂ (ml(o)) ) (ml(o)) = G (’Ym(e)) = Ykt (Rw(e))' [
The following lemma is the analogue of Lemma A.2.1 for m > 1. To state it we will use the set

MEB. =EB_ xIC V.

Lemma A.3.4. T,
RS EIB%;,,

|TT1EB; = Tmfl{nm; for every m € N. Equivalently, frm 0 = fm—1,0 for every m € N and

Proof. Fix m € N and 6 € EB] C B . By Lemma 5.2(a), (b), there exist i € ©,, and k € ®,,_, such that
¢ € Bd (B; [i*]) C B; [i*] & By, [k*]. So, we are in the assumptions of Lemmas 5.4 and A.3.3 and, hence,

Lip = {mi(0)} = {7, (0)} = {7, (0)} C L0,
fm,@ (ml(a)) =UGio (ml(e)) = Vit (RUJ (9))7 and
fm—1,0 (mi(0)) = g 5 (mi(0)) = 7,1, (Ru(0)) -

Thus, if ¢ > 0, 6 € B, and, by Definition 7.2 and Lemma A.3.2(a), to prove that f,, ¢ = fm—1,0 we only
have to show that

gi,e (ml(e)) = 7\1‘+1\ (Rw(o)) = 7\k+1\ (Rw(a)) = fm—1,9 (ml(o)) N

When i < 0, 6 € WIB%; n EIBZ; and, by Lemma 6.3(a), § ¢ WIB_ . Then, by Lemma A.3.1, we get again
that

Yie (mz(o)) = Vit (Rw(e)) = Ykt (Rw(a)) = fm—l,@ (m,(a))
implies fr.0 = fm—1,0-

If |k + 1] = |¢ + 1] there is nothing to prove. So, by Lemma 5.4, we can assume that |k + 1| < |i + 1| and
we have

Vs (Bo(0)) =700 (Bu(0) = -+ =702, (Ru(0)).
Hence, we have to show that v, (Ru(0)) =7,,,,,_, (Ru(0)). If i > 0 we get

Vit (Rw(e)) = Yigr (Rw(g)) =7 (Rw (0)) = Vit11-1 (Rw(e))
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by Lemma 3.6(e). Otherwise we have i < 0, § € Bd(Bj [i*]) = Bd(Ba,,.,, [i*]) and, consequently,
R, (0) € Bd (Bawru [(i + 1)*]). Again by Lemma 3.6(e) for j = |i + 1|,

’Y\i+1\ (Rw(a)) = 7|i+1|—1 (RW(G)) .
This ends the proof of the lemma. [

Now we aim at computing two different kind of upper bounds for ||fm.0 — fm—1.6| (Lemma A.3.6 and
Proposition 7.4). This will be a key tool in the proof of Propositions 7.3 for m > 0 and 7.4. The next two
lemmas and remark will be useful to automate and simplify the proofs of these two results.

Lemma A.3.5.

Hfmﬂhb”(g.m) T fm_lﬂhb_(g e when 6 € B' \WIB_ , and

| fm.0 = frn—10ll =
when 0 € WIB

m?

Hfm,9 ‘me,s - fm—1,0 |HWm,{-}

for every m > 2 and 6 € B .

Proof. Set i =b~ (0,m) € ©_, so that § € B; [i*].

m)

When 0 € B” \WIB,, = B,, UWB_ \WIB,, by Definition 7.2 and Lemma A.3.1, it is enough to show
that

[fm.0(x) = fm—1,0(2)| < [fin,0(mi(0)) = fin—1,0(mi(0))]
for every z € [—2,m;(0)], and
[fm.o(x) = fm—1,0(2)| < |fin.0(Mi(0)) = fin—1.0(Mi(0))]
for every x € [M;(0),2]. We will prove the first statement. The second one follows similarly.

Definition 7.2 and Lemma A.3.1 give
2- ) (ml(e))

fm,G(Jf) - fmfl,O(fL') = 2 — fm—l 0 (mz(a)) (fmfl,e(a?) — 2) + 2 — fm—l,e(l')
2 fme (mi(0))
- Q_fm 1,0 (mi(9)) (fm 1,0(x) = 2) = (fm-10(z) = 2)

_ 2 fm9 m; 0)) .
= (fmr0(e (2—ﬂn19mxm> Q

m.0 (mi(0)) — fm—1.0 (mi(6))
2— fmfl,e (mz<0)) ’
By Lemma A.3.2(b), 2> fr—1.6(x) > fm—1,0 (m;(8)) and 1 > f,_1,9 (m;(6)). Hence,

a(2) = o1& = (2= fn-s(a)y 22 GOV = s s O))

< [fm,o (mi(0)) = frm—1,6 (mi(0))].

