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POINTWISE ESTIMATES FOR 3-MONOTONE
APPROXIMATION

ANDRIY BONDARENKO, DANY LEVIATAN, ANDRIY PRYMAK

ABSTRACT. We prove that for a 3-monotone function F' € C[—1,1], one can
achieve the pointwise estimates

|F(z) — U(x)] < cws(F, pn(x)), ze€[-1,1],

where p,(z) == 5 + 7”;“’2 and ¢ is an absolute constant, both with ¥, a
3-monotone quadratic spline on the mth Chebyshev partition, and with W,
a 3-monotone polynomial of degree < n.

The basis for the construction of these splines and polynomials is the con-
struction of 3-monotone splines, providing appropriate order of pointwise
approximation, half of which nodes are prescribed and the other half are free,
but “controlled”.

1. INTRODUCTION AND HISTORICAL BACKGROUND

In recent years there has been much interest and there have been quite a few
achievements in questions concerning the degree of approximation of a contin-
uous function f, on a finite interval, which has a certain shape, by algebraic
polynomials and by piecewise polynomials possessing the same shape. By shape
we mean nonnegativity, monotonicity, convexity and higher order monotonicity
(g-monotonicity), and finitely many changes in one of the above shapes in the
interval (e.g., f may be nondecreasing and nonincreasing, alternately, or f may
be convex and concave, alternately, finitely many times). Estimates on the de-
gree of approximation are either given in the uniform norm, usually involving
various moduli of smoothness of f or its derivatives (provided they exist), or are
pointwise estimates. Much is known about the degree of positive, monotone and
convex approximation and a lot is known on the degree of g-monotone approxi-
mation where ¢ > 4 (mostly negative results), but relatively little is known about
the degree of 3-monotone approximation. The interested reader can find details
in the recent survey [7].
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We begin with the basic notions and the known results on 3-monotone approx-
imation.

Let n € N. Throughout the paper z; := cos %, 7 =20,...,n, will denote the
Chebyshev knots, and —1 =z, < 2,1 < --- < 21 < 9 = 1, the Chebyshev

partition. Set [; := [z;,z;1], 7 = 1,...,n, and |[;| = xj_1 — z;. Finally, for
e [—-1,1], let
1 V1—22
pn(x) = - + —

Let P, denote the space of algebraic polynomials of degree < n. Denote
by A3 = A3[—1,1] the set of 3-monotone continuous functions on [—1,1], i.e.,
f e A3 if feCl—1,1] and f’ exists and is convex in (—1,1). For f € A% we
denote the degree of 3-monotone polynomial approximation by
E®(f):= inf - P,

D)=, it If - Pl
where the norm is the uniform norm on [—1,1].

It was proved by Beatson [1] (for & = 1), Shvedov [12] (for £ = 2), and
Bondarenko [2] (for k& = 3), that

(1.1) EP(f) < ewi(f,1/n), n >N,

where ¢ is an absolute constant, independent of f and n, and N =k for k =1, 2
and 3, respectively.
We remind the reader that for g € C[—1,1] and k > 1,

(1.2) wi(g,0) = sup A3 (g, )], & >0,
hi<s

where

(1.3)  Al(g,z) = {Eizo( )(—D)kig(x +ih),  if [z, +kh] C[~1,1]

%

0, otherwise.

Furthermore, Shvedov [13] proved that for £ > 4, (1.1) cannot be had with
¢ =c(k) and N = N(k) (constants which depend on k), and Wu and Zhou [14]
proved that for £ > 5, (1.1) cannot be had even with ¢ = ¢(f) and N = N(f).
Still nothing is known for k = 4.

In the case of 3-monotone piecewise polynomial approximation we shall limit
ourselves to the uniform and the Chebyshev partition of [—1, 1]. The first estimate
is due to Konovalov and Leviatan [5], who proved that given f € A3NC?[—1,1],
there exists a quadratic spline S € A3, with n equidistant nodes in [—1,1] (the
uniform partition), such that

c 1"
||f—S|| Sﬁwl(f ,1/”)7 nZ]-a

where ¢ is an absolute constant. This was extended by Prymak [11] who proved
for f € A3, the existence of a piecewise quadratic S € A3, with n equidistant
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nodes in [—1, 1], such that
If =S|I < cws(f,1/n), n=>1.

(In fact Prymak [11] has obtained estimates involving the third modulus of
smoothness of f for the approximation by 3-monotone piecewise quadratics on
an arbitrary partition of [—1,1].)

In 2005 Leviatan and Prymak [10] proved that most of the expected Jackson
type norm estimates are valid for 3-monotone piecewise polynomial approxima-
tion. Namely, given f € A3 N C"[—1,1], where either 7 > 3 or r = 1,2 and
k = 4 — r, there exist piecewise polynomials S;, So € A3, of degree < k +r — 1,
such that S; has n equidistant nodes and S5 has nodes on the Chebyshev parti-
tion, and which satisfy
c(k,r)

nr

1f =S < wi(f7),1/n),

and k1)
c(k,r .,
[f = Saf < n—wzf(f( ), 1/n),

T

where w is the kth Ditzian-Totik (D-T) modulus of smoothness. Namely, for
ge C[—1,1] and k > 1,

wi(g,0) = sup. 1A (9, ), 6>0,

where AF is defined in (1.3) and ¢(z) := V1 — 22, x € [-1,1].

Recently Dzyubenko, Kopotun and Prymak [4] have closed the gap by proving
the only remaining open case, k = 4 and r = 0, namely, there exist splines
51,8y € A3, of degree > 3, such that S; has n equidistant nodes and S, has
nodes on the Chebyshev partition, and which satisfy

If = Sill < cws(f,1/n),
and

lf = Szl < ewi(f,1/n).
Since the purpose of this paper is to establish pointwise estimates involving the
third modulus of smoothness for 3-monotone approximation of f € A3 by both
3-monotone polynomials and quadratic splines on the Chebyshev partition, it is
worthwhile mentioning the negative result of Bondarenko and Gilewicz [3], who
proved that for r > 4, there exists a constant ¢ = ¢(r) > 0, such that for each
n € N, there is an f = f, € A3NC"[-1,1], || f™| < 1, such that for every
polynomial P, € P, N A? there is an x € [—1, 1] for which

|ful(@) = Pul@)] > ev/np) ().
Note that while for monotone and convex approximation by polynomials we
cannot have estimates involving the third and fourth moduli of smoothness (of
the function), respectively, we do have estimates involving higher moduli of the
derivatives, provided they exist. The above mentioned negative result shows us
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that we cannot expect similar results for pointwise 3-monotone approximation,
at least not for r > 4.

