CRM Preprint Series number 1121

KURANISHI TYPE MODULI SPACES FOR PROPER CR
SUBMERSIONS FIBERING OVER THE CIRCLE

LAURENT MEERSSEMAN

ABSTRACT. Kuranishi’s fundamental result (1962) associates to any compact
complex manifold Xy a finite-dimensional analytic space which has to be
thought of as a local moduli space of complex structures close to Xy. In
this paper, we give an analogous statement for Levi-flat CR manifolds fiber-
ing properly over the circle by describing explicitely an infinite-dimensional
Kuranishi type local moduli space of Levi-flat CR structures. We interpret
this result in terms of Kodaira-Spencer deformation theory making clear the
likenesses as well as the differences with the classical case. The article ends
with applications and examples.

INTRODUCTION

In 1962, M. Kuranishi proved that any compact complex manifold X, has a
versal (also called semi-universal) finite-dimensional analytic space of deforma-
tions K (see [Kul] for the original paper, [Ku2] and [Ku3| for more accurate
versions and simpler proofs). Roughly speaking, this means that every defor-
mation of the complex structure of X is encoded in a family defined over this
finite-dimensional analytic space K (the family is said to be complete); and that
this family is minimal amongst all complete families. This fundamental result
is the crowning achievement of the famous deformation theory K. Kodaira de-
veloped in collaboration with D.C. Spencer (see [K-S1], [K-S2]). The Kuranishi
space K must be thought of as a substitute for a local moduli space of complex
structures, which is known not to exist in general.

It is natural to ask for generalizations of this result to other geometric struc-
tures, and in particular to foliations. It is known that a Kuranishi’s Theorem is
valid for holomorphic foliations and even for transversely holomorphic foliations
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(see [G-H-S]). In this last case, the foliation is smooth, but its normal bundle is
endowed with a complex structure which is invariant by holonomy.

However, in the case of foliations by complex manifolds (or, equivalently, Levi-
flat CR structures), the situation is much more complicated. Here the tangent
bundle to the foliation is endowed with a complex structure, so that this is a case
in a sense orthogonal to the previous one.

The main problem is that it is easy to find examples of foliations by com-
plex manifolds with no finite-dimensional complete family. Indeed, this is the
most common case and it seems very difficult to give a useful criterion to ensure
finite-dimensional completeness. For example, in the case of an irrational linear
foliation of the 3-torus by curves, finite-dimensionality is related to the arithmetic
properties of the irrational slope (see [S]] or [EK-S]).

So one is faced with the following dilemma: either studying the rare examples
where finite-dimensionality occurs (cf. [M-V] for such an example), or dealing
with infinite-dimensional families.

If one follows this last option and try to construct an infinite-dimensional versal
space, many technical obstacles come out. The classical proof of versality in
Kuranishi’s Theorem breaks down completely since it uses heavily elliptic theory,
and begins with showing that the candidate for versal space is tangent to the
kernel of an auto-adjoint elliptic operator. But this implies that this space is
finite-dimensional. Hence there is no natural way of attacking the problem.

The starting point of this paper is the following easy remark. If we consider
the Levi-flat CR manifold E, x S (for E, the elliptic curve of modulus 7 € H),
then a complete space for close Levi-flat CR structures ! is given by the set of
smooth maps from S! to H close to the constant map 7. It is even a local moduli
space if 7 is not a root of unity.

The main result of this paper (Theorem 2) shows that this picture is still valid
for Levi-flat CR manifolds which are proper submersions over the circle. Starting
with any such CR manifold &), there exists a finite-dimensional analytic space
K., with a marked loop ¢y such that a neighborhood of ¢y in the loop space of
K., contains all small deformations of &;. This loop space is the base of an
infinite-dimensional family which is complete for X (Theorem 4).

If all the fibers of the submersion Xy — S' are biholomorphic, the space K,
is just the common Kuranishi space of all fibers. However, if the submersion has
non-isomorphic fibers, one has to build this space from different Kuranishi spaces

by gluing them together. This causes many technical problems. First these spaces

Here, we consider only Levi-flat CR structures on the tangent bundle to the elliptic factor,
that is we fix the differentiable type of the induced smooth foliation. Moreover, we identify two
such structures if they are isomorphic through a CR isomorphism which is the identity on the
S!-factor.
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may not have the same dimension, hence we have to fat them. Then, there is
no canonical choice for the gluing maps, hence we have to make all the choices
coherent. Finally, we have to make sure that the resulting glued space is really
an analytic space, especially that it is Hausdorff.

It is important to notice that this complete family is not always versal. But
it is minimal in a reasonable sense as explained in Corollary 4. Indeed, we give
examples in Sections V.3 and V.4 which suggest that there is no versal family.
We also give a complete characterization of versality of our family in Theorem 4.

The paper is organized as follows. In Part I, we give some preliminary material.
While some of it is very classical, the version of Kuranishi’s Theorem as well as
the definitions of CR deformations are not. In Part II, we study the neighborhood
of a loop in the set of complex structures on a fixed differentiable manifold. It
is the first step in the construction of the Kuranishi type moduli space and is
completed in Theorem 1. Part III contains the construction of the Kuranishi
type moduli space C* (S, K,) and the proof of Theorem 2, our main Theorem.
Part IV develops the necessary deformation machinery to interpret Theorem 2 in
terms of deformation theory. Part V contains applications to connectedness and
rigidity of the Kuranishi type moduli space as well as examples showing that it
can be explicitely computed.

I. PRELIMINARIES

1. Notations and Framework. The notations we introduce in this section will
be used throughout the article.

Let X%// be a smooth (i.e. C*) connected compact manifold of dimension
2n. We fix a smooth riemannian metric ¢ on its tangent bundle TX %//.

Given any locally trivial smooth bundle E over X%// we denote by X(FE) the
space of sections of E. More generally, we denote by 3(E, B), or simply by X(F)
when the context is clear, the space of smooth sections of a locally trivial bundle
E with base B. We topologize such spaces of sections using a Sobolev norm
and consider sections belonging to the Sobolev class W3 (cf. [Ku3, ?] for more
details). They form a Hilbert space. We assume that r is big enough to ensure
that all these sections are at least of class C*"™!. We drop any reference to this
r in the sequel, since it does not play any specific role.

We denote by £ the set of almost-complex structures of class W5 on X4//
and by Z the subset of £ formed by the integrable ones. We assume that both &£
and Z are non-empty. Observe that our choice of r implies that an element of 7

gives rise to a structure of complex manifold on X%// by Newlander-Nirenberg
Theorem [N-N].
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Any almost-complex operator J is diagonalizable over C with eigenvalues ¢
and —i and conjugated eigenspaces. This induces a splitting of the complexified
tangent bundle of X%//

(1) Te X =TT

Conversely, any such splitting define a unique almost-complex structure on X %//,
which is equal (as an operator) to the multiplication by i on T and by —i on T.
Therefore, denoting by Gr(TeX%//) the bundle over X%// whose fiber at z is the
grassmannian of complex n-planes of (T X%//),, we may identify £ to an open
subset of L(Gr(TeX4//)). We set, more precisely

(2) E={T € 2(Cr(Te X)) | TnT={0}}
And we have
(3) I={Tec& | [INT]CT}

making Z a closed subset of £.

We will make use of the the formalism of Banach manifolds and Banach analytic
spaces as defined in [Dol] and [Do2]. Since Gr(TeX%/7) is a complex bundle, its
space of sections is a Banach manifold over C with tangent space at some section
o equal to the Banach space of sections of Sobolev class W3 of the complex vector
bundle o*T'Gr(Tc X %/7). Moreover, the open set € is a C-Banach manifold and
its subset Z is a C-analytic Banach space (cf. [Dol]).

Given J € & (respectively J € ), we denote by X; the almost-complex
(respectively complex) manifold (X%/7/J).

Let Dif f(X%/7) be the group of diffeomorphisms of class Wy of X%/7. Tt
acts on & as follows: for J € £ and f € Dif f(X%/7), we have

(4) (f - Dalv) = duof 0 Jp-1(2) 0 (duf) " (V)
for (x,v) € TX%// or, using the presentation (3),

This group being an open subset of the Banach manifold of W} maps from
X941 to the complex manifold X, is also a Banach manifold and the action (4)
is C-analytic (cf. [Dol]). Besides, by definition, it preserves the almost-complex
structures, that is f realizes an isomorphism between X; and Xy.;.