= (2= fm-10(@ ))

Now assume that € WIB,, € WB’ . By Definition 7.2 it is enough to show that

‘fmﬁ(m) - fm71,9($)| S |fm,0()\m(9)) - fmfl,O(Am(e)ﬂ
for every x € [—2, A\, (0)], and

‘fmﬁ(m) - fmflﬂ(x” S |fm,9(7_m(9)) - fmfl,O(Tm(e))‘
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for every x € [1,,(0),2]. As before, we will prove the first statement. The second one follows similarly. We
have

fm,G ()‘m(o)) - fm—1,9 (/\m(e))
2 — fmflﬁ (Am(e))

f’m,@(x) - f7n—1,9(x) = (2 - fnL—l,O(x))

By Lemma A.3.2(b), 2 > fim—1,0(x) > fm—1,0 (An(0)) and hence,

[fmo(x) = fm—1,0(2)] < [fm.0 (mi(0)) = fm—1.0 (mi(0))|

provided that 2 — f,,,—1.9 (A, (0)) # 0. Assume by way of contradiction that we have f,,_1.9 (A (0)) = 2.
Then, by Definition 6.2 and Lemma A.3.2(b), —1 < A,,,(#) and

2 > fm,—l,O(*l) > fm—l,e ()\m(e)) = 27
which contradicts statement (b.iv) from the proof of Lemma A.3.2. O

Next we compute an upper bound for || fm.0 — fm—1,| for every § € B; [i*] and ¢ € ©_ such that
diam(B; [i*]) is small enough.

Lemma A.3.6. Assume that T,,_1 is continuous for some m > 2 and let € be positive. Then, there exist
om(€) € N such that

[ fm.0 = fm-10ll <€
for every 6 € B [i*] and i € ®, (that is, B} [i*] C B ) such that |i| > om(e).
Proof. Since T,,_; is uniformly continuous, there exists d,-1 = OJm—1(e) > 0 such that

d,(Trm-1(0,2), Trn—1(v,y)) < € provided that d,((6,x), (v,y)) < dm—1. We choose g,, = om(e) € N such
that

3-27%m <min{d,_1(g/2),e/2}.
Assume that i € ©  verifies |i| > 0,,(e) and let (6,z) € V;. = B; [i*] x I. When 0 € B [i*] \WIB,, we

can use Lemma A.3.5 with I; g to compute || fin.0 — fm—1,0]- We have to show that | f, ¢(z) — frm—1.0(z)] <€
for every = € I; 6.

Let v € Bd (B; [i*]) € EB] . We have (6,z), (v,m;(v)) € R™(i*) and, by Lemmas A.3.2(c) and 3.6(f),
do (T (0, ), Ton (v, mi(v))) = d,, (Gi(0, ), Gi(v, mi(v)))
< diam (G; (R7(i*))), and
d, ((0,2), (v,m;(v))) < diam (R7(:*)) <2271 < 3.270m < 5,,_1(e/2).
Thus,
dy(Tin-1(0,2), Tr—1(v,m;(v))) < &/2.
Consequently, by Lemma A.3.4,

| fm,0(@) = fm—1,0()] =
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Now we look at the size of G; (R7(i*)). When i < 0, from Lemmas 4.5(b) and 3.6(f), we obtain
diam (G (R7(i%))) < diam (R((i + 1)*)) < 277D < 2. 27, (23)

When ¢ > 0, from Lemma 4.3(b) we get

- o, [G+1)* \Ba,, , ((i+1)"
G (R70%) = G (RG7)) € R((i+ 1)) DAL (D e (607),

Moreover, as in the proof of Lemma 3.6(f) for £ < 0, the set

R((i-+ 1)) U AL I (G207)

is connected. So, by Lemma 3.6(f),

diam (G; (R™(i*))) < diam <R((z‘ +1)")u A?ff%“iﬂf]w%«mm)

< diam (R((i + 1)*)) + diam (A?ff%“”” PBara (41 ))>

< 2-6+D) | diam (A"(Bai Kiﬂ)*J\BaHl((wm*))) .

i+1
As noticed earlier, By, [(i + 1)*] \Ba,,, ((i +1)*) is disjoint from
Bay, (14 1)) U B4y (= + 1)U Z5,
by Definition 3.4(R.2) and Remark 3.5(R.2). So, by Lemma 3.10(c), Definition 3.4 and Lemma 3.6(a),
Al = {7, )} = {7, ()}
e x [+ 1)7) =27 (G + 1)) +27].

(
for every v € By, [(4 4+ 1)*] \Ba,,, ((i +1)*). On the other hand, ~,((i 4 1)*) € I; 11 (i+1)« by Lemma 3.6(c).
Hence, by Remark 3.2(2), Definition 3.4(R.1) and Remark 3.5(R.1),

diam (Anﬁa [(i+1)"]\Ba, ., ((i+1) >))

< mase {diam (Bo, [ +1)]\Bayy, (1)) .2+ (27 +2771))
< 2.max {ai, 27"+ 27”“1} =2.(27™ 4 277+
<427 <2270
Summarizing, when i > 0,
diam (G; (R7(i%))) < 27(+D 4 2. 27 < 3. 27"
and, from (23),
diam (G; (R7(i%))) < 3-27 11 <3.27¢m < ¢/2
for every i € Z*. Thus, for every z € I; o,
| fm0(@) = fin—1,0(x)| < diam (G; (R7(i%))) + /2 < e.
Now assume that § € B; [i*] "WIB,,. We can use Lemma A.3.5 with IW_ , to compute || fm,0 — fin—1,0