2. THE MAIN RESULTS

As mentioned above we have the interval [—1, 1] and the Chebyshev partition
—l=x,<xp,1<--<w1 <x9=1. When we refer to an arbitrary partition of
an arbitrary interval [a, b], we will use the notation a =: 7, < 7,1 < --- <7y <
70 := b, and we will denote by A®[r,, 7], the 3-monotone continuous functions
on [7,,70). We will also need the notation A?(7,,7), for the set of all convex
continuous functions on (7, 7).

Theorem 1. Let 7, < --+ < 11 < 79 be given and let F € A3[1,, 7] be a function
with a deriative f := F' € A*(7,, 7). Suppose, that s € A*(7,,,70) is a piecewise
polynomial of order k (degree k — 1) with nodes T,, ..., T, Ty, satisfying

s(r) = f(m), 1=0,...,n,
s(ri+) > fl(+), i=1,...,n,
f'(r—)>s(r—), i=0,...,n—1.
Then, there are at most n additional nodes 0,,, . ..,601, such that 7, < 0, < T,_1 <

Op1 < Tng < -+ <0 <79, and a piecewise polynomial S € A3[1,, 7] of order
k + 1 with the nodes T,,0,,Th_1,...,01, Ty, satisfying

¢)
21 F = Slopn g 2| [ (@) - s s

Ti,Tio1] —

Clri,mi—1]
and such that

(2.2) F(r)=8(r), i=0,...,n.

We are now able to state the pointwise estimates for 3-monotone approxima-
tion.
We begin with the splines.

Theorem 2. For each function F' € A% and everyn > 1, there exists a quadratic

spline S € A3 on the Chebyshev partition —1 = x, < --- < 11 < 79 = 1,
satisfying
2.3 IF(2) — S(@)] < cws(F,pale), € [1,1]

where ¢ is an absolute constant.
For the polynomials we have,

Theorem 3. For each function F € A and every n > 2, there exists a polyno-
mial P, € A3 of degree < n, satisfying

(2'4) |F(‘/E> - Pn(m)| < ng(F, pn(x)), x € [_17 1]7

where ¢ is an absolute constant.
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The next section is devoted to the proof of Theorem 1. Then we need quite
a few lemmas, in Sections 4 and 5, before we are able to prove Theorem 2 in
Section 6. Finally, in Section 7, we replace the 3-monotone quadratic spline we
construct in Section 6, by a 3-monotone polynomial.

In the sequel ¢ denotes a generic constant which may differ at each occurrence.

3. SPLINES WITH CONTROLLED NODES

Theorem 1 is an easy consequence of the following lemma, which is a modifi-
cation of Lemma 1 from [10].

Lemma 1. Let f, g, f1, f2 be continuous functions on [a,b], and such that

fi@) < f(2),9(x) < folw), = € [a,b].
Then, there are coefficients o, oy, g > 0, with o + oy + ag = 1, such that

hz) == ag(z) + a1 fi(z) + a2 f2(z), 2 € [a,b]

/abf(x) dx = /abh(x) dx,

) )
| @) - f)) da | ola) = fa) i

satisfies

Proof. If f;f(:c) dv = f; g(z) dz, then take h(z) := g(x), © € [a,b], namely,
a =1 and a; = as = 0, and there is nothing to prove. Otherwise, if fab f(x)dx >

Cla,b] Cla,b]

f:g(m) dx, then we apply the arguments of proof of Lemma 1 in [10] with g
replacing ¢ and f5 replacing [. The resulting function is the convex combination
of g and fy, namely, a; := 0, and «, s are defined by the corresponding formula
from [10]. On the other hand, if f:f(a:) dr < fabg(a:) dz, then we apply similar
arguments, which we detail here and which will serve also as a reminder of the
proof in [10]. Thus, assume that f;f(x) dx < ffg(x) dx, and denote

[t~ ) = a0,

and

Set
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Now,
[ w0 -rayal < 25| [ o-so) a2 | [wo-r0)a
- AA—l—BB + AfB /ax(g(t) - f@)) i Clab]
2B r
<og | e - rw)a i,
<2 ) — f()) dt
/a (o) - s@)at)
Finally,
b A b B b
/h($)d:v:A+B/ fl(a:)dx+A+B/g(a:)dx

:AfB(B+/a fl(x)d:z:)+AfB(—A+/a g(x) dz)

_ /abf(x) da.

This concludes the proof. 0
Proof of Theorem 1. Let 1 = 1,...,n be fixed. Put
fi(z) == max{f'(ri+)(x—7)+f (), f'(Tic1—=)(w—Tis1) + f(ric1)}, @ € [, 7],

and

o) o= TN T) JOET), e

Then f; is a linear function, and f; is a piecewise-linear function with one node
0; € (7;,Ti—1). Moreover, the construction of f; and f; and well known properties
of convex functions yield that if f is a convex function on [71;, 7;_1], satisfying

fr)=fm), fr)=Ff(r), frnt)=f(nt) and f(ra—) < f(ria-),
then
filx) < fx) < folw), @ € [r, 7m0
Hence,
filz) < f(x) < fol), = €[n, 7],
and
filz) < s(x) < folx), =z € [n, 7]
By virtue of Lemma 1, we have a function

hi(x) == as(x) + a1 fi(x) + o fo(x), 2z € [1, 7],
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such that a,a1, a0 > 0, and a + a3 + as = 1, which is a convex piecewise
polynomial of order k with at most one node 6; € (7;,7;,_1), and satisfies

(3.1) / hi() de = / f(w) da,

and

) )
32 ||[ o) - fla)) ds <2| [ (ste) - s o

Ti Clri,mi—1] Ti Clrs,7mi—1]
Note, that the construction of h; gives

hi(Ti):hi+1<Ti), Z':l,...,n—l,

and

h;—&-l(Ti) < f/(Ti_) < f/(Tl+) < h;(’]—l% L= 17 s, — 17
so that the function

h(l‘) = hz<x>7 VIS [Ti77—i71]a L= 17"'7”7

is a piecewise polynomial of order k with the nodes 7, ..., 7 and, perhaps, some
additional nodes (with at most one node 6; € (7;,7;_1), i = 1,...,n), moreover

h € A1, o).
Finally let

S(z) = /x h(t)dt + F(1,), x € [T, 7o)

Then, (2.2) readily follows by (3.1), whence, in turn, (2.1) follows by virtue of
(3.2). This completes the proof. U

4. A FUNDAMENTAL LEMMA

We will need the following relations between the lengths of the various intervals
I;, and between these lengths and p,(z), z € I,;. The following relations are well
known (see, e.g., [8, (1.2) and (1.3)]).

(4.1) pn(x) <|L| <bpp(z), x;<z<z;0q, j=1,...,n,

so that, in particular

(42 pul5 1) < Spalas), G=1,..m

Also

(43) |Ij:t1| <3|Ij|, 7=1...,n,

where we put |1,41| = |ly] =0, and it is easy to see that for j > i,
j—i

(4.4) max{| [, [lil} 35— < z; — ;.