Given two subsets U and V' of £ with U open and an analytic map F' from U to
V', we say that F'is almost-complex preserving if, for each J € U, the manifolds
X and Xp(y) are CR isomorphic. We note

U—svy

Notice that an a.c. map is a special type of equivariant map. Indeed, the set of
a.c. maps corresponds exactly to the set of equivariant maps which descends as
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the identity on the quotient space £/Dif f(X4//). We extend this notion to the
following case. Letting U and V as before and letting W be an open subset of
a topological C-vector space, we say that an analytic map F' from U to V x W
(respectively from U x W to V) is almost-complex preserving if the composition

1st projection

U V xW

respectively
inclusion

U o i s (wy U x W ——>V

is almost-complex preserving (respectively almost-complex preserving for all w €

2. Kuranishi’s Theorem revisited.

In this Section, we state a version of Kuranishi’s Theorem which is suited for
our purposes. Although it is very close to the statements of [Ku2|, this slight
reformulation will be crucial in the proof of our main results.

Let Jy € Z. Set Xy := X,. Let W be a neighborhood of the identity in
Dif f(X417). Observe that, if W is small enough, every ¢ € W can be con-
structed as follows. There exists a smooth vector field £ close to 0 such that the
map

(6) ve XA L Q)
is exactly ¢. Here

Veg@): RY — X4/7
is the geodesic starting at x with initial velocity &(x).

Conversely, there exists an open neighborhood V of 0 in (T X %//) such that,
for every € € V, the map e(€) defined by (6) is a diffeomorphism of X%//. Hence
we constructed in that way an isomorphism e between V' and W.

Now, let Hy be the subspace of X(T X%//) consisting of the real parts of the
holomorphic vector fields of Xjy. Choose a decomposition

(7) S(TXUTY = Hy@ Ly

for some closed subspace Ly. Observe that such a closed complementary subspace
always exists, since Hj is finite-dimensional hence closed and since we are in a
Hilbert space. Nevertheless, we want to emphasize that we do not ask (7) to be
orthogonal with respect to any product. Indeed, in the sequel, we will use the fact
that Ly is not unique and that we can choose it.

Kuranishi’s Theorem may be rephrased as:
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Theorem. There exists an open neighborhood Uy of Jy in £, an open neighbor-
hood Wj of 0 in Ly and an analytic map

(8) Up —= Do C U
such that
(i) The set

KO = Eo(Uo ﬂI)
is a (finite-dimensional) analytic set of (embedding) dimension at 0 equal to
h'(0) := dim H*(X,, ©).
(ii) The map

9) (J,6) € Ko x W) —2we(¢)- J € UpNT
is an a.c. isomorphism whose inverse has component in K, equal to =.

Remartk. In the classical presentation of [Ku2], a slightly different splitting is used.
From the decomposition (1), Kuranishi defines A? as the space of (0, p)-forms of
Xo with values in T'. Hence AY is the space of (1,0)-vectors and we may write

(10) A’ = H o*A°
for H° the subspace of holomorphic vector fields and +A° its orthogonal with

respect to the L2-norm for some fixed hermitian metric of Xo. And he encodes
the small diffeomorphisms of X%// through the map

e A’ —e(E+9).

The version we present can easily be deduced from the classical one, the decom-
position (7) playing the role of (10). However, the crucial point is that (7) gives
a splitting of the space of smooth vector fields, which is obviously independent of
the complex structure Jy, whereas (10) gives a splitting of A°, whose definition
depends on Jy. So using (7) instead of (10) will allow us to compare different
splittings based at different points.

Let us give the core of the proof and explain why it is possible to replace the
splitting (10) with the splitting (7).

Let § be the adjoint (from differential operator theory) with respect to a fixed
hermitian metric on X, of the J-operator extended to the forms with values in
the holomorphic bundle 7. This d-operator acting on the spaces AP defines an
elliptic complex, hence the associated Laplace-type operator A is elliptic.

Also, by ellipticity, we have a direct sum decomposition

(11) Al =Tm 0 @ Ker 6.
Using the splitting (10), consider the smooth map
(12) (€,w) €FA% x Ker § — e(RE) -w € AL,
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Remark. In order to make (11) and (12) precise, one should add that A' means

the set of 1-forms of class W3, and A° means the -forms of class Wy

A direct computation shows that its differential at 0 is given by
(13) (n,0) €*A® x Ker § — a + dn € A
and that (13) is invertible with inverse given by
(14) w=0n+a¢clmdadKer § — (Gédn, a) €-A? x Ker 4.
Here G denotes the Green operator associated to A.

By application of the inverse function theorem on Banach spaces, the map (12)
is a local diffeomorphism.

The Kuranishi space of X is then defined as
(15) Ko={we A | 0w-—|ww =dw=0}.

The restriction of (12) to *A° x K gives a map similar to (9), which appears
in the classical statement of Kuranishi’s Theorem.

If we use now the splitting (7), we just have to modify the previous formulas
as follows.

We consider the map
(16) (§,w) € Lo x Ker 6§ —— e(§) -w e A'
instead of (12), whose differential at 0 is
(17) (n,a) € Ly x Ker § — o+ 0ty € A,

This is completely analogous to (13), the only difference being the use of the
identification

(18) 7 &€ N(TXMW) — ¢ —iJ¢ e A

This identification (18) maps S(TX%/7) onto A°, and Hy onto H°. But it does
not map Ly onto “A°. Nevertheless, since 7L and *A° are complementary to the
same finite-dimensional space, they are isomorphic, so that we can twist (18) into
an identification

(19) 71 Hy® Ly — H° @*A°

which preserves the direct sum decompositions. More precisely, we define 7 as
the map

(20) (& ® Er,y) = 760 B (TE)*
where

E=&Dé, € HH DLy and 76 = (1) @ (7€)t € HY *A°.
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From (19) and (20), we infer that the formula for the inverse of (17), analogous
to (14), is

(21) w=0mn+aclImd@Ker § — (F G500, o) € Ly x Ker 6.

This shows that the map (16) is a local diffecomorphism. Its restriction to
Ly x Ky gives the map (9). The first component of its inverse gives the map (8).

We call a map = as defined in (8) a Kuranishi map based at Jy. Its domain
of definition is called a Kuranishi domain. The analytic space K is called the
Kuranishi space of Xy. We note the following unicity property.

Corollary. The Kuranishi space K of X is unique in the following sense.

(i) If L' is another closed complementary subspace to Hy, then the corresponding
space K| is a.c. isomorphic to Kj.

(ii) If U’ is another neighborhood of Jy in £, then the restrictions of =y and of
the corresponding map = to U N U’ N T have a.c. isomorphic images.

In particular, it is unique as a germ of analytic space at 0. In this paper,
thinking of this corollary, we say that K is the Kuranishi space of Xy, even if it
depends on Uy and on L.

In the sequel, when we will refer to Kuranishi’s Theorem, we will always refer
to this version of Kuranishi’s Theorem.

3. Deformations.
Let Jy € Z and set X := X,. Recall the following classical definitions (cf. [Su]
and [Ko| for additional details).

Definitions. An analytic deformation of X is a flat morphism II: X — B onto
a (possibly non-reduced) analytic space, together with a base-point 0 € B and a
marking, that is a holomorphic identification 7: X — II-*{0}.

A smooth deformation of X is a smooth submersion II: X — B onto a smooth
manifold, together with a base-point and a marking. The total space X is a
endowed with a Levi-flat CR structure whose associated leaves are the level sets
of IT and the marking is assumed to be holomorphic.

Now, deformations can also be defined as analytic (resp. smooth) families of
complex operators. To be more precise,

Definition. Let B be an analytic space (resp. a smooth manifold) with base-
point 0. Consider a family (J;)ep of elements of Z. We say that (J;)iep is
analytic (resp. smooth) if endowing each fiber X%// x {t} of the projection
X4/l x B — B with the complex structure .J; turns it into an analytic (resp.
smooth) deformation of X.
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The Kuranishi space K of X defines such a family of complex operators. It
follows from [Ku3, 7] that this family is analytic. Hence the Kuranishi space K of
X naturally defines an analytic deformation II: X — K once chosen a marking.
It is called the Kuranishi family. It has the following properties.

Corollary. Let II: £ — K be the Kuranishi family of a compact complex
manifold X. Then it is versal at 0, that is

(i) It is complete at 0: any holomorphic (resp. smooth) deformation X — B of X
is locally isomorphic at 0 to the pull-back of K by some analytic (resp. smooth)
map f from (B,0) to (K,0). Moreover this local isomorphism may be asked to
preserve the markings.