We have to show that |f,, 0(2z) — frn—1,0(x)| < € for every x € IW_ ,. Since § € WIB,, by Definition 6.2
and Lemma 6.3(b), ¢ <0, 0 € WB_ and

]Ii’e = {’ym(ﬂ)} C me,e = ]Igﬁg >
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with ¢ = b~ (0,led(0,m)) € WFD . In this case we will consider the points (0,z) € R(¢*) and
(v,m;(v)), (0,7,(0) € R™(i*) with v € Bd (B7 [i*]) € EB . By Lemma 6.1(b), Remark 3.2(2) and
Lemma 3.6(f), |i| < [¢] and
dQ((Q, LE), (Vv ml(V))) < d:z((ev :E), (07 Vi) (0))) + dn((g’ Vi) (0))» (Vv ml(”)))

< |z —7,,,(0)] + diam (R7(i*))

< diam (R(£*)) + diam (R7(i*))

<27l p .97l < 3. 07l <3.97em <5, 1(/2).
Thus,

dy(Tin-1(0,2), Tr—1(v,m;(v))) < g/2.
On the other hand, by Lemma A.3.2(c), Definition 7.2 and (23),
(

do (Ton (0, 2), Ton (v, mi(v))) < d (T (0, %), Ton (6,7, (0))) + dg (T (0,7, (0)), Ton (v, mi(v)))
< | fmo(@) = fmo(n, (0))] + o (Gi(0,7,,,(9)), Gilv,mi(v)))
=d,(G;i(0,2),G;(v,m;(v))) < diam (G; (R7(i"))) <2-2~ i
<3279 < gf2.
So, in a similar way as before, Lemma A.3.4 gives
|fm.o(x) = fm-1.0(2)| = do(Trn (0, 2), Trn—1(6, 2))

< d, (T (0, @), Tin1 (v, mi(v))) + dyy (Tin—1 (v, mi(v)), Tin—1(6, %))
<e 0O

Proof of Proposition 7.3 for m > 0. (a) We start by proving by induction on m that T, is continuous for
every m € Z™T.

By Proposition 7.3(a) for m = 0, Tj is continuous. So, we may assume that T,,,_1 is continuous for some
m € N and prove that T}, is continuous.

Let ¢ > 0 be fixed but arbitrary, and let (6, ), (v,y) € 2. We have to show that there exists d(g) > 0
such that

do(Ton(0,2), Tin(v,y)) <& when d, ((0,2), (v,y)) <.

We start by defining d(¢). To this end we need to introduce some more notation and establish some facts
about the maps T}, and T,,,_1.

Since T),,—1 is uniformly continuous, we know that

there exists d,,—1 = dpm—1(g) > 0 such that d,,(Tr—1(0,2), Tm—1(v,y)) < €
provided that d,,((0,z), (v,v)) < Om—1. (24)

On the other hand, Lemma A.3.2(a) tells us that Tm|v.’ is uniformly continuous for every ¢ € © . So,
for every i € ©, '
there exists 0., ; = dpm,i(€) > 0 such that d, (T, (6, 2), T (v, y)) <
for every (0,z), (v,y) € V- C' V. verifying d,,((0,z), (v, y)) < 5m7i(5). (25)
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Then, by using the numbers 6,,—1(¢/7) given by (24), 0y,,:(¢/7) given by (25) and 0,,(¢/7) given by
Lemma A.3.6, we set

0= 5(6) := min {5m_1(€/7),min{5m7i(6/7): 1€ @m N Z.Qm(€/7)}} .
Clearly, 6 > 0 because the set © N Z, (/7 is finite.
Now we will show that if d,((0, z), (v,y)) < 0, then d, (T, (6, x), Tin (v, y)) <

Assume first that (6, 2), (v,y) € V. for some L € D, NZ, (/7. We have

dQ((Q,x), (I/, y)) <d< min{(sm,i(é/'?): 1€ @m n ng(5/7)} < (5,—,17@(5/7).
Hence, by (25),
d,(Tm(0,2), T (v,y)) <e/7<e.

Next we assume that (6,z),(v,y) € V,. for some ¢ € D,  such that |{| > p,,(¢/7) (in particular,
0,v € B, [¢*]). In this situation we have

do((0, ), (r,y)) <0 < bm-1(e/T7)
and, by (24) and Lemma A.3.6,
d”(Tm(G,SC),T ( )) < d ( (0 ‘T) m— 1(9 ‘T))+dn( m— 1(9 :E) T - (Vay))+dn(Tm—1(V&y)7Tm(V7y))
= |fm,0( ) - fmfl 6’( )‘ +d ( m— 1(9 .’L‘) Tmfl(Vvy)) + |fm,1/(y) - fmfl,u(y)l

S Hfm,9 fm 10||+dg( m— 1(9 SC) T — (Vay))+||fm,y7fm—1,u”
< %€<€.