Finally, for all z € [-1,1] and every 1 < j <n—1
(4.5) (@) < cpula;)(pa(a;) + |2 — )
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and, symmetrically,
(4.6) pa(5) < cpn(x)(pn(e) + |2 — z5)),
where ¢ is an absolute constant.

Lemma 2. Given numbers o; € [0,1], j=1,..., M. If

(4.7) > a;>8,

M S
(4.8) DTS I
j=1 j=1

Proof. Since a; <'1,5=1,..., M, it follows from (4.7) that foreach K =1,...,S
that

M
Z Q; Z S—K + 1.
j=K
Thus, adding these inequalities for K = 1,... .S, we obtain

S S
a2+ + Sas + Sase + ..+ Say =Y (S—K+1)=)Y j,
K=1

j=1
which in turn implies (4.8). O

The next lemma is a fundamental lemma in our construction.

We require the notation
0 1, x>0,
:L‘+ =
0, x < 0.

Lemma 3. Let F' € C[—1,1], and let the integers D, s and k, such that n/2 <
s < k <mn, be given. Assume that

o(w) = 3 oyl — )5,

15 a step function satisfying

(4.9) 0<o; <Cuws(Fpulzy), Jj=s,....k,

(4.10) g(xs) = g(xs) — g(xpg—) > 200 CD ws(F, pp(xs)),

(4.11)  g(x;) = g(z1) — g(ap—) <200CDws(F, pp(x))), l=s+1,...,k,
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for some constant C > 0. Then there exists a nondecreasing polygonal line

such that

(4.12) <5

(4.13) S(z) =g(x), xe€l[=1,1]\ [k, xsl,

(4.14) lg(x) — S(x)| <402CDws(F, pp(x)), € [xk, x4

Remark 1. Note that in view of (4.9) and (4.10), F ¢ Ps.

Proof. Note that z, < 0, so that p,(zs) > pu(z;), | = s+ 1,...,k, and let u,
s < u < k, be the largest integer such that

(4.15) an(F,pa() > 5 ws(F, pule).

Then, by (4.11),

k
Z a; <200CDws(F, pp(xys1)) < 100 CD ws(F, pn(xs)).
j=u+1
Hence,
> a; > 100 CDws(F, pa(z,)).
j=s
Denote by v, s < v < u, the largest integer such that

Y a; > 65CDws(F, pa(z)).

Jj=v+1
Put . i
= &, = &, A=P
! g;qu ZQM g
Note that ¢ # 0, since by the definition of v we have
v+1
Z > 35C' Dws(F, pn(xs)),
j=s

and by (4.9), ayy1 < Cws(F, pu(2041)) < Cws(F, pu(ws)), whence 35 a; > 0.
If A <1, then we put
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Otherwise, A > 1, and we set

Denote

(4.16) B; =B 9(s) R

Z? s |I?Z| (‘TS - xl)

and, finally, put 3, := 3, == 0, for j = u+1,..., k. We will show that the
polygonal line

k ﬁ'
D=3 e =),
211

is the required one. To this end, evidently,

k A

(4.17) Zf— t=s+1,....k

k. A

B

4.1 _:
(4.18) Z 7=
and

A o
(4.19) !ﬁASEJ

We will prove that

P
(4.20) Z ?— —x;) > g(x) Za]

Indeed, for A < 1, by (4.18), (4.4), and Lemma 2, we have

ko5 u A u
Z%(—)=Z§—,(—)Z%Z

@
—(xy — )
|15 !

j=v+1
53 -0 - g e
=3rD £ VT3 74
j=v+1 j=1
U—v * 65D
_ CW?)(F? pn(xsn Z . @ > CWS(Fa pn(ms)) Z]
3w D — " C'ws(F, pu(ws)) ~ mD o

_ 65D(65D +1)C ws(F, py(as))

6D > (200 D + 1)C w3 (F, pn(xs)),
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where o := j,, and we used the facts that 0 < af < Cws(F, pu(7;)), and

Za; = Z aj > 65 DC ws(F, pn(xy)).
=1

j=v+1

Similarly, if A > 1, then we have

k P u P
S D) =3 ey - )
= 1] = ]
1 o~
> =) —L(r;— )
D <= |1j] ’

> (200 D 4+ 1)C w3 (F, pn(zs))-
On the other hand, the inequalities (4.9) and (4.11) imply
(4.21) g(xs) < (200D + 1)C ws(F, pn(zs)).

Hence, (4.20) is proven. Now, (4.12) follows by (4.19) and (4.20), and the defi-
nition of 3;, (4.16). Also, (4.16) and (4.17) imply that S is non-decreasing, that
S(zs) = g(xs), and by virtue of (4.18), we get (4.13). Further, since S(z) = 0,
r < xy, (4.11) and (4.21) imply (4.14) for = € [z, x,], where we note that by
(4.11),if oy <z <21, =u,..., k, then

g(x) = g(x;) <200 CDws(F, pp(x;)) < 200 CDws(F, py(z)).
Finally, for = € [z, 4]
1S(2) — g(2)] < g(ws) = S(wu) = g(2s) < (200D + 1)C ws(F, pu(zs)),
by (4.21). Now (4.15) implies (4.14) for # € [xy,xs]. This completes the
proof. 0

Remark 2. Lemma 3 is stated for the interval [—1,0]. The situation is completely
symmetric for the interval [0,1] (one only has to take a mirror image of the
conditions, this time with 1 < k < s < n/2). We leave the statement and proof
to the reader. (See also Remark 3 below.)

Lemma 3 is the main tool we use in the proof of Lemma 7 below. However,
in that proof we may encounter a case where the conditions of Lemma 3 are not
satisfied and we need to apply another tool. This is the purpose of the following
observation.

Lemma 4. Let [n/2] < k < n, and assume that the nonnegative numbers o are
such that

(4.22) > a; < cws(Fpa(xs), s=[n/2],... k.

j=s
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Then for x; < x < x4, l = [n/2],...,k =1, and for —1 <z < x_4, for l =k,
we have
!
1+ 2\2
4.23 ( ><~ F o (2)).
(1.23) 3 o) ssalrad

Proof. Denote m := [n/2] and let either z; < z < 2,4, | = [n/2],...,k — 1,
or =1 <z < xp_, for [ = k. We rewrite the left hand side of (4.23) using
summation by parts.