(ii) The (embedding) dimension of K at 0 is minimal amongst the bases of com-
plete families for X.

Property (ii) is known to be equivalent to the following. Given a deformation
X — B, the map f given by completeness is in general not unique, but its
differential at 0 is, provided only marking preserving isomorphisms are used.
It can also be proven that there exists a unique germ of versal family up to
isomorphism. This gives another unicity property of the Kuranishi space.

Moreover, from the existence of the Kuranishi’s family, we obtain the following.
Given an analytic (resp. smooth) map f: B — Z, the family (f(¢)):cp is analytic
(resp. smooth).

To finish with this section, we add the somehow less classical definitions.

Definition. A Levi-flat CR space Z is a second-countable Hausdorff space for
which there exists a covering by open subsets V,, and homeomorphisms

F,:V,— RP x W,
for some analytic sets W, C C™, such that the changes of charts
F.p:=Fz0F,"

are smooth, respects the foliation by copies of W,,, and are analytic in the second
variable; that is, setting

Fog: (#,2) — (fap, gap) (7, 2)
we have that f,3 does not depend on z, and that, for all z, the map
2+ gap(z, 2)

is analytic.

A Levi-flat CR space is just a special case of ringed space, and of mFB space
(see [F-K]). But we really want to consider it as a Levi-flat CR manifold with
singularities. As in the smooth case, it is foliated, the leaves being obtained by
gluing the W, via g.g. The leaves are analytic, but, unlike the smooth case, they
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may have singularities. A trivial example is given by a product of an analytic
space with a smooth manifold.

Definition. A CR deformation of X is a Levi-flat CR space Z together with a
proper and transflat CR morphism II: Z — B, for B a Levi-flat CR space, a
base-point and a marking.

By transflat, we mean that there are submersion charts

CR iso.

2eUcCc Z—————1II(U) xR?
Hl J/ 1st projection
II(z) e II(U) C B Tﬂ(z) ell(U)c B

for all points z € Z (see [Sc]).

In [F-K] and [Sc|, such a deformation is called a “relativ-analytisch Defor-
mazion”. Observe that analytic and smooth deformations are particular cases of
CR deformations. Observe also that if B is a product B; x By with By smooth
and By analytic, then for every x € Bj, the induced deformation over By ob-
tained by restricting Z to II"'({z} x By) is analytic; whereas for every z € B,
the induced deformation over B; obtained by restricting Z to II"!(B; x {z}) is
smooth.

Observe that, if f: B — T is CR, then the family (J¢(¢))tcp defines a CR
deformation of X. We call such a family a CR family.

Finally, note that all the previous definitions of deformations hold for infinite-
dimensional analytic spaces as bases, using the formalism of [Do].This of course
has no interest in the case of compact complex manifolds, since Kuranishi’s The-
orem implies the existence of finite-dimensional complete families, but it will be
used in Section IV, when dealing with deformations of proper CR submersions
over the circle. For example, the infinite-dimensional analytic set Z defined in
(3) is the base of such an infinite-dimensional analytic deformation of Xy, once
a base-point corresponding to X is fixed. This comes from the fact that, using
the map (9) at each point of Z, one shows that this family is locally obtained by
pull-back from the Kuranishi family. Since the last one is flat, so is the first one.

II. STRUCTURE OF Z IN THE NEIGHBORHOOD OF A COMPACT SET

1. Foliation of the neighborhood of a compact set. Recall that Dif f(X4/7)
acts on €. Given a closed vector subspace L of the space (T X%//) set
(22) I'p = (e(Wr))

where e was defined in (6), where W, is an open neighborhood of 0 in L small
enough to be in the domain of definition of e, and where ( ) means the group
generated by. Notice that (22) does not depend on the choice of Wy.
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Proposition 1. Let C' be a compact set of £. Then, for any sufficiently small
neighborhood U of C'in &, there exists a closed subspace L of X(T' X %/7) of finite
codimension such that 'y, foliates U NZ. More precisely, there exists a finite open
covering

(23) U=U,U...Uly
such that

(i) For every i, there exists an analytic space K; such that U;NZ is a.c. isomorphic
to the product of some neighborhood W; of 0 in L with K.

(ii)) When defined, the composition of two such isomorphisms preserves the plaques
Wi X {CSt}

(iii) The induced leaves are in one-to-one correspondance with the connected
components of the action of I';, restricted to U NZ.

Remark. Ttem (iii) means the following. The leaf through a point x € U NZ is
the connected component at x of the intersection of the I' -orbit of x with U.

Proof. Begin with choosing an open neighborhood U of C' in £ and a finite open
covering of U by Kuranishi domains Uy, ..., U based at Ji, ..., Ji, points of C.
Set

Hi = HJi
and denote by Kur; the Kuranishi space of J;. Choose a splitting (7) for each i.
It follows from Kuranishi’s Theorem that for every ¢ and every J € U; NZ, we
have

(24) L;n H; = {0}.
We claim that the set
H={veX(TX%) | |v||=1andv € H; for some J € C}

is compact in L(TX4/f). Indeed, if (v,) is a subsequence of H, setting v, € Hyr,
then (J!) admits a converging subsequence to some J € C by compacity. Now
such a bounded sequence of holomorphic vector fields converges to an element v
of Hj, proving compacity.

From this claim, we infer that we may assume, shrinking U if necessary, that
the covering (U;) is such that the sets

H; = {v e S(TXY) | ||| =1and v € H; for some J € U;}

are contained in the ball centered in J; with radius equal to a fixed real number e.

Let S be the set of closed vector subspaces S of X(TX%//) having finite codi-
mension and satisfying

(25) SN H;={0} for all J € U.
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It follows from (24) and from the hypothesis on the radius of H; that a well-chosen
complementary subspace to

(26) H:=H +...+ H;

belongs to S. Hence, we may choose L € § having minimal codimension. We
claim that this L satisfies the requirements of Proposition 1.

Since L has finite codimension in ¥(T X %/7) we may choose some finite-dimen-
sional vector subspaces H; such that, for all 7, we have

(27) S(TXH = Lo H o H,.
Set

We may then replace L; with L; and obtain new Kuranishi maps and domains
covering U. We still denote by the same symbols Uj; this refined covering. Remem-
bering (28), Kuranishi’s Theorem implies that these Kuranishi maps induce a.c.
isomorphisms between U; N Z and the product of the finite-dimensional analytic
space

(29) K; := Kur; x B;

(for B; an open neighborhood of 0 in ﬁl) with W, an open neighborhood of 0 in
L. Hence they give foliated charts as wanted in (i).

Remark. If the Kuranishi space is not reduced, then we define K7°¢, the reduction
of K;, as the product of the reduction of the Kuranishi space with H;, and we
put on each irreducible component of K the multiplicity of the corresponding
component of the Kuranishi space.

Moreover, still by Kuranishi’s Theorem, the plaques W x {Cst} correspond to
the local orbits of the I'j-action. Since the compositions involved are equivariant,
they must preserve the connected component of the action of Iy, hence preserve
the plaques. This proves (ii) and then (iii). O

Definition. Let U satisfying the hypotheses of Proposition 1. Then an adapted
covering of U is a finite covering (23) satisfying the conclusions of Proposition 1.

We note the following easy fact.
Proposition 2. The subspace L is unique in the following sense. If L and L'
are two vector subspaces of (T X%//) such that

(i) I'y and I} foliate U NZ as in the statement of Proposition 1.

(ii) Both L and L' are elements of S of minimal codimension. Then L and L’
are isomorphic.

Observe that, if I';, foliates UNZ as in Proposition 1, then L must be an element
of S. And of course, if they do not have the same codimension, we cannot expect
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them to be isomorphic. So condition (ii) in the statement of Proposition 1 is not
a restriction but an obvious necessary condition to have unicity.
Proof. This is standard linear algebra. Set

I=LNH J=LNH
-see (26)- and
S(TXUW=H@Ly withlL=~Lo®I
=H® Ly, with L' =Li®J
So Ly and Lj, are isomorphic as complementary subspaces of the same subspace

H, and have thus the same codimension. So I and J are isomorphic and we may
extend the isomorphism between Lg and Lj to an isomorphism between L and
L. O

Nevertheless, we do not know if the foliations by I';, and I', are equivalent
under the hypotheses of Proposition 2.