In summary, we have proved that
do (Tn (6, 2), T (v, y)) <
when d,, ((6,2), (v,y)) < é and (8, ), (v,y) € V,. for some L €D

(
Next we assume that (60,z), (v,y) € V_ but (0,), (v,y) & V. for every £ € ®, . By Lemma 5.2(a), (b),
there exist i = b™(0,m) .k = b~ (v,m) € ©_, i # k, such that 0 € B;] [i*], (,z) € V.., v € B} [k*] and
(v,y) € V.. Then, there exist

0 ANBd (B; [i*]) CEB. and ¥ € ANBd (B [k*]) CEB_,
where A denotes the closed arc of S' such that

diam(A) =d,(0,v) and Bd(A)={0,v}.

Clearly we have, (6, ), (9, z) € VL., (v,y), (7,y) € V4. and, by the previous case,
d, ((9,@ (@, )) d, (0,0) <d, (6,v) <d,((6,2),(,)) < b,d, (Tm(e,x),Tm(é,x)) < 3e
d, (v,y), (7,y)) =d_, (v,7) < dSl (9,u) <d,((0,2),(v,y)) <6, and d, (Tn(r,y),Tn(v,y)) < Ze.

On the other hand, (H,x), (v,y) eMEB. C V" C V™ _ and, by Lemma A.3.4 and (24),
d, ((5, z), (7, y)) = max {dSl (5, V), |z — y|} <max{d, (0,v),|z —yl|}
=d,((0,2),(r,y)) <6 < bn,(e/7), and
4, (T (0, 2), Toa(v, 1)) <, (T (0,2), T (0,2) )+, (Ton (6.2), Ta (79) ) + o (Ton (7). T2 )

<2e+d, (Tm,l(@v, x),Tm,l('ﬁ,y)) +3e=e.
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If (0,2), (v,y) € V. then, by Definition 7.2 and (24),
do (T (0, 2), Ton (v, y)) = dyy (Tn—1(0, ), T 1 (v,y)) < /T < ¢
because d, ((6, ), (v,y)) < § < dpm_1(/7).

Lastly, assume that (v,y) ¢ V" but (6,2) € V. C V", for some i € D, (that is, 0 € B; [i*]). In this
situation, as before, there exists § € Bd (B} [i*]) € EB_ such that, by Lemma A.3.4 and Definition 7.2

((6,) e MEB. C VZ CV__ ), and (24),
d, ((0,2), (0,2)) <.
d”< ), (19)) <8< dmale/7),
d, ( 9,3:)) < Ze,

4, (Ton (6,), T (v,y) < dg( (0, >,Tm(5,w))+dn( i (0.2), T (v.))

<2+ d, (Tnoa(02) Tuoa(ny)) <

This ends the proof of the continuity of T,,, and, hence, of (a).

(b) When 0 € B” the statement follows from Lemma A.3.2(b). When § € S'\B , it follows from the part
already proven and the continuity of T,,.

(c) The first two statements follow from Lemma A.3.2(c) and statement (a). On the other hand, as in
the proof of Proposition 7.3(c) for m = 0, Lemma 5.3(b) implies that i* € B but i* ¢ B for every k > m.
Then, we get fi ;+ = fm,+ from Definition 7.2. 0O

A.4. Proof of Proposition 7.4

This section is devoted to prove Proposition 7.4. It is the third technical counterpart of Section 7. In
contrast to Lemma A.3.6 the bound given by Proposition 7.4. is valid for every 6 € B’ .

Before starting the proof of this proposition we will state and prove a number of very simple lemmas that
will help in automating the proof of Proposition 7.4.

Lemma A.4.1. Assume that B; [¢*] C B [k*] for somei €D, , ke D
either

and m > 2, and assume that

m—1

i<0and 0 € By [i*|]\{i"} or i>0and 0 € By, [i"] \Ba,,, (i").
Then,
V0] (Ro(0)) = 7y (Ru(0))] < 2715,
Proof. The lemma holds trivially when |k 4+ 1| = |i + 1|. Thus, we may assume that |k + 1| # |i + 1|. Then
by Lemma 5.4, |k| < |i|, |k+ 1| < |i+ 1] and
Viesr) Be(0) =040 (Ro(0)) = -+ =745, (Ru(0)).

By assumption we have

a; [1*] \Bayy, (i ( ") when 7 > 0, and
e { [ }\{l } - 0¢|i+1| ['L*] \{'L*} when 7 < 07
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and, hence,

Ba, [(i 4 1)*]\Bay,, (i+1)") when i >0, and

R“’(a) ) {Ba|i+1 [(Z + 1)*} \{(Z + 1)*} when 7 <0.

Thus, in the case ¢ > 0 we have
Ry(0) & Ba,,, ((i+1)") UBZ ;1) [(=(i +1))"TU 274
by Definition 3.4(R.2) and Remark 3.5(R.2). So, by Definition 3.4,
Yit1 (Ro (6)> =% (Rw(g)) = Vik+1 (Re (9)) .
This ends the proof of the lemma in this case.
Assume now that ¢ < 0. By Lemma 3.6(c), (d), (f) and Definition 3.4(R.2) and Remark 3.5(R.2),
”y|i+1| (Rw(e)) - 7\k+1\ (Rw(e))| = ‘7\714.1\ (Rw(e)) - ’7|1;+1|_1 (Rw(a))|
< diam (R((i +1)*)) < 27 I+ < 9~ Ikl
(observe that i+ 1| > |k + 1] > k| —1). O