. , sz )
o) —X (i) * X Yats e T

j=m s=m+1 j=s

By virtue of (4.22) we obtain,

Zl:%( 1+2 >2 < cw(F, pn(xm))( 1+x )2

1+x; 1+x,,

j=m

+e Zl: w(F, pu(zs)) [(1“’)2—( L )2] — L+ D

s=m+1 Lt Itz

Now, for m < s <, it follows that
3 1 3/2
(4.24) p’g(%) ( T ) < 64,

where we recall that © < z;_;.
Observe that

1 1 L]
<c

(14252 (1+x,1)2 " (1+4z4)3

so that by (4.24),

l

w3 (F, pn()) 2 3 ||
PR U 2 e

~ L
(4.25) < cws(F, pn(x))s;lm
< cws(F, pn(2))(1 + x)'/? /xm(l +1)2at

xy

< cws(F, pp(x)) (fi‘;ﬂl)l/?.
Also,
Po(m) L+x N2
(4.26) I < e B (F, pn(x))(l . xm) < cws(F, pl()).
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Combining (4.25) and (4.26), the proof is complete. O

Remark 3. Lemma 4 is stated for the interval [—1,0], but we need it also for
the interval [0,1]. However, unlike Lemma 3 which was translated, practically
verbatim, to [0, 1], a similar translation of Lemma 4 to [0, 1] is not helpful for
the estimates on the approximation by the splines with nodes at the Chebyshev
knots, due to the non symmetry of the truncated powers. Rather we will have to
modify it. One should note that it is also possible to apply this modification in
order to translate Lemma 3 to the interval [0, 1]. (See details in the last part of
the proof of Lemma 7 below.) Nevertheless, we need the translation of Lemma 4
to [0,1] for the estimates on the polynomial approximation, but we defer the
statement for further preparations (see Lemma 11).

5. AUXILIARY LEMMAS

We begin with a lemma.

1
Lemma 5. Let 0 € (xj,xj_1), N+1<j<n—N. Forany~, |y| < 5]]j|, there
are nonnegative numbers n;, 11, v; such that
(5.1)
T]j(I—ZEj+N)2+Mj(ZE—Ij+1)2+Vj<CU—Ij_2)2 = ($—0)2+h§+7($—1’J_2)7 x € R,
holds with N > 1900 and h; = 7|1;]|.
Proof. Comparing the coefficients of the various powers of x on both sides of

the equation, we observe that (5.1) is equivalent to the system of three linear
equations

nj+ v =1
NiTj+N + piTi1 + Vitj—2 =0 — %,
MTT N+ 5 Fves oy =07+ hY —yx .

The solution to the latter is given by
Ay Apj Ay
n; = My = ’

J Aj J Aj

where by straightforward computations we have,

A= (50 — xj) (@2 — Tjrn) (Tj41 — Tj4n) > 0,

Ay = (j—2 — 1) ((3 — 1) + B = (22 — wj41) (9 + % = 1?j+1)>,

P>

e
i — (.Z‘j_g — «rj+N ( Tj_2 — Tj4+N <2 + Tj—2 — 9) - (9 - l‘j_g)z — h§)7
Avj = (Tj01 — Tjsn) ( — 2j1)’ + h — (w2 = 2j11)
)

+ (Tjp1 — Tjan (9 -5 mJ—&-1>>
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Now,
Tja — i < T,
and
1] gl 4]
$j+1+7j SQiES%—Q—TJ-

Hence, we obtain

.,
W= (a0 =2 (0+ F = a51) = (TIG1) = (250 = 2550)°
> (7)) ~ (71))* = 0,

and as all other terms are nonnegative, we conclude that A, ; > 0.
Even simpler is the inequality

1

so that, with all other terms being nonnegative, we conclude that A, ; > 0.
Finally by virtue of (4.3) and (4.4), we obtain

N -1 1| - N—1
[l >
il 2 =

y
(%j11 — Tj4n) (5 +Tjo2 - ‘9) > 5l

Hence,

(Tj+1 — Tj4N) (% +tTj2— 9) — (0 —z51)° - h?
N -1

6
since we recall that N > 1900. Thus, A, ; > 0, and the proof is complete. U

N -1
112 = 49| = 49] L, = (——= = 98)IL;[* > 0,

>

We also need the following lemma.

Lemma 6. For any 0 € (xj,x;_1), 1 < j < n — 1, there exists a piecewise
quadratic spline Sy € A3 with the Chebyshev knots, such that

(5.2) So(z) = (v — 0)?, x € (xj_1,1],
5.3 o) < o1 ) 1P, vel-La,)
(5.4) 1Sp(z) — (x — 0)%| < c|L]?, T € [rj,xj_1].

Proof. For j =1 we take Sp(x) := (x — 1) and observe that we have a stronger
inequality (5.3), namely, Sp(z) =0, z € [-1,xy).
Otherwise, 1 < j < n, so take

So(z) == —n(1 +2)* + p(r — 2))% +v(r — ;)3 =z €[-11],
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where
_ (21— 0)(0 — )
(j—1 + 1)(z; +1)
(xj—1 —0)(6+1)
(@ + 1) (wjo1 — 25)”
_ (B—=)(0+1)
(o D (w — )
By definition, u, v > 0, so that Sy € A3. Also, straightforward computations yield

(5.2). Thus, it is left to show (5.3) and (5.4). To this end, first let x € [—1, z;].
Then

9

(xj1 = 0)(0 — ;)
(.fL'jfl -+ 1)(.1'] + 1)
( 1+

T xj) zj-1—0)(0 — x;)

1/1
4 1—1—333

[So ()| = n(1+2)* = (1+2)*

IN

which proves (5.3). Finally, for « € (x;,x;_1], we have
[So(2)| = n(1+2)* + pla — ;)
1 /7142x\2 0+1
< (=) 1P P
4 \1+ x; r;+1
< C|Ij|27

where for the last inequality we applied (4.4) to conclude that

1—|—Q? 1—|—9 1+.Tj,1
max , <
1—|—£L’J 1—|—$] 1—|—.CI]J

XTi1 — X5
=14+ <14 3
Tj— Tp

This combined with the fact that
('T - 9)3— < |Ij|27 LS (xjwrj—l]v
completes the proof of (5.4) and, thus, of the lemma. O

We apply the above lemmas to remove the unwanted 6;’s.

Lemma 7. Suppose 0; € (v;,xj-1), j=N+1,....,n—N —1, and
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and assume the coefficients are such that for some F € C[—1,1],
0 < g 1* < cws(F,pu(x;)), j=N+1,....,n—N—1.

Then there is a piecewise quadratic spline oy € A® with nodes at the Chebyshev
knots, satisfying

lo(z) — o1(x)| < éws(F, pp(x)), xe€[-1,1].

Proof. We first point out that by virtue of Lemma 5, for each j, N +1 < j <
n—N—1,

(x — 0,3 —(nj(z — zjun)t + pi(z — 2j0)5 +vi(x — 2520)%)

(5.5) — hf(ﬂﬁ - 933'—2)& - %‘(93 - %‘—2)+
0, if x>z, 0r z<uxn,
N Rj(x): for Tj+N <z < Tj—2,

where v; is to be prescribed, and
(5.6) [Rj(2)| < e|I;*,  wjen <@ < ajos

We split the summation in o into two parts, the sum of the terms with [n/2]+2 <
j <n— N —1, and the rest (which is treated similarly, see the last part of the
proof).