2. The case of a neighborhood of a path.

Let ¢ be a continuous path into Z and let U be a connected neighborhood of ¢
in £ for which Proposition 1 is valid. In this particular case, we can give a much
more precise description of the I'z-foliation.

Theorem 1. Let 'y, foliating U N Z as in Proposition 1. Then, if U is small
enough, the foliation is given by the level sets of a submersion. To be more
precise, there exists an analytic space Ky and an a.c. morphism

UNT > Ky
such that

(i) Ky is the leaf space of the I';-foliation and the leaves are given by the level
sets of =¢.

(ii) The map Zy is locally a projection: in the neighborhood V' of any point
x € UNZ, we have a commutative diagram

a.c. isomorphism

(30) reV =0(V) x W
Eul llst projection

=v(V) C Ky Eu(V) C Ky

Identity
for some open neighborhood W of 0 in L.
Moreover, the I'p-foliation is smoothly trivial, that is there exists a smooth

injection

(31) Ky *ﬁji uUnz
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and, up to shrinking U if necessary, a diffeomorphism

(32) (J7f)€KUXWU%>f'iU(J)€UmI
where Wy, is an open neighborhood of the identity in I';.

Remark. We use the word “submersion” in an extended way, since Ky is an
analytic space. Indeed, we just mean that there exist submersion charts (30) at
any point. Observe that we cannot say that = is a flat morphism since it is not
proper. We prefer keeping the word flat for proper maps, and thus use the word
submersion in this quite unusual way.

Remark. The open set U may contain “large” open sets of I'p-orbits, so that
we cannot ensure that they can be completely encoded via the map e. This is
typically the case if the path ¢ is included in a single I -orbit. This explains why
the set Wy of (32) is included in I';, and not in L.

Proof. If ¢ is constant or is contained in a single Kuranishi domain, then there
is nothing to do: we just take U as a Kuranishi domain based at ¢(0) and the
map (9) given by Kuranishi’s Theorem as trivialization chart (30). This map is
indeed global, so that (32) is satisfied with an analytic isomorphism.

So assume that c is not contained in a single Kuranishi domain. We just make
use of Proposition 1. We first assume that ¢ is not a loop. We cover it by an
adapted covering. We assume without loss of generality that

(33) UNnU;#0 < |i—j|=0o0r1
and that every non-empty intersection U; N U; is connected.
We also assume that every intersection U; N ¢ and U; N U; N ¢ is connected.

Furthermore, we assume that the U; are sufficiently small so that, for any pair
(z,y) of points of U; U U,y with U; NU; # 0, if x and y belong to the same orbit
in U; U U;;1, we have

(34) y=ce(&) -z for some £ € W; N W,
where the local charts
(35) (I)lKZXVVZL>I

given by Proposition 1 are supposed to cover an open set containing U; N Z.

We want to construct Ky by gluing each K; to the next one using the changes
of foliated charts. To be more precise, we proceed by induction.

Firstly, consider, for i = 1,2, the two local charts (35) and the associated
change of chart

(36) (z0) 2220 (g2 (z0)).

a.c.
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By abuse of notation, we will denote by the same symbol K; and the image
O, (K; x {0}). We assume, composing ®; and @, with translations on the WW-
factor if necessary, that K; and K, have disjoint images in Z.

Consider the space obtained by gluing K; to K5 through the map ¥. We claim
that, up to shrinking U; and Us, it is an analytic space. This can be proved as
follows.

We define the open set Vi C K; by the following relation
(37) reV), < FveW; suchthat &i(x,v) € Us.

By (35), observe that Vi contains all the points whose leaf in U; N Uy meets
U,. Denoting as usual by =; the map contracting U; N Z onto K7, observe that
Z1(enUy) NV is non-empty. Then, define

(38) 2 €V —>=E5 0D (x,0) € Ky

where v is any vector of W; such that (37) holds. Observe that the previous map
does not depend on the particular choice of v because of (35).

This is the gluing map we want to use. Set V5 = ¢g(V}) C Ky. It follows from
the proof of Proposition 1 that there exists an analytic map

n:ViCcKy— 1L
such that
(39) g =e(n).

Now, choose some open set V] included in Vj such that =;(c N U;) N VY is non-
empty. Let x be a bump function defined on U, equal to 1 on V/ and to 0 on
K\ Vi. Let Vi be the image g(V]). Define

(40) m:=x-n:U — L.

Then the map ¢ := e(n) is an a.c. diffeomorphism from K; to its image.
Moreover, we may assume that ¢;(K7) intersects Ky along

(41) V={zeVy | Ty nVi+0}.

where TY"2(y) denotes the leaf of i in U, U Us, and where the closure is taken
in Ky (respectively Kj).

We would like that the set VJ is open and that the union g;(K;) U Kj cuts
every leaf of Uy U U, into a single point. Taking into account the definition of
172’, this would imply that the image through ¢, of Vll \ V{ does not belong to
K. From this, it is easy to check that K; U, K, would be Hausdorff, hence an
analytic space since it is obtained by gluing two analytic spaces along an open
set; also this would imply that it is the leaf space of U; U Us.
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FIGURE 1. non-Hausdorff gluing.

Remark. To clarify the proof, let us emphasize the following obvious point: K;U,,
K, will be constructed as an abstract analytic space homeomorphic to g (K1)UKs.
But obviously, this last set is not an analytic subspace of Z.

Nevertheless, it is not true in general. Indeed, it fails every time that 172’
contains a point of V; \ V.

We claim that it is enough to shrink U; and U; to ensure
(42) V=V,
and thus to solve our problem.

In figure 1 above, the big ellipses represent K; and Ky and the small ones
represent V| and V5. The arrows on the leaves just suggest the identification.
The glued space is obtained by gluing along the open shaded parts. Clearly, since
V{ has boundary points in K; which correspond through the identification to
boundary points of V; in Kj, the resulting space is not Hausdorff.

The claim is that it is possible to shrink U; and U, so that the picture is like
picture 2 (see next page). The big ellipses represent the domains of K; and Ko
onto which the new sets U; and U, retract. In this new case, the boundary points
of V/ are not in correspondance with the boundary points of V;, hence the gluing
is Hausdorff. Notice that, in the case of U, (the upper ellipse), a subset of the
former trace of ¢ in K5 is now out of the domain. This has no consequence since
this part of ¢ has still a trace in Ky, but it helps reducing the boundary of VJ.
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Trace of

Open séts \A

F1cURE 2. Hausdorff gluing.

First, observe that shrinking U; to, say, U/, we may assume that it transforms
(35) into

(43) (I)lKZ,XWl/CKZXWZLU;ﬂI

However, W! C W; may not contain 0. Then g;(K}) intersects K} along VJ N K}.
The claim is that, after shrinking and after taking the intersection with K}, we
may assume that (42) holds.

To go further, we distinguish cases.

Ist case. We assume that Z;(cNU;) does not intersect the boundary V/\ V. This
is typically the case is ¢ is included in a single orbit of Iz, hence its trace in each
K; is a single point belonging to V;. Then there is no problem. We set

U=2'V/)) for i=12.

2 K3

Geometrically, K; and K, are simply identified one to the other.

2nd case. We assume that the intersection of Z;(cNU;) with the boundary V/\ V/
is connected. Then it is enough to shrink U, setting

Uz = 5 (V3).
Geometrically, K5 is identified to an open subset of Kj.

3rd case. We assume that the intersection of Z;(cNU;) with the boundary V/\ V/
is disconnected. This is the case treated in figures 1 and 2.

Set
(44) I={te0,1] | Za(ct)NVi\Vy #0}.
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It has at least two connected components and we may find two disjoint open
intervals I; and I5 such that
(45) I CchLul.

Then, shrink U; and Us such that (33) and (34) and all the above hypotheses are
still satisfied, as well as the additional hypothesis

(46) Une(I) Ce(l).
Properties (46) and (45) imply that (42) holds after taking the intersection with
K.
In other words, set
K=K U, K, withg;: KiNnV] — K,NVj.

Then K, is an analytic space. It is by construction the leaf space of the I'j-action
restricted to Uy U U,

Remark. If K7 (or equivalently K5) is not reduced, then we perform the previous
construction with their reduction and put on each component of the resulting
space the common multiplicity of the corresponding components of K; and K.