Lemma A.4.2. Let s,t € Z, s #t be such that 0 € B; (s*)\Ba,,, (s*), and either t <0 and 0 € By, (t*) or
t>0and 0 eB (t*). Then, the following statements hold:

Q41

(a“) Rw(e) € Ba\s+1| ((S + 1)*) n Ba\t+1| ((t + 1)*)
(b) Let u,v € Z be such that {u,v} = {s,t} and |u+1| <|v+1].
Then, L,11.r,0) C Lut1,R,(0)-

()

|z —yl <2271
for every x € Iy41 R, 9) and y € Io41 R, (0)-

Proof. By assumption we have

B, (t7) when t > 0, and
0 e -
By, (t*) C By (t*) = Bay,,, (t*) when t <0.
Hence, R,(0) € Ba,,, ((t+1)*). Moreover, as in the proof of Lemma A.4.1, s < 0 and R,(0) €
Ba,,., ((s+1)*). This proves (a).
Now we prove (b). From (a) we have
Rw(9> € Ba\u+1\ ((u + 1)*) N BO&\U-H\ ((U + 1)*)
C Bay,py (w+1)") N B [(v+1)7].

Moreover, s # t implies u + 1 # v + 1 and we have |u+ 1] < |v+ 1| by assumption. Consequently, by
Lemma 3.6(g), (d) and Definition 3.4(R.2) and Remark 3.5(R.2), |u+ 1| < |v + 1] and

R((v+1)7) € Int (R((u+ D)"N\MT{(u +1)"})
which implies (b).
Thus, z,y € l,41,r, () and, by Lemma 3.6(f),
|z —y| < diam (R((u +1)*)) < 27IwH < o=(ul=b = 9. 2=l O
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Now we are ready to start the proof of Proposition 7.4.
Proof of Proposition 7.4. We start by showing that {75, } 32, is a Cauchy sequence, assuming that the bound
(15) holds for every m > 2 and 6 € S*.

We start by estimating d__ (Ty,, Tin+1) for every m € N. From (15) and the definition of i,

d (Ton, Tons1) = SUP || fong — frnrr0ll < 2+ sup 27 [P7Em <9 gmmm,
fest fest

By Lemma 5.3(a) {um}50_g is strictly increasing (and lim,, oo tt, = 00). Therefore, for every € > 0,
there exists N > 2, such that 4 - 27#m < ¢ for every m > N. Hence,

m—+i—1 m—+i—1
do (T, Twi) < ) Ao (T, Tepn) <22 ) 271
{=m l=m

§2~2—“m22—f=4-2—“m <4.27HN <
=0

for every m > N and i € N. So, {T),}72, is a Cauchy sequence.

Now we prove (15). That is,

| fno — fm-16l <2~ o—[b7(0,m—1)|
for every m > 2 and ¢ € S'.

From Definition 7.2 and Lemma A.3.4 we know that fp, 9 = fmn—1,0 for every 6 € (SI\IBB;) U ]EIB%* Then,
(15) holds in this case.

In the rest of the involved proof we assume that # € B” \EB_ . Thus, by Lemmas 5.2(a), (b), 3.6(g) and
5.4,

0 € B} (i*) C By (k*)\ (Bd (Bay,, [k*]) U{k*}) where
i=b"(0,m)eD ,k=b"(0,m—-1)eD__,,
k| < |i|, and |k + 1] < |i+ 1.

Moreover, Vi. C V. C V. Consequently, by Lemma A.3.2(a), (b), the maps fn o and fn_ 14
are well defined, continuous, piecewise affine and non-increasing, and f,(2) = fm-1,0(2) = —2 and
fmo(=2) = fm—1,0(—2) = 2 (see Figs. A.7-A.9 for some examples in generic cases).

We split the proof into three cases according to whether € belongs to

B; (i*)\Ba, (i), Bay, (i*) € By () \Bay, [k7] or  Bay, (i) C Bay, (k).

|
Case 1. 0 € B; (i*) \Ba,, (i*).
We have i < 0 because Bj (i*) = B, (i*) for i > 0. Moreover, by Definition 6.2, 0 € WB’_ .

To deal with this case we consider three subcases.

Subcase 1.1. 6 € (B] (i*) \Ba,; (i*)) \WIB, .
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Ik+1,Re (0)

I I I

| | |

| | |
nffmmwwn{ ********* g Ammmomeees

| ‘ |

et S ey S St Negr (B (0)

miyt1 (R (0))

mi(0) Leo My(0)
Fig. A.7. A symbolic representation of the maps f,,9 and fn,—1,6 in Subcase 1.3 of Proposition 7.4 (6 € (B: () \BaM (z*)) NWIB,
and B; (i*) C Bay,, (k") \{k"}). The map f—1,0 and the corresponding intervals Ix,¢ and Ir;1 g, (s) are drawn in blue. The map

fm,6, the interval IW_ , and the point v, (R.(0)) are drawn in red. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