Consider the sum

n—N—1 n—N-3
Z qjhi(x — xH)‘i = Z Qj+2hj2+2(x - 9‘/’]‘)3'
j=[n/2]+2 j=[n/2]

Our strategy is to apply Lemma 3. Let D be taken so that

2

. =1 | = 21,...,n—N —3.
(57) D|I]_2|<3|j|’ J IVTL/ -|7 T 3

We begin by setting k; = n— N —3, and we let s; < k; be so that s; > [n/2], and
the conditions of Lemma 3 are satisfied for s = s;, k = ki, with «; := h?+2qj+2.
Note that o; < cws(F,pn(z;)), [n/2] < j < n— N — 3, for some constant
c. Clearly if sy = [n/2], we are done with the construction. Otherwise, set
ky :=s1 —1 > [n/2] and let so, [n/2] < sy < ko, be chosen similarly, with the
conditions of Lemma 3 to be satisfied. We proceed like that and let [n/2] <
Sm < kn, be the last pair to be chosen in this manner. We apply Lemma 3 and
Lemma 5, for each pair (s;, k;), obtaining a piecewise linear spline

Bj—?

Py

n—N-—1

(# — xj-2)4.
Jj=58m Jj=sm=+2
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Observe that we may choose in (5.5),
Bj—2
gl 12|’
since the only requirement in Lemma 5 is that |y;| < 3|I;|, that is guaranteed by
(5.7). Hence,

Vi ==

n—N—-1
Bj—2
Z (uj 2|( — Tj2)+ + 4@ — xj2)4 | =0,
J=sm+2 J

and in view of the above construction,

n—N-1 n—N-1
Y oah@—z0)5+ Y gue—z)s
J=8m+2 Jj=sm+2
n—N-—1 —N—
(5.8) = | Y ghie—x;0) Z — Tj-a)+
Jj=sm+2 Jj= 5n+2 ‘7_

< cws(F, pn(x)), = €[-1,1].
Also, given x; < x < x;—1, N <i<n— N, we get by (6.5) and (5.6),

n—N-1 it1
> glRi@) < D gl Ri(w)]
J=sm+2 j=i—N
i+1
(5.9) <c Z (F, pn(j)) < cws(F, pu(x)),
j=i—N

where for the last inequality we have applied (4.1) and (4.2).
Thus, letting

n—N-—1
(5.10)  Si(z) == Y qi(nile —zpn)] + pile — 2500)% + v — 252)7),
j:3m+2
it follows by (5.8) and (5.9) that
n—N-—1
(5.11) ‘ Z q;i(z — = S1(2)| < cws(F, pp(x)), xe€[-1,1].
j=sm+2

If it so happens that s,, = [n/2], then we are done. Otherwise, our process
stops, that is, we have an index k (which may even be k = k;), and we cannot
find s < k so that the conditions of Lemma 3 are satisfied. Namely, we have the
inequalities

k+2

> lLI? < CDws(F pu(y), s=[n/21+2,... k+2.

J=s
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Then we go back to the original sum Zfi%n o142 @ (x —6;)%, and approximate it
using Lemma 6.

To this end, note that by virtue of Lemma 6, for z; < z < 2;_4, [n/2] <1 <
k+3,and for —1 <z <z, | =k + 2,

k+2 l L4212
o gl@—0)2 -S| < > @lj|fj|2<1Jr )
. . &€
j=[n/2]+2 j=[n/2]+2
(5.12) < CDws(F, pu(x)),
where for the last inequality we have applied Lemma 4.
Denoting
k+2
Sy(z) = Z 4550, (),
i=[n/2]+2
and setting
= Sl + 527
we conclude that S € A3, and it follows by (5.11) and (5.12) that,
n—N-1
(5.13) ‘ PR 5(90)‘ < CDuws(F,pn(x)), z€[-1,1].
j=[n/2]+2

As mentioned at the beginning of the proof, we construct a similar 3-monotone
piecewise quadratic spline with nodes at the Chebyshev knots, approximating
[n/2]+1
> ai@ 63
j=N+1
First we apply the construction of Lemma 3, see Remark 2. However, again we
may have an index £ > N + 1 such that

> Gl < CDws(F,pa(x,)), s=k+2,...,[n/2] + 1.
j=k+2
Thus, we need to apply an analogue of Lemma 4.
To this end, we observe that

(5.14) (x—t)2 =(x—1)> = (-2 +1)3.
Hence, substituting y := —z and 7; := —0;,
[n/2]+1 [n/2]+1 [n/2]+1
Y oglr—0) = D qle—0)"— Y gl-x+6)3
j=k+2 j=k+2 j=k+2
[n/2]4+1

= Plx)— Y 4ly—7)}

j=k+2
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Note that P(x) is a quadratic polynomial. Denote y; := —z;. Then 7; €
(Yj-1,y;) C [—1,0], except for yp, 2141 and, perhaps, yr, o (the latter, only if
n is odd), but this requires no significant modification in the proof of Lemma 4.
Thus, by Lemmas 4 and 6, there exists a quadratic spline S(y) € A® such that

Mn/2]+1

| Gly—m)? - 8| < CDw(F puly)), yel-11],

j=k+2

which in turn implies

[n/2]+1
| Y aie—6)% — (P(2) = 5(=2))| < CDws(F, pu(x)), =€ [-1,1].
j=k+2
Finally, we observe that P(z) — S (—z) € A3. This completes the proof. |

6. QUADRATIC SPLINE WITH NODES AT THE CHEBYSHEV KNOTS

We are ready to prove Theorem 2.

Proof of Theorem 2. Given F' € A?, the function f := F’ € C(—1,1), is convex.
Let s(x) denote the piecewise linear interpolant of f on the Chebyshev knots
Tp_1 < --- < x1. Then, it readily follows that s is convex and the requirements
of Theorem 1 are satisfied in [z,_1,x;]. It was proved in [11, Lemma 3] that

/ |f(t) = s(O)]dt < cws(F, (Ti2 — Ti41)/3; [Ti41, wi0]), 2<i<n—1
Hence, by Theorem 1 (2.1), we obtain a piecewise quadratic S € A3[x,_1, 1]
satisfying
(6.1) |F(x) = S(2)] < cws(F, pu(x)), @ € [wn-1,21],

where we used (4.1), (4.2) and (4.3).
However, note that S may have nodes not only at the Chebyshev knots but,
perhaps, also at some 6; € (z;,2;-1),2<j<n-—1.
We extend the definition of S to the end intervals by
Sy = F(@01=) (- —21)* + F'(21) (- — 21) + Fz),
and
S‘ = F”(Zvn_1+)(' — l’n_l)z + F’(:Bn_l)(' — In_l) + F(a:n_l).