Besides the two maps

1st projection

(I)—l
UNT—=Kj; xW K!

and

1st projection

(I)—l
U,NT —> K} x W} K}

glue into a single map
(47) . (UjuU)NT 25 Ky,
with charts (30) by construction.
It follows now from (47) that the inclusions
i1: 2 € Ki— ®1(2,m(2) e U NT
and
ig: 2 € Kiy — ®y(2,0) e UyNZ.
glue naturally into a smooth inclusion
(48) i12: K124m§(U{UUé)ﬂI
yielding (31) and a smooth trivialization (32) (shrinking U if necessary).

Repeating the process, we construct the map =y as desired as well as the
smooth trivialization.
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Assume now that c is a loop. We cover it by adapted domains and we assume
without loss of generality that

(49) k>2 and UNU;#0 < |i—j/=0orlork—1,

that U;NU;, U;Nc and U; NU; N ¢ are connected when non-empty. Assume also
that (34) is satisfied.

We proceed as before, but we have now to perform an ultimate gluing between
U, and U; to obtain Ky, still using the changes of charts of Proposition 1. Let
K denote the analytic space obtained by making all the gluings except for the
last one. We also have a smooth map

it K —%UnZ

analogous to (31). The last gluing to perform is defined through an analytic map
Vi C Kp —> K,

which is equal as before to e(n) for some analytic map 7 from K N U; into L
because of (34). So we may proceed as before and extend smoothly 7 to

m: K — L

equal to n on V! C K, for some open set V) included in Vj. We assume it meets
Ex(ecnUyg). Now, up to shrinking the U;’s, we have that e(n)- K is a smooth global
transverse section to the I';-foliation on UNZ. This proves at the same time that
the space Ky obtained from K after performing the last gluing is homeomorphic
to e(n) - K, hence Hausdorff and by construction an analytic space; and that the
foliation is smoothly trivial.

The injection (31) and the trivialization (32) are then obtained as before. O

Corollary 1. The analytic space Ky is unique up to a.c. isomorphism, that
is does not depend on the choice of the adapted covering and of the Kuranishi
maps.

Proof. This is a direct consequence of the fact that Ky is the leaf space of the
I';-foliation restricted to U. Hence it is unique. [
For the same reason, we also have

Corollary 2. Let U and U’ be two connected neighborhoods of ¢ for which a
smooth trivialization (32) exists. Then the restrictions of Ky and K[, to UNU'NZ
(via the trivializations (32)) are a.c. isomorphic.

However, it is worth to emphasize that Ky depends on the choice of L.
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III. THE KURANISHI TYPE MODULI SPACE OF A PROPER CR SUBMERSION
OVER THE CIRCLE

1. Proper CR submersions.

Definition. A proper smooth submersion 7: X — S! is called a a proper CR
submersion if X is endowed with a Levi-flat integrable CR structure which is
tangent to the fibers of 7.

As a smooth manifold, a proper CR submersion is a locally trivial smooth fiber
bundle over the circle, thanks to Ehresmann’s Lemma. The fiber, that we denote
by X%/f is a smooth compact manifold. We assume that it is connected. In
other words, X is diffeomorphic to

(50)  Xg4:= (X% x[0,1])/ ~ where (2,0)~ (2/,1) <= 2’ = ¢(z).
Here ¢ is a fixed diffeomorphism of X%// classically called the monodromy of

Xg. Recall also that X, and X (; are diffeomorphic if ¢ and ¢ are isotopic.

As a CR manifold, each fiber of X is a copy of X%// equipped with a complex
structure. The only difference between a proper CR submersion and a smooth
deformation over the circle is that here there is no marked point.

By Fischer-Grauert’s Theorem (see [Me2] for the version we use), if all the
fibers of a proper CR submersion are biholomorphic to a fixed manifold X, then
it is locally trivial, that is satisfies

CR isomorphism

7T_1(U) U x X()
Trl ilst projection
U

Identity

in a neighborhood U of any point of the circle. We call such a locally trivial CR
submersion a CR bundle.

Choosing a smooth model (50) for X', we may identify it as a CR manifold
with a smooth path ¢ in Z such that

and
' c(1+1) ift<o0
(52) C¢-t€(_€’€)?>{¢-c(t) ift>0

is smooth.

that is, X is CR isomorphic to the family

(7]—_1 (eXp 2Z7Tt) ) C<t) )exp 2imteSt

the identification of the endpoints being realized thanks to (51) and (52).
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2. The set of CR submersions structures on a fixed smooth proper
submersion over the circle.

Let 7%/f. x4ff — S' be a smooth proper submersion. Let X%/f be its fiber.
Define £ and Z as in (3) and (4). Choose a monodromy ¢ so that X4// is
diffeomorphic to Xy (see (50)).

As proved in the preceding section, turning 7%// into a CR submersion 7 means
choosing a path ¢ in Z whose endpoints satisfy (51) and (52). So the space of CR
submersions compatible with 7%/ is just the set

(53)  Z(X%T)y={c:[0,1] =T | cissmooth and satisfies (51) and (52)}
and we may define similarly the space of almost CR submersions as the set
(54) E(XUTY={c:[0,1] =& | cissmooth and satisfies (51) and (52)}.

We want to give a Theorem describing locally the set Z(X'%//), analogous to that
of Kuranishi describing locally Z. Before stating and proving this result in the
next section, we first make some useful preliminary comments.

Start with a CR submersion 7: X; — S' compatible with 7%//, which we
represent by a smooth map ¢, satisfying (51) and (52). Let U be a connected
neighborhood of ¢y in £. As usual, we cover U by an adapted covering.

If X%/f — S is trivial, we assume that
U, =U; ¢ = Identity co = loop
and finally we define Uy to be U.

If X%4ff — S!is not trivial, then, shrinking U if necessary, we may assume
that the Kuranishi domains satisfy (33) with all non-empty intersections being
connected. In particular, we assume that Uy is disjoint from U; but equal to
¢ - Uy. This means that we choose ¢ so that it is not a biholomorphism of
Xeo0)- Thus co(1) is different from ¢o(0). This is always possible, since ¢ can be
chosen arbitrarily in a fixed isotopy class of diffeomorphisms of X%//. We define
now Uy as the set obtained from U by identifying each point J of U; with the
corresponding point ¢ - J of U,. We put on U, the quotient topology.

Observe that we may assume it is Hausdorff, shrinking U if necessary. As in
the proof of Theorem 1, the only problem that could appear is the following. If
we can find a sequence (z,,) in U; such that

(55) limz, e UNU \U
and
(56) y:=limo¢(z,) e UNU,\U

then Uy is not separated at y. This can be avoided as follows.
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First, since ¢y is not constant, we may assume that ¢;(0) # 0, changing the
base point 0 otherwise. As ¢y maps into a Banach manifold locally modeled on a
Hilbert space, we may work locally in a chart based at ¢y(0) and define

(57) H := (c(0))~

We then extend ¢g to (—¢, 0] for € small enough so that

—_—

{(co(0)co(t),cp(0)) >0 <= 0<t<e

(58) <0 <<= —e<t<0

Shrinking U if necessary, we may assume that U; is a ball and that H cuts U;
into two connected components, say H* and H~. Moreover, we assume that
Uy C HT and, using U, = ¢ - Uy, that Uy_y C ¢ - H™.

Let now x be a point of U N U; \ U. Then x belongs to U,, hence to H*. As
a consequence, if (x,) converges to z, then ¢(z,) belongs to ¢ - HT for n big
enough. Since U N Uy \ U is included in ¢ - H~, we see that it is not possible to
find a sequence (z,,) satisfying (55) and (56).

Hence U, is Hausdorft. Since it is obtained from the Banach manifold U by an
open gluing, it is also a Banach manifold. We may thus speak of smooth maps
into U¢.

If X is a CR submersion close to &}, it is represented by a smooth path ¢ in U
whose endpoints belong to U; and Uy, respectively, and which satisfies (52) and
(51). Hence it is represented by a smooth loop in Uy. Reciprocally it is clear that

any loop in Uy formed by integrable structures lifts to a point of Z(X%/7) close
to ¢p, thus defining a CR submersion close to Xj.

In other words, denoting abusively Uy N Z the subset of points of U, corre-
sponding to integrable structures, we may take the space C*°(S', U,) as a neigh-
borhood of ¢y in E(X4/7); and the space C*(S', U, NZ) as a neighborhood of ¢,
in Z(v X7,

Observe that Uy being obtained from U by an a.c. gluing, we have

Proposition 3. Let U and Uy be as above. Then the I';-foliation of U descends
as a foliation of Uy.

Definition. We call this foliation the I'z-foliation of Us.