By Lemmas 5.4, A.3.3, A.3.5 and A.4.1,
Lig = {mi(0)} = {7, (0)} = {7, (0)} C Lxe,
fmo (mi(0)) =7, (R (),
Jm—1,0 (ml(e)) = Vk+1 (Ro(0)), and
1m0 = fnvoll = || frnoly,, = fon-voly, | = 1o (mi(6)) = Fin1.0 (mi6))]

- |ry'i“‘ (Ro(0)) = Vi (RM(G))| < 9= [b7(0:m=1)]

Subcase 1.2. 0 € (B: () \Ba, (z*)) NWIB,, and B; (i) C By (k*)\Ba,,, [k*].
In this subcase, by Definition 6.2 we have

0 € By (k") \Ba,,, [F*] C WB,

1

(recall that ¢ < 0). Then, by Lemmas 5.4 and 6.3(b), (c), Definition 7.2 and Lemmas A.3.5 and A.4.1,
Hi,e = {’7“‘\ (9)} = {W\k\ (9)} c me,a = me—Lm
fmo(x) =74, (Ru(0))  for every z € IW,_

fm—1,0(%) =, (Ru(0)) for every x € IW and

m—1,0"

| frm0 — fm—1,0ll = Hfm,olﬂwmﬂ - fm—1,9|ﬂwme'
= sy (Ro(8)) = 7,n, (Ru(8))] < 2707,
Observe that since B; (i*) is connected and
B} (i*) € By (k*)\ (Bd (Ba,, [k*]) U{k"}),
By (i*) ¢ By, (k*)\Bay,, [k*] implies B} (i*) C Ba,,, (k*)\{k*}.
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Miy1(Rw(0)) (f------- S i R

Lit1, R (0) fm-16 Tk 41, R (8)

mi1 (Ro(0) lp - 222222 —— —_—| WO

Fig. A.8. A symbolic representation of the maps fmm,6 and fr_1,6 in Case 2 (6 € Ba, (i") C B, (k%) \Ba,, [k*]) of Proposition 7.4.
The map fm—1,0 and the corresponding intervals IW__  and ;41 g (o) are drawn in blue. The map f., ¢ and the corresponding
intervals I; o = IW__, , and I; 41 gr_(e) are drawn in red. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

2 ! | | ]
| | | |
M (Ro(®) pf == === = Gommmm e A SRR
) %) | | :
Lot ro(9) fm.0 ‘ 3 3 :
,,,,,,,,, N TS| M (Ru)
7777777777:7777777::(],;@777 ! D Lit1,Re(0)
M1 (R (0)) V== == m Ao oo - R B e T miy1 (R (0))
I | I
| | | |
| | | P\ fm-10
| | | |
| | | |
L : : L
9 ! mi(O) Y Mi(8) 2
| Si,0 |
mi(0) Ios My (0)

Fig. A.9. A symbolic representation of the maps f, 0 and f,,—1,6 in Subcase 3.1 from the proof of Proposition 7.4 (8 € Ba,, (%)
and I; 9 C Ix,¢ and either k < Oor k > 0 and ¢* € Ba,., [£*]). The map fmm—1,9 and the corresponding intervals I o and Tkt1,R, (0)
are drawn in blue. The map fi, ¢ and the corresponding intervals I; ¢ and I; ;1 r_(9) are drawn in red. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Subcase 1.3. 6 € (B; (i*) \Ba,; (i*)) NWIB,, and B; (i*) C Ba,, (K*)\{k*} (see Fig. A.7T for a symbolic
representation of this case).

By Lemmas 5.4 and 6.3(b) and Definition 7.2,

Lo = {7\“ 0)} = {’Y|k\ 0)} C me,m and
fmo(x) =7, (Ru(8)) for every x € TW

R
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On the other hand, by Definition 6.2 and Lemma 6.1(a), (b), § € WIB_ C WDB, , and
9 € Bam [[*] - B; (7’*) \Bam [7’*] C B&w (k*) \{k*}

with £ = b~ (0,led (6,m)) € WFD_ and |¢| > |i| > |k|. Then, by Lemma 3.6(g) and Definition 6.2,
R(€*) C Int (R(K*)\TTk*) and

HWmﬂ = ]Ig’g C ]Ik,0~

Moreover, since 0 € By, (k") C B, , Definition 7.2, Lemmas 4.3(b) and 4.5(b), and the definition of the
maps g, , for i > 0 (Definition 4.2) give

fm—1.0 (IW ;) C fm-1,60 (Ix,0)
c Tit1,Rr000) %f k<Oork>0and@c B,,,, (),
{71 (Ru(0))} if k>0 and 0 € Bo, [K*]\Ba,.,, (k7).

Now, as before, we will use Lemma A.3.5 to bound || fim.0 — fm—1,6]- We start with the simplest case:
k>0and 0 € B, [k*]\B (k*). By Lemma A.4.1,

Q1
Hfm,e - fm71,0|| = Hfm’ehwm o - fmfl,e‘ﬂwrn o ”
= |’7\1:+1\ (RW(9>) - 7|1c+1| (Rw(e))‘ S 27|b*(07m71)"

Now we assume that £ < 0 or k
Lemmas A.4.2, 3.6(d) and Definition 3.4

Vit (Rw(0
fm-1,0(x) € Iyy1,r 9y forevery x €IW .