Again, by [11, Lemma 3]

[—lzp_1]

f(t) = S'(0)] dt < cws(F, (1 = x3)/3; [23,1]),

/ TR = S0 db < cws(F, (ens 4+ 1)/35 [~1, 2n_s),

-1
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so that, combined with (6.1), we have
(6.2) |F(x) — S(z)] < cws(F, pu(x)), = €[-1,1].

Clearly, we may write

n—1 n—1
S(x) =: P*(z) + Z%‘(SE —x;)2 + Zqz(x — 0,3, zel[-1,1],
i=1 =2

where P* is a polynomial of degree < 2, and all a; > 0,1 <7 <n—1and ¢ > 0,
2<i1<n-—1.
We proceed to remove the terms involving 6;, N +1 < j <n — N — 1. This we
do by virtue of Lemma 7, by showing that ¢;|I;|* < cws(F, pn(z;)), N+1<j <
n — N — 1. To this end, observe that by (1.3),
Bh(x) = Az(()iﬂﬁ) >0, ze€ [_2’ 2]7

and

AY(()2,x) > h? for —2h<az<—h.

For h = 1|I;|, N+2<j<n—N-—1,let x —0; € [-2h,—h]. Then it follows
that

n—1 n—1
q.
AG(S,z) = ; a;Bp(z — x;) + ;qz’Bh(ﬂf —0;) = ¢;Bp(z — 6;) = ﬁuﬂz-

On the other hand, by (1.2), for all « such that x — 6; € [-2h, —h],

AN (S ) S ws(S, (wj-2 — Tj51); [Tj41, Tj—a]) < cws(F, pulzy)),

where we applied (6.2), and (4.1) and (4.3).
Hence, we conclude that

qj]Ij|2§cw3(F,pn(a:j)), j:N+1,7n—N—1

Therefore, by virtue of Lemma 7, we have a 3-monotone piecewise quadratic S
with nodes at the Chebyshev knots and perhaps additional nodes at 6;, 1 < < N
and n — N < i <n, such that

|S(z) = S(@)| < cws(F, pu(2)),
which in turn by (6.2) implies
(6.3) |F(z) — S(z)| < cws(F, pu(7)), z€[-1,1].
For later purposes, let S be represented by
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where, evidently, \; > 0,7 = N,...,n— N — 1, and by the same proof as above
(estimating ¢;), we conclude that

(6.5) N|L)? < cws(F, po(y)), i=N,...,n—N —1.

We replace S on the intervals [zyy1,1] and [~1,2, n_1], by the parabolas
Si(2) = 55" (wn 1) (@ — 2n1)* + 5 (wn 1) (@ — 2y 41) + S(zn1a) and S, (z) =
%S”(xn_N_l—)(x—xn_N_l)z—i—S’(xn_N_l)(a:—xn_N_l)—i—S(xn_N—l), respectively.
By virtue of [11, Lemma 3] and (6.3), we obtain
15(2) = S1(2)] < cen(F,pala)), =€ UL,
and
|§(I) - Sn(x)| < CW3(F’ pn('r))v LS U?:n—NIi’

where, again, we have applied (4.1) and (4.3).
Denote

S(z), TpoN_1 < T < TN

S(z) == < Sy (x), e UMt
Sp(x), reUr, yli

Then, S € A3, is piecewise quadratic with nodes only at the Chebyshev knots.
Finally, it follows by (6.3) that

(6.6) |F(a) — $(x)] < con(F.pa(a), o€ [-1,1],

where we applied (4.1). We have proved (6.6) for n > 2N + 1. By virtue
of Whitney’s theorem the quadratic polynomial that interpolates F' at —1,0, 1,
yields an approximation to F' which is bounded by ws(F, 1) (and any quadratic
polynomial is automatically in A®). Hence, since p,(z) > =5, we may extend
(6.6) down to n > 1. This completes our proof. O

For constructing the polynomial approximant in the next section, we need an
explicit representation of S (surprisingly, it looks asymmetric, but this is due
to the asymmetry of the truncated powers (- —¢)%). This is the purpose of the
following lemma.

Lemma 8. The following representation off;' 15 valid.

n—1 n—1 n—N-—1
S(x) = P*(x)+ qi(r—0;)* + Z Ni(z— )2+ Z Ni(x—x)2 = S(x),
i=n—N i=n—N i=N+1

x e [—1,1].

Proof. We only have to compare the values of S and S near the end points,
for both are equal to S in [z,_y_1,2Zy41]. Observe that both S(z) and S ()
are quadratic polynomials in [xy,1, 1], that agree up to the second derivative at
Zn41, hence identical. Similarly, observe that both S(x) and S, (z) are quadratic
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polynomials in [—1,z,_ny_1], that agree up to the second derivative at x,_n_1,
hence identical. This completes the proof. [l

7. POINTWISE POLYNOMIAL APPROXIMATION
We are ready to prove Theorem 3. We begin with some auxiliary lemmas.

Lemma 9. For everyn and1 < j < n—1, there exist a polynomial P; € P, 1NA?
and a number h; such that 0 < h; < cp?(x;), and we have the following estimates.

(7.1) (@ —a)% + hj(e —2;)% — P(2)] < cp(x) (pn(x) \+1j‘|x _ xj|) |
and
(7.2) (@ = 2)% + hy(z — @)} — Pi(a)] < ()

(on(@) + |2 — ;)55

Proof. By the proof of [2, Lemma 1] there exist P; € P, 11NA? and |h;| < cp?(x;),
such that

—iL"2 ‘33'—.]3'0— ( Cp%f(Ij)
(7.3) }(95 )5+ hy( )5 — B )| < (pn(xj>+|x_$j‘)15’

and in turn (7.1) holds (see there).
Now, by virtue of (4.5),
(pa() + |2 = 2])* < 2(pp(2) + |2 — 2,
c(pu(@;)(pu(s) + |2 — 25]) + |2 — 2;)
o

pu(;) + |2 — 24])%,

IA

IA

which, in turn, combined with (4.6), yields

e epal@)(pule) + |z — ;)™
(pule) + 1 =2, )® = (pule) + o — ;)1
cpy’(2)

~ (onl@) + |z — )55
Substituting in (7.3) we obtain (7.2). We are left with having to prove that

h; > 0. To this end, we note that [2, Lemma 1]) was proved using [6] construction
of convex polynomials ¢; € P, on [—1, 1] such that

0j(=1)=0, oj(l)=1-z; 0<oj(x)<1, ze[-1,1].

(See [6, p. 164-165] for the definition of o; and the above properties.)

Hence,
t

@®4wmﬁ=[¢@@zatQAwL

1
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and )
7t = (t=2)e = [ A=)y =0, te a1
Recall that the polynomials P; ané the constants h; were defined by

Pi(z) = 2/36 o;(t)dt and h; = 2/ (oj(t) — (t —xj)4)dt.