Let Dif f(X%/7) be the group of bundle isomorphisms of 7%// which descend
as the identity on the base S*. It acts on C*°(S*,Uy) in the obvious way. That
is, given ¢ € C*°(SY, Uy) and f € Dif f(X%/T) we have

vt € St (f-ch="Ffr-a
where the action on the right-hand side is defined in (5).
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Consider the set ¥, (TX%/7) of smooth vector fields of vX%// tangent to the
fibers of m. We have
S(TXWTY ~{g:t €S 0, € (T (1)})
~{o:t€S' v+ g, € (TXH)}
~ C°(SY, S(TX%ITY)
where we use the fact that ker dm — S' is a smooth vector bundle over the circle
with fiber TX%// hence is trivial. Using (6), we may easily define a map
(59) er: OF(SY, S(TXY)) — Dif fo(x%7)
which satisfies, for all t € S!,
()it € € B(TXWT) = S(TrHt}) v e(€) € Dif f(X™T) =~ Dif f(r~{t})

As in the pointwise case, e, realizes a diffeomorphism between an open neigh-
borhood of the zero-section in ¥, (T'X%//) and a neighborhood of the identity in
Dif f(X4I1).

Given two subsets U and V of £(X%//) with U open, W an open subset of a
topological C vector space, and an analytic map F from U to V x C*®(S!, W),
we say that F'is almost-complex preserving if the composition

1st projection
_

ce U=V x C®(SH, W) Ge) eV

is almost-complex preserving for each ¢ € S!, that is the complex manifolds X,
and X¢(c)) are isomorphic for each t.

Thus we extend the notion of a.c. maps to S(Xdiff).. Observe that an a.c. map
is equivariant with respect to the action of Dif f(X4/7).

3. The Kuranishi space of a proper CR submersion.
We are now in position to prove the main result of this paper: a statement
analogous to Kuranishi’s Theorem for Z(X%/7).

Let X, be a CR submersion compatible with 7%/, represented by an element
co of vI(vX%F). Identify a neighborhood of ¢y in Z(X4//) with C>(S!,U,)
as explained in the previous Subsection. Choose a closed vector subspace L
of S(T X%/ satisfying (25) for all J in the image of ¢y and having minimal
codimension for this property. We have
Theorem 2. Shrinking U, if necessary, we can find an analytic space K., and
an analytic map

(60) Uy NT —2> K.,

such that
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(i) The set K, is a (finite-dimensional) analytic space of (embedding) dimension
at co(t) equal to

hi(t) + codim L — hy(t) + 1 if Ay is a non-trivial CR bundle
hi(t) + codim L — hg(t) otherwise

where codim L is the codimension of L in (T X4%/7).

(ii) If we are not in the special case of (i), the analytic set K, is the leaf space of
the I'z-foliation of Uy. Otherwise, there exists a closed subspace L' of X(T X %/7)
containing L as a codimension-one subspace and such that K, is the leaf space
of the I'y/-foliation of Ul.

As a consequence, the (infinite-dimensional) analytic space C*°(S*, K,,) plays
the role of the Kuranishi space Ky in the classical case. Hence we define

Definition. The loop space C*®(S!, K.,) is called a Kuranishi type moduli space
of &y. We denote it by K9Y.

Proof. We keep the same notations as in the previous subsections and recall
that Uy is defined as the quotient of some open neighborhood U of ¢y by ¢. By
Theorem 1, shrinking U and thus U, if necessary, attached to U is an analytic
space Ky together with an analytic a.c. map of U onto Ky such that Ky is the
leaf space of the I';-foliation of U. We want now to define an analytic space K,
attached to Us.

If ¢ is the identity, there is nothing to do. We have Uy, = U and we take
K., = Ky, that is we take exactly the analytic space given by Theorem 1.

To do the general case, it would be natural to define K., as the quotient of
Ky by the action of ¢. However, the resulting quotient space is not always an
analytic space and we have to consider two different cases.

Indeed, when dealing in the previous subsection with the construction of Uy,
we impose the condition of ¢ not being a biholomorphism. This forces ¢y to have
distinct endpoints. It follows that, when gluing Uy to U; through ¢, the resulting
quotient space is Hausdorff (at least after shrinking). The fact that Uy and U,
may be supposed to be disjoint is fundamental in this process. In the same way;,
when performing the same gluing onto Ky, we must ensure that the glued pieces
corresponding to K and K}, in Ky are disjoint to obtain an analytic space. This
is possible (shrinking U if necessary) if and only if the image ¢ of ¢y in Ky is not
a loop.

Indeed, we may assume that
Ky =0¢- K

and, after identification between open sets of K; and K; and open sets of Ky,
this induces a well-defined analytic a.c. isomorphism between two open sets of
K. As we just told, if we may assume that, after shrinking, these two pieces are
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disjoint, then we may proceed as in Section 2 (construction of Uy) and ensure that
the gluing occurs exclusively on these open sets and that the resulting analytic
space is the desired leaf space. Hence we are done.

Assume that &} is not a CR bundle. Then, by Fischer-Grauert Theorem, we
can find ¢ # ¢’ such that X, is not biholomorphic to X, u. This implies that c
is not a constant path. It may of course be a loop, which is exactly the situation
we would like to avoid, but since it is not a constant loop, we claim that, shrinking
U, the image of ¢y in Ky is not a loop but a path. Indeed, assume that ¢ is a
loop. Then this means not only that ¢y(0) and co(1) are in the same leaf of Z,
but also that they are in the same leaf of U. Either ¢o(t) or co(t') must be in a
different I'z-orbit than that of the two endpoints. Say it is ¢o(t). By shrinking
U, we may assume that c¢o(t) belongs to some domain U, with p different from
1 and from k, and that this U, does not intersect the I';-orbit of ¢y(0). Hence
the intersection of this orbit with U is disconnected and ¢y(0) from the one hand,
and ¢y(1) from the other hand, belong to two different connected components. In
other words, the common leaf of ¢y(0) and ¢¢(1) in Z disconnects into (at least)
two leaves in U, one passing through ¢,(0), and the other passing through cy(1).
Because of the trivialization (35), this prevents their images ¢(0) and ¢(1) to be
the same point of K. So in this case, we may define K, as the quotient of Ky
by the action of ¢.

Assume now that A, is a CR bundle. Then, we cannot exclude that c is the
constant loop even after shrinking U (cf. Example V.3). The quotient of Ky by
the action of ¢ occurs in the neighborhood of the point ¢, which is fixed by ¢. As
a consequence, it may not be Hausdorff, depending on the properties of ¢. We
avoid this problem as follows. Choose ¢y so that ¢ is a point. Instead of using in
Proposition 1 a subspace L of minimal codimension as we did, we take L’ such
that

L=L&1L,

where L; is one-dimensional. Then using Proposition 1 with L’ this time, we
obtain in place of Ky the space Ky x Wy for some open set W, C L;. Now, we
may assume that the image of ¢ in Ky x W is not constant (for example that
the projection onto L; is not constant). Taking this image as the new path ¢, we
may now finish the argument with this ¢, defining K, as the gluing of Ky x W,
through ¢ as before. Observe that the gluing is given by the associated map

(J,U)EKUXW1P—>(¢'J,CZ¢'U)€KUXW1

the action on the first coordinate being defined in (4), and the action on the
second coordinate being that of the differential of ¢ on X(T X %/7),

Notice that, when dealing with L of minimal codimension, that is excluding
the case where A&} is a non-trivial CR bundle, it follows from Proposition 1 and
Theorem 1 that Ky, hence also K, is complete at ¢(t) but not always versal,



CRM Preprint Series number 1121

26 LAURENT MEERSSEMAN

being the product of the Kuranishi space with a C-vector space of dimension
codim L — codim Ly = codim L — h°(t).
Hence it has dimension
hY(t) + codim L — h°(t)
as stated. In the case of a non-trivial CR bundle, we have to increase the dimen-
sion by one.

To define the map =4, we proceed as follows. Assume that we are not in the
special case. We already have an a.c. projection

(61) UNT -2 Ky

by Theorem 1. Since both the construction of Uy and that of K., consist in
taking the quotient by ¢, it follows that the projection (61) descends as a map

(62) U,NT —~ K,

as desired and that K, is the leaf space of the I';-foliation of U,. The special
case is handled in the same way, just noting that, running the proof of Theorem
1 with L’ instead of L yields an a.c. projection

(63) UNT -2 Ky x W.