%

0 and 6 € By, , (k). In this case Lemma A.4.2 applies. By
R.2) and Remark 3.5(R.2), and Lemma A.3.5 we have

>~
—_

) € Liti,r,0) C Lit1,r.00)

and

Hfm,9 - fm—l,@” = sup |fm,9(x) - fm—l,G(I”

xE]Imeg

=sup [,y (Rw(6) = fnor0(2)]

z€IW_

<9.97 Ikl —9. 2—‘b'(9,m—1)’.

This ends the proof of the proposition in this case.
Case 2. 0 € By, (i*) C By (k*)\Ba,,, [k*] (see Fig. A.8 for a symbolic representation of this case).
In this case we will use Lemma A.3.5 with I; 9. Thus, we need to compare the maps f,, ¢ }11» . and frn—1,0 |1[~ .

Directly from the definitions we get k& < 0, By, [*] C B, and By, [k*] C B, ,. Consequently, by
Lemma 5.2(b) and Definition 6.2,

0B, and 0B \B _, CWDB, _, C WB

m—1 -1

Moreover, led(0,m —1) = m, ¢ = b™(6,m) = b~ (0,led (8, m — 1)) € WFD_
0 € WIB and

and, by Definition 6.2,

-1

m—1

W, ., =1L
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Furthermore, since k& < 0, we obtain R,(0) € Ba,_, ((k+1)") as in the proof of Lemma A.4.1. Thus,
Definition 7.2, Lemma 3.6(d) and Definition 3.4(R.2) and Remark 3.5(R.2), give

fm—1,0(2) =V, (Ru(0)) € Tiy1 R 0)
for every x € I; 0 =IW _ _

1,6°
Now we will use Lemma A.3.5 to bound the norm || fi,.0 — fim—1,6]|- By Definition 6.2 and Lemma A.3.5,
6cB, CB \WIB,, and

| fmno = fm—16ll = sup  |fm,0(z) = fn—1,6(2)]
zéﬂiyg

= sup |fm,9(x) - 7\k+1\ (RW(Q))’ :

z€l; 0

Next we will compute f, 9(I; 6). We start with the simplest case: i > 0 and 0 € By, (i*) \Ba,,, (i*). By
Definition 7.2, the definition of the maps g, , for i > 0 (Definition 4.2) and Lemma A.4.1,

||fm,9 - fm—l,OH = sup |fm,9(x) = Vet (Rw(o))|

z€l; 0

s (Rw(a)) = Ykt (Rw(e))} < 27|b*(0’m71) .

Assume that i <0 or i > 0 and 6 € B,,,, (i*). Then, again by Definition 7.2 and Lemmas 4.3(b), 4.5(b)
and A.4.2,
Jmo(x) € Lig1 ro0) C lut1,r,0) for every x € I p,
and
||fm,9 - fmfl,GH = sup |fm,9(x) = V1 (Rw(a))|
QEEHLQ

<9.97 k=9, 2—’b'(9,m—1)|.

This ends the proof of the proposition in Case 2.
Case 3. 0 € B, (i*) C Ba,,, (k).
In this case we have B, (i) C B, and B

(k*) ¢ B so that, § € B, NB_ _,. Moreover, by

k| m—1
Lemma 3.6(g), R(i*) C Int (R(k*)\T1k*) and, hence,
Hiﬂ C Hk,0~
Since § € B, , by Definition 6.2 and Lemma A.3.5, 0 € B_ \WIB_, and
1o = Jm-rll = [ Fmols,, = Fm-vols, || = 50 1fmo(@) = F-r0(@)]-

z€l; g
Thus, we need to compare the maps fm79|h’9 and fm_179|]1i’0. To do this we consider two subcases.
Subcase 3.1. Either k <0 or k> 0 and 6 € B,, ., (k")
(see Fig. A.9 for a symbolic representation of this case).
In this situation we aim at proving that

Jm—1,0 Ts,0) s fm,0 (Ii,0) C Tig1, o (0)-
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We start with f,,—1,9 (I;,). By Definition 7.2 and Lemmas 4.3(b) and 4.5(b) we obtain

Jm—1,0 (Ti,0) C frn—1,0 In0) = 916 (TIk,0) C L1, ro0)-

Next we show that fi.9 (Ii,9) C Ixt1,R,(0)-
Since k <0 or k>0 and 0 € B,,,, (k*), by Definition 3.4(R.1) we obtain
(@) & { B (B (69) = By (4 1)) € Bayy ((41)) ik <0,
Ry (Bag,r (k%)) = Bay., (E+1)%) if k>0 and 0 € Ba,,, (k")
Assume that ¢ <0 or i >0 and 6 € B,,,, (i*). By (26) with k replaced by 1,
Ry (0) € Bayyy (i +1)) N Bayy (B +1)%) C By [(64+ 170 By [(k+1)7].
Therefore, since |k + 1| <|i+ 1| and k 4+ 1 # i + 1, from Lemma 3.6(g) we obtain |k 4+ 1| < |i + 1],
Ba|i+1\ [(Z + 1)*} - Ba|k+1| ((k + 1)*) \{(k + 1)*}7 and
R((i+1)") CInt(R((E+ 1"\ (E+1)").
Thus, by Definition 7.2 and Lemmas 4.3(b) and 4.5(b),
Jmo (Lig) = 9,0 (i) CLiv1,r,0) C lrs1,R.(6)-
Now we will consider the case i > 0 and 6 € B, (i*) \Ba,,, (*). The fact that |k| < |i| = ¢ implies
|k + 1] < |k|+ 1 <i. We claim that
Ba; (i +1)7) C Bayypy (B + 1)) \{(k+ 1)}
To prove the claim note that, by (26),
Ry (0) € Rey (Ba, (i) N Bay,yy (k+1)7) C Ba, ((14+1)%) 0 Byyy [(k+1)7].