—~1 -1
Thus, we immediately conclude that h; > 0. This completes the proof. ([l

Remark 4. Note that Kopotun’s [6] construction of o; yields polynomials of degree
cn. Thus, in order to have the polynomials of degree n, we take the Kopotun
construction for n; := [n/c]. However, in order to avoid unnecessary cumbersome
notation, we continue to call it n.

Remark 5. Since we will have to use often the inequalities (7.1) and (7.2), we
introduce a single notation for both right hand sides. Thus, denote

() :=min{ p?(z |Ij| 3 pff(x)
T At {"”( G ) ’(pn<x>+|x—xj\>6-5}'

Lemma 10. There is an N such that for everyn > 2N +1 and N < j < n/2,
there exists a polynomial Q; € Ppy1NA® such that the following inequalities hold.

(7.5) ((z — ;)% — Qi(x)| < cAnj(x), xe[-1,z),
and

(16) |- - Q)| <c (

1—=x

2
1_ x) 1LIP 4 cAnj(z), o€ (z5,1],
j
Proof. Fix N > 0 large enough, to be prescribed, and let b := kn=2 =

MAaXN<j<n/2 E—IZ < 1, where k = k(n) = O(1). Set

Qj() = ;P (ﬁ;%) , N <j<n/2

where the polynomials P; are given in Lemma 9, and v; and §; are determined
by the conditions 7}(1) = T7(1) = 0, where

2
x—¢;
Tj(x) = ; (Tb] - l"j) + by — (v — 2))*.

The conditions T}(1) = T7(1) = 0 are equivalent to the following system of two
equations:

{(11—2)2(1—%‘ — & —bz)? +yshy = (1—x)?
u:iy_—]b)z(l—l'j—fj—bl'j) :1—.l’j.
Eliminating 7;, we obtain a quadratic equation for ¢;,

SJQ + (Qbej + Ty — 1)53' + (1 + b)th + bxj(bxj + T; — 1) =0.
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For N > 0 sufficiently large, the discriminant of the above equation, (1 — z;)* —
4(1 + b)?h;, is positive, and we take &; to be the solution

(1—a2;) = /(1 —2;)? = 4(1 4 b)%h;
5 .

fj = —bZL‘j +

Then straightforward computations yield

2(1+4b)?

1 _ A0+0)%h ’
(1—z;)?

J

1+

and since h; > 0, this implies that (14 b)? <v; < 2(1+b)* <8, and

;i A(1 +b)hy
7.7 0< 1< —
(7.7) ~ (1+0)? T (1 —xy)?
Also, since h; > 0, we have by the definition of b,
4(1 2h; 16A;
0<¢& +ba= (L+0)h, < 2oh; <b.

(1—2;) + /(1 —2;)? =41 +b)%h; ~ 1 -5

Hence, [&;| < b.
Set 2’ := (z —&;)/(1 +b). Then

(7.8) —1<2'<1, and |z—2/|<2xn?% x€[-1,1],

so that c1p, () < pp(2') < capn(z), and

(19)  on(e) + 13— 53] < cpala’) + 18’ — 23] + 072 < clon(a) + |2 — 35]).
Fix j, N <j <n/2. If v € [-1,1] is such that 2’ € [-1, ], then by Lemma 9

and (7.9), we obtain
r—&
P; ( 1—|—b]>‘ < cA, ().

If ' € (z;,1] and @ € [-1,x,], then 0 < z; — 2/ <z — 2’ < 2kn™2 < (][},
0 < h; <c|[;]* and A, ;(z) > c|I;]*. Hence, by Lemma 9 and (7.9),

=&\ (=& Y
P J ) J _h.
J(1+b) (1+b xﬂ) £
Hence, together with (7.10), we obtain (7.5).

In order to prove (7.6), fix € (z;,1]. If 2/ € [—1,x;], then (z—1;)* < ¢|[;|* <
cA, j(z). Thus, by (7.10),

(2 — ;)" + Qs(x)| < (z — 2;)” +]Q;(2)] < cAn (),

and (7.6) is proved.

(7.10)

<

SC—f' /
]Dj ( 1+ bj) ’+($ —{L'j)z—i—hj S CAnJ'(QT).
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Otherwise, 2" € (z;,1]. Then by Lemma 9 and (7.9), we obtain

p (P86 (=& Q_hA < cAyi(2)
T\1+0b 1+b o
and so
xr—& ?
1) foma - Q@ <[k - (52 - a) -
+CAn7j(I), T € (.Z'j, 1]
Now by virtue of (7.7),
T =& 2
(@ =y (=) —hs|=IT3(0)
:‘1_ R ‘(1 S P i 2|1A|2
(1+0)? 1— I
hence together with (7.11), we obtain (7.6). This completes our proof. O

We are ready to state the mirror of Lemma 4.

Lemma 11. Let N < k < [n/2], and assume that the nonnegative numbers o
are such that

(7.12) > a; < cws(Fpu(zs), s=k,...,[n/2].
=k
Then for xjp1 <z <z, l=k+1,...,[n/2], and for xp1 <z <1, forl =k,
we have
mE L,
(7.13) 3 aj(l - xj) < Gy (F, pl().

j=l
Proof. The proof is a repetition of the proof of Lemma 4. We only need to observe
that, instead of (4.24), we have for all [ < s < [n/2],
3 1— 3/2
pn(m) 1=
for x > zy44. OJ

We quote a lemma resembling what was done in Lemma 5.

Lemma 12. [2, Lemma 4| With N sufficiently large, let n > 2N + 1. Set

1
Tj‘

= 2_6((3:]' — ;. N)? (25— 248)7),

and put D = 20N?2.
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If 1b] < DII i, then the linear system of equations
N+ pi + V5 =1
20 (x5 — x5 n) + 205(2; — 254n) =b;

i (2 = 2j-n)? + hyjon) + pihy + v (25 — 2jen)? + hjan) =15,
has a unique solution (n;, jij,v;), satisfying n; >0, p; > 0 and v; > 0.
Remark 6. How big N is depends on the quantities h;, 1 < j < n—1 of Lemma 9,
so that it is an absolute constant since the ();’s defining the h;’s are fixed (see

[2, Lemma 1]), so it is independent of F. Since we depend in our proof below on
the quadratic spline of Theorem 2, we take N > 1900.

We are ready to prove Theorem 3.

Proof of Theorem 3. Recall that
n—N-1

(7.14) S@)=Pl)+ 3 Mle—a,)%.

J=N+1

where P := P*+37 0 qi(-—0:)2+327 1 Ai(-—4)?, is a quadratic polynomial,
and that it satisfies

(7.15) |[F(z) = S(x)] < cws(F, pa(2))-
Also, by (6.5) and (4.1),
(7.16) N <cws(F LN j=N+1,...,n—N—1.