Using (63) instead of (61), we immediately see that it descends also as a map
(62). O

Remark. If Ky is not reduced, then we perform the previous construction with
its reduction and put on each component of the resulting space the common
multiplicity of the corresponding components of K.

Corollary 3. The map (62) is, after shrinking of Uy, a.c. diffeomorphic to a
trivial bundle with base K., and fibre an open neighborhood of the identity in
'y (respectively in T'y, in the special case).

Proof. Use trivialization (32) and observe that the ¢-gluing respects the fibers
of this trivialization. This shows that Uy is a.c. diffeomorphic to a locally trivial
bundle over K.,. Now there are two cases. Either the gluing occurs on the fibers
(cf. case 1 and 2 in the proof of Theorem 2) hence the bundle is trivial; or the
gluing occurs on the base (cf. case 3 of the proof of Theorem 2), but then its
monodromy is isotopic to the identity (because it is given by some map (39)),
and it is trivial.

Observe that, in the first case, the fiber is homotopic to a circle, whereas in the
second case it is contractible but this time the base has a non-trivial fundamental
group. U

Corollary. The analytic space K., is unique in the following sense.
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(i) Up to a.c. isomorphism, it does not depend on the choice of the adapted
covering and of the Kuranishi maps.

(ii) If U’ is another neighborhood of ¢, then the restrictions of Z, and of the
corresponding map =, to (U N U’), NZ have a.c. isomorphic images.

Proof. This follows immediately from the fact that it is a leaf space. [J

In other words, the germ of K, at ¢y is unique. However, once again, we want
to emphasize that it depends on the choice of L, and of L’ in the special case.

IV. DEFORMATION THEORY OF PROPER CR SUBMERSIONS

1. Basic notions.
Let 7: Xy — S! be a proper CR submersion. Recall the definitions given in
Section 1.3. The following definitions are inspired in [Bu].

Definition. Definitions A holomorphic deformation (resp. smooth deformation)
of &} is a Levi-flat CR space Z together with a proper and transflat CR morphism
II: Z — B onto an analytic space (resp. a smooth manifold) B, a smooth
transflat map s: Z — S* and a marking i: X, — [171{0} such that, for all ¢ € B,
(i) The II-fiber Z; over ¢ is a Levi-flat CR submanifold of Z.

(ii) The restriction s; of s to Z; is a proper CR submersion compatible with 7%//,
(iii) The composition sq o7 is equal to 7.

This is a quite technical definition so let us highlight some of its principal
features. Firstly, Z is locally diffeomorphic at z € Z to vX%/f x U, for U
a neighborhood of II(z) in B. Moreover, we have a commutative diagram of

diffeomorphisms
pdif f

Sl Xdi fr
s T T 2nd projection
Y (U) C 2 == xdff x U
il’[ l 1st projection
U Identity U

Secondly, choose any t, € S! and let X, be the fiber of X, over t,. Then, the
map

(64) P=(sII): Z—>S'xB

is a CR deformation of X once chosen a marking.

2. Complete Families.
We are in position to prove the following completeness result.
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Theorem 3. Let m: Xy — S! be a proper CR submersion. Choose a path ¢
representing Xy and let K9 be a Kuranishi type moduli space of vXy. Then
there exists a (infinite-dimensional) holomorphic deformation I19: vK9 — K9 of
vXo with base K9. This family is complete at 0, that is any holomorphic (resp.
smooth) deformation II: Z — B of A} is locally isomorphic to the pull-back of
K9 by some analytic (resp. smooth) map f from (B,0) to (K9,0).

Moreover, we may ask the local isomorphisms to preserve the markings.
Proof. Choose a path cy representing &j, define K., and K9 as usual. Observe
that K., being obtained from a finite number of Kuranishi spaces by gluing them
through a.c. isomorphisms, it defines in a natural way an analytic family C,.

Indeed, going back to the proof of Theorem 1 and using the notations intro-
duced there, let K; and K5 be two Kuranishi spaces and let

(65) Ky = K1 Uy Ko

be an analytic space obtained by gluing, the gluing ¢ being an a.c. isomorphism
between an open set V; of K; and an open set V5 of K5. More precisely, ¢ is given
as a map

(66) g:J eV CKi— G(J)-J e K,
where
(67) G: Vi — Dif f(X4T)

and where the - denotes the action (4). Consider now the families XC; induced
above K;. They are constructed as K; x X%// every fiber {J} x X%// being
endowed with the complex structure J. It follows that the map

(68) (J,2) € Vi x XU (g(J), G(J)(z)) € Vo x X7

realizes an analytic isomorphism between open sets of IC; preserving the projec-
tions onto K;. Gluing Ky and Ky through (68), we obtain a holomorphic family
K12 over Kj5. Repeating the process yields the family C, .

Set
(69) K? = {f*’CCO | S COO(SI7KCO)}

and let 119 be the induced projection from K9 to K9. Call 0 the point of K9
corresponding to cy. Finally choose a marking

9 Xy — (I19)71(0).

As a consequence of property (64), a holomorphic (resp. smooth) CR deforma-
tion II: Z — B of & can be locally encoded as follows. Construct the neigh-
borhood Uy, of ¢g. Then P induces an analytic (resp. smooth) map f from a
neighborhood of 0 in B to C*°(S', U, N Z) such that Z is locally isomorphic to
X%F % B endowed with the family of CR submersions structures (f(t)):ep-
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It is enough to compose f with the a.c. projection from C*(S!, U, NT) to K9
induced by the map =, of (60) to prove completeness.

Finally, observe that if this composition, let us call it g, does not preserve the

markings, then there exists a CR isomorphism ® of &} covering the identity of
St such that

(2,1171(0)) “— K

| e

(B,0) K9

g

But now, ® acts on K9, so that we may replace the map G by ®~!- G so that we

have now
29

Xo K9

7 \L l Identity

(2,1174(0)) = K7

and this time the map g preserves the markings. [

3. (Uni)versality.

As recalled in Section 1.3, the Kuranishi family is not only complete but also
versal at 0 in the classical case. We will see that things are a bit different in the
case of proper CR submersions.

First, recall that we gave two equivalent definitions of versality in the classical
context. The first one deals with the Kuranishi space having minimal dimension
at 0. Since our family is infinite-dimensional, we cannot use this definition. The
other characterization deals with the unicity of the differential at 0 of the map
f. This can be easily transposed to our context.

Moreover, recall that the Kuranishi space is universal if the germ of f is unique.
This definition can also be transposed to our context. It is known that, in the
reduced case, the Kuranishi space is universal if and only if the function A° is
constant along it (cf. [Wal], [Wa2], [Mel]).

Let us fix some notations. We start from a deformation II: Z — B of A} and
we consider a map f from some open set of B to K9 given by completeness. Its
differential at the marked point 0 goes from the tangent space Ty B to the tangent
space Ty K9. We only consider local isomorphisms from Z to K9 covering f which
preserve the markings. This prevents from composing with automorphisms of Z
and K9 which descends as non-trivial automorphisms of the bases of the families.
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Notice that this is necessary to hope the unicity of dyf. Even in the classical
case, allowing these compositions, one loses the versality.

Nevertheless, we do not have versality in general. We will give some counterex-
amples in the next part. Indeed,

Theorem 4.

(i) The family I19: K9 — K9 is versal at 0 if and only if

(70) vt e ' h%(t) = codim L.

(ii) The family I19: K9 — K9 is universal at 0 for families over a reduced base if

and only if
VJ € K, h°(X;) = codim L.

Remark. Observe that, if Xj is a trivial CR bundle, then (70) is automatically
satisfied, hence K9 is versal. And it is universal if and only if the Kuranishi space
of the fiber is universal. On the contrary, if Xy is a non-trivial CR bundle, the
family K9 is never versal.

Proof. We first need to compute the tangent space of KY9. From its definition,
one has that

(71) T.K9={H € C*(§",TK,,) | poH=c}

where p: TK,, — K, is the tangent sheaf of K.,. In particular, for ¢t € S, we
have a commutative diagram

(72) H c TCKg evaluation at t H(t) e Tc(t)KcO

po lp

c€ K9————po H(t) =c(t) € K,

evaluation at t

Let ev; denote the evaluation map of the bottom arrow and Ev; that of the top
arrow. Then analyzing (72) yields that the differential d.ev; is equal to Ewv;.

Indeed, let v be a vector of T.K9 and let
u: (—e,€) — K7
be a smooth path whose derivative at 0 is v. Define
(5,0) € (—€,€) x S'— U(s,0) := evy o u(s).
Compute
d d d

£|s:0(€’0t ou(s)) = £|s=o(U(3at)) = Ev 0 E\mo(u(s))

that is
d.(evy o u) = deevi(v) = Evg o .
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Let II: Z — B be a deformation of Aj and let (f, F') be given by completeness.
Consider now the submersion

[Vt

0
(73) M Yy = s"'(t) — B.
This is a deformation of X; := IT"1(¢). But we have a commutative diagram

(F)¢

(74) Y, CZ Keo

e

(B.0) — (Kepscoft)

where (F); and (f); are given by the evaluation at ¢ of the maps F' and f.
Observe that, if

(75) i Xy — I7(0)
denotes the marking of our family II, then
(76) i X; C Xy — I1,1(0)

is a marking for (73).
From (72) and (74), we obtain that
(77) do(f)e = (dof)e: ToB — Toy) Kooy

and we see that the versality at ¢o(t) of K, for any ¢t implies the versality at 0
of K9. The markings used here are (76) and (75).

Conversely, assume that K, is not versal at some point cy(ty) with ¢, € St
Then we can find a deformation

Y — (D,0)
of X, with marking iy and two holomorphic maps

ft()v Gtg

(D, 0) (Keo» o(to))
with

Y= ftzlcco = g:O’Ccm
respecting the markings io and i9(co(to)) and finally such that
(78) doft, # doGto-
Then we extend the map f;, into a CR map

f:DxS'— K,
such that

{f]D)x{tg} = Ju

f\{o}xsl =0
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To prove this, first observe that we may assume K., smooth. If not, just desingu-
larize and lift both f;, and cy. Also observe that we may perform the extension
step by step along the circle, from ¢y to a close ¢; and so on. Hence we reduce
the problem to a local extension problem in C".

Remark. There is no particular problem if the space K, is not reduced. Indeed,
since we use maps from a reduced base (here a circle or an annulus) into K.,
they map into the reduction of K.,. Hence, we only have to desingularize the
reduction of K.

Taking into account that we have a monodromy problem when coming back
to to after a complete turn, we finally see that the proof is completed with the
following lemma.

Lemma 1. Let u: [0,1] — C™ be a smooth path and let f;: D — C" be two
(¢ =0, 1) holomorphic maps such that f;(0) = u(i).
Then, there exists a CR map
F:Dx|[0,1] —C"

such that

F(—,i)=f; fori=0,1

F(0,t) =u(t) fortel0,1]
Proof of Lemma 1. Consider the segment [u(0),u(1)] and define the map

fo(z) +t(u(l) —u(0)) ift <1/2
A+ Q=) —u(0)  ift>1/2

This is not a CR map because it is not continuous at 1/2. To smooth it at this
point, choose a smooth function

1:[0,1] — R=°

G: (2,t) €D x [0, 1] M{

satisfying
[(0)=10(1)=1 and (1/2)=0.
Set
H(z,t) =1(t)G(z,t).

We are almost done, except for the fact that it does not satisfy H(0,t) = u(t).
To finish with the proof, just add a smooth translation factor as follows

F(z,t) = H(z,t) +u(t) — H(0,t). O

Coming back to the proof of Theorem 4, define

1st projection
_—

(79) 2= f*(K.) — D x S!
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This is a deformation of A with marking
i Xy — cGq-
Now, taking into account that K., encodes complex operators, we may write
Y= (X% xD,J) = (X% xD,.J)
with
(Fio)sJo = (G )y
where Fi, (respectively Gy, ) is a map from ) to K., covering f;, (respectively
Gto)-

In other words, we may find some smooth family of diffecomorphisms k, of
X%ff parametrized over the disk such that, for every s € D, the map k, is a
biholomorphism from (X%// x {s}, Jy) to (X%/T x {s}, J;).

We extend J; into a family of complex operators over D x S' so that

Z = (XM x D xS Jp)
and we extend J; over the same base by defining
J1 = (ks)«Jo
on the fiber over any point (s,t) € D x S'.
Obviously, we also have
Z = (X% xD xS ).
Shrinking the base D if necessary, we may assume that the map
J:DxS'—7T

has image in the open set Uy N Z admitting a retraction (60) onto K,,. This
allows us to extend the map g, into a map ¢ defined over D x S' by stating

9(z,t) = E((N) )
where (J1)(.+) denotes the restriction of J; to the fiber over (z,¢). By construction,
we have
Z=qg'K9.
Because of (79), (78) and (77), the family K9 is not versal at cy.

To finish with the proof of (i), we just have to show that K, is versal at each
point ¢o(t) if and only if equality (70) holds.

The construction of K., given in the proof of Theorem 2 shows that it is
complete at co(t) with dimension

(80) R'(t) +codim L — h°(t) or h'(t) +codim L+ 1 — h°(t).

To be versal, it must have minimal dimension, that is dimension h'(¢). Since we
have
codim L > h°(t) for all ¢
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this yields the condition
(81) R°(t) = codim L.

Conversely, if this condition is fulfilled, then, from (80), the space K, is versal
at each point of ¢y, hence the differential do(f); is uniquely determined for each
t € S. By (77), which means that dyf is uniquely determined, so the family
I19: 9 — K9 is versal at 0. This proves (i).

By definition f is unique, yielding universality if f; is unique for all . In
other words, using (77), K9 is universal if K, is universal at each point c¢y(t).
Conversely, if K, is not universal at some point ¢o(tp), then the same argument
as above (just replacing (78) with f;, # g,) shows that K9 is not universal at c.

Universality of K, implies also that it is versal at each point ¢o(t), that is that
the function h° is equal to codim L at every point co(t). Now, by a Theorem of
Wavrik (see [Mel, ?] for the version we use), K., is universal at ¢o(t) for families
over a reduced base if and only if kY is constant in a whole neighborhood of cq().

So we finally obtain that the condition
h°(X;) = codim L for all J € K,

is sufficient to have universality for families over a reduced base. [

4. Kodaira-Spencer map.

We finish this Section with the construction of the Kodaira-Spencer map of a
deformation of a proper CR submersion over the circle. In the classical case, the
Kodaira-Spencer map of a deformation of X takes value in the first cohomology
group H'(Xj,0q), which can be identified with the tangent space at 0 of the
Kuranishi space of Xj in such a way that it corresponds to the differential dgf of
the map f obtained by completeness. In our case, however, the Kodaira-Spencer
map will take value in a first cohomology group which is different from 7K,
except if (81) is satisfied for all ¢ € S'.

To do that, we start as usual with a proper CR submersion 7: X, — S' and
we define O, to be the sheaf of germs of CR vector fields of A tangent to the
fibers of . The first cohomology group H'(X;, ©,) has a natural structure of
the set of smooth sections of a sheaf of C-vector spaces over the circle. The stalk
at some point ¢ is the vector space H'(X;, ;). Moreover, it is a vector bundle
over the circle as soon as the function h' is constant along the circle (cf. [K-S1]).

Let II: Z — B be a deformation of &j). Let ©, be the sheaf of germs of CR
vector fields of Z tangent to the fibers of s. Let also ©p be the sheaf of germs of
CR vector fields of Z tangent to the fibers of P (cf. (64)). Consider the following
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exact sequence of sheaves
(82) 0 @P @s 65/6P > ()

and observe that the quotient sheaf ©,/©p can be identified with the sheaf ©p
of germs of CR vector fields on the base B. The long exact sequence associated
to (82) runs as follows

83)  ..-——= H°(Z,0,) —= H°(B,0p) —> H'(Z,0p) — - --
Observe now that the restriction of p to the tangent space Ty B gives a map
(84) ToB 2> HY(X,, 0,).

Definition. Definition The map pg of (84) is called the Kodaira-Spencer map at
0 of the deformation II: Z — B.

Roughly speaking, the map p of (83) represents the complete obstruction to
liftt CR vector fields of B to CR vector fields of Z respecting the fibers of s, thus
trivializing the family. The Kodaira-Spencer map being the evaluation of this
obtruction to the central fiber is the first obtruction to such a trivialization. It
has the advantage to be defined on & and not on the whole deformation Z and
thus can be computed explicitely in many cases.

Theorem 5. Let m: Xy — S' be a proper CR submersion. Assume that for all
t € S', the identity (81) is fulfilled. Then there exists a fixed isomorphism

(85) HY(X),0,) —— TyK?

such that the following property holds.