Moreover, the interval By, ((i + 1)*) is disjoint from B [i*] and B~, [(—i)*] by Definition 3.4(R.2). Thus,
i # k+1,—(k+1) and, hence, |k+ 1| < ¢ (that is, k + 1 € Z;_1). So, there exists ¢ € Z;,_; such that
B, [(i +1)*] N B [¢*] # 0 and |q| > |k + 1] is maximal verifying these conditions. By Definition 3.4(R.4),

Bu, ((i+1)) € B} (¢)\ (Bd (Ba,,, [¢"]) Ua"}).
So, the claim holds when ¢ = k + 1. Assume that ¢ # k 4+ 1. Then,
Ro(0) € Bo, (i 1)) N Bayy, ((k+ 1)) € By (4°) 0 By (1)),
Hence, by Lemma 3.6(g), |¢| > |k + 1] and
Ba, ((1+1)") € B} [¢] € Bay,, ((k+ 1)\ {(k +1)°}.

This ends the proof of the claim.

On the other hand, by Definition 3.4(R.2) and Remark 3.5(R.2),

(B [+ 1]\ Barsy (i + 1)) A Zig = 0.

Thus, by the claim,

Ru(6) € Ry (Ba, (") \Bavs, (i) = B, (i + 1)) \Bay,, ((i+1)°)
€ Baprsy ((k+1))\Zis.
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By Definition 7.2, the definition of the maps g, , for i > 0 (Definition 4.2) and Lemma 3.6(d) (with £ = k41
and n =1+ 1),

fm,@ (]Iiﬂ) =Y (]11'79) = {7i+1 (Rw(o))} - ]Ik-i-l,Rw(@)'
Summarizing, we have proved that
Jm—1,0 (Li0) s fim0 (Lio) C Tkg1,re(0)-
So, by Lemma 3.6(f) (and the fact that |k + 1| > |k| — 1),

[ fmo = fm—v0ll = sup |fmo(x) = fn—1,0(2)] < diam (Tp11. 5, (0))
z€l; g

< diam (R((k +1)7)) < 27+l < 9.9kl — 9. 9=[p7@m=D]
This ends the proof of the proposition in this subcase.
Subcase 3.2. k> 0 and 0 € By, (k*) \Bq,_, (K*).

We start by computing f,,,—1,0 (Is,9). By Definition 7.2 and the definition of the maps g, , for & > 0
(Definition 4.2),

fm—1.0i0) C fm—1.0 (Ie.0) = 9y 5 (Ik0) = {7y (Re(0))}-
Analogously, if i > 0 and 6 € By, (i*) \Ba,,, (i),

fm,G (Hi,e) =Y (]Iiﬂ) = {’yi+1 (Rw(e))}
Then, by Lemma A .4.1,

1o = fn-v0l = | Fmoly,, = Fm-rols,

=T (Ro(0)) — Vi1 (Rw(e))| < 2_|b*(9’m_1)|.

Assume now that i <Oori>0and f € B (i*). By (26), Definition 7.2 and Lemmas 4.3(b) and 4.5(b)

Qi41
R,(0) € Boyiiy (i4+1)*), and
Jmo (o) =g, (Lio) C Lia,r.(0)-

Moreover, if k 4+ 1 < |i + 1|, by Lemmas 5.4(a) and 3.6(c), we have
fm—l,@ (Hiﬂ) = {7k+1 (Rw(g))} = {’Y\i+1\71 (Rw(e))} C Hi+17Rw(9)'
Therefore, by Lemma 3.6(f),

||fm,0 - fm—1,9|| = sup |fm,0(l') — fm_179(x)|
z€l;0
= Sup {fm,@(x) = Viig1)—1 (Rw(e))|
z€l; 9
< diam (L4, 0) < diam (R((i +1)°)) < 27177
< 27(k+1) < 27|bv(6,m71)|'

So, to end the proof of the proposition we have to show that, in this subcase, k + 1 < |i + 1|. To prove
this, notice that when ¢ > 0, k+1 = |k| + 1 < |i] + 1 = |i + 1|. So, assume by way of contradiction that
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i<0and k+1=|i+ 1| (recall that £+ 1 < i+ 1|). Then, k+1 = —(i + 1) and, hence,
R,(0) € R, (Bg, (k")) = Ba,, (k+1)*), and
Ry (0) € Bay,y, ((i+1)") = Bayy, (=(k+ 1)) € BZ ) (=(+ 1)),
which is a contradiction by Definition 3.4(R.2). O
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