Let bj, N +1 < j <n— N — 1, satisfying the requirements of Lemma 12, to be
prescribed. For the triples (7, y;, vj), of nonnegative numbers that add up to 1,
guaranteed by Lemma 12, we define

n—N-—1

= P+ Z Ni(nPi—n + pi Py +v;Piin),

j=N+1
where the polynomials P; are from Lemma 9. Then it follows that
R®(x) >0, z¢€[-1,1].
We will prove that
(7.17) [5(2) = Ra(2)| < cwy(F, pa()),

which combined with (7.15) yields the required estimate, proving Theorem 3 for
n>2N + 1.
To this end, we follow (part of) the proof of [2, Theorem 1] and set

i Pjn + 1Py + viPin = (= 2))% = v + £+,
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where
vj =i (Pj-n = hjn (- — 2j-n)} = ( = 2j-n)%)
+ i (Py = hy(- —25)3 — (- = 25)7)
+ 15 (Pien = hjrn (- = 2j0n)§ = (

- $j+N)i),

tj = (- —2j-n) =205 —2j-n) (- —25) 1 — (25 —25-n)(- —25)% = (- —25)3)

+v5((- —iﬂj+N) 2w —xjn) (- — )4 I — (2 —25n) (- —2) = (- —25)7)
+hyn (=2 n)) = (= 2)8) b (= 20n)S = (= 25)5),
and

uj =1y = xy) 0 b (- —25)y,

where 7; and b; are from Lemma 12.
In order to derive the estimate for v;(z), we have by virtue of Lemma 9,

(7.18) ()] < e(Anjon(x) + Apj(2) + Anjyn ().

Fix = € [-1, 1] and separate the sum

n—N-1
Z )\j"l)j(.]j‘)’ = Z )\j"l}j(ﬂf)’ + Z )\j’UJ | = Z + Z//
j=N+1 Gipn(@)<|1;] Jipn()>|1;]

For j that satisfy ;| > pn(x), we have by (7.16),

I L
< corl PN < ¢ (7 1) L alF pulo)

Also, in view of (4.3),

; c—w?’(F’pn@>> min
)‘J < ,0;31(33) {‘ N’ | +N‘}
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Therefore, by (7.18)
1

2= 2 et (<pn<x>+|x—xj_m>6~5

+ 1 4 1 >
O M (OISR

n—1
|15
< cws(F, p,
cal BpnD@) X T e
5.5 = du
(7.19) < cws(F, pu(2))p," () 5 < cws(F) pu(@)).

n ()

For the other sum, note that if |1;| < p,(x), then ws(F, |1;|) < cws(F, pn(x)). Also
by (4.3), |I;] < emin{|l;_n/|, |;+~]|}. Hence, together with (7.18) and (7.16) we
obtain,

" 2 (x " |IJ*N|
S < nlFa A0 | ot
|1 | 2N
(pn(@) + 2 —250)* * (pu(®) + |2 — 2jn])?

< cws(F, pn(x))pi<x> Z_: | L]

_|_

— (pn(@) + & — 2;])?

(7.20) < (. pula))iio) | ( )d—if < cws(F, pal2).

Thus, combining (7.19) and (7.20), we obtain

n—N-—1

(7.21) S Alo(@)] < cws(F, pa(a)).
j=N+1

At the same time the support of the function ¢; is contained in [z;4n,z;j_n], SO
that for x € I;, 1 < i <n,

n—N-1 min{n—N,i+N—1}
> Alti)] = > Ajlt; (@)]
J=N+1 max{N+1,i—N}
min{n—N—-1,i+N—-1}
(7.22) <e S wlFpaley) < cws(F pala),

max{N+1,i—N}
since |t;(x)| < ¢|I;]* and we applied (7.16), and by (4.1) and (4.2),
w3 (F, pn(x;)) <cws(F, pp(z)), max{N+1,i—N}<j<min{n—N-1,i+N—1}.
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Finally, we estimate Z?:_]]VV;% Aju;. To this end, we have the piecewise constant

n—N-—1

> ajla -y,
j=N+1

with 0 < a; = A\jr; < cws(F, pn(z;)) (see (7.16)). We repeat what we have done

in the proof of Lemma 7. We deal separately with the summation on j > [§]
and with the rest. We begin with k; = n — N — 1 and (if possible) find s; < k;
such that the conditions of Lemma 3 are satisfied for the pair (s, k;). Then we
take ko = s; — 1 and find sy < ko with similar properties. If after a few steps,
we arrive at [§] = 8, < ky,, With the pair (s,,, k) satisfying the conditions of
Lemma 3, we are done. Otherwise, the process stops, that is, we have an index
k <n— N —1 (which again may be k = k), such that
k

(7.23) > a; <CDws(F, pulxs)), s=[n/2],... .k

J=s
We go through a similar process for the other summation, that is, for j < [n/2].
Again, this process may end with s/, = [n/2], in which case we are done, or we
may have an index &’ > N + 1 such that,

Sl

(7.24) Y a; < CDws(F,palas)), s =K,... [n/2].

j=k"
For the sums of the former type we obtain by the same proof as of Lemma 7, non
decreasing piecewise linear functions

Sm K}
> Bz —xj)y and Y Bila —a5)4,

j=k1 j:siﬂ,

such that
1

i + i (oj(z — )5 = Bj(x — x;)+ ) | <cDws(F, pu(x)), =z €[-1,1],

n

with |5;] < %}]'
Thus, with b; defined by \;b; == 3;, j =ki,...,sp, and j =5, ... k],
Sont n—N-—1
(7.25) Y+ Y P Au(a)] < cDws(Fopa(), = €[-1,1].

Now, we have to deal with the remaining elements, that is, these in (7.23) and
(7.24). We go back to the basic representation (7.14) and replace the truncated
powers (x—1x;)%, j = k,..., [n/2], by the polynomials of Lemma 10. One should
note that unlike the spline case (see Lemma 6), the polynomials do not coincide
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with the truncated powers (x — ;)% on [—1, z;], and that our estimates on (z;, 1]
do not involve only the terms ((1—z)%/(1—x;)?)|I;]%, but also the terms A, ;(z).
The sum of the terms A, ;(z) is dealt with by the same proof for the v,’s (see
(7.19) and (7.20)), and we estimate the sum of the terms ((1—x)?/(1—x;)?)|I;|?,
as in the proof of Lemma 7. Hence, we obtain for this sum, the required estimate

by Lemma 11. Finally, we apply (5.14) to move the truncated powers (z — ;)3

Jj = [n/2],...,k to the interval [0, 1], and similarly obtain the approximating
polynomials and the required estimates as explained above. So, we summarize
that

k [n/2]

(7.26) S+ bui@)| < cws(Fpa(z), @ e[-11].

j=[n/21 =K

Combining (7.21), (7.22), (7.25) and (7.26), we obtain (7.17). We complete the
proof for 2 < n < 2N + 1, by taking the interpolating quadratic we took in the
proof of Theorem 2. This completes the proof. 0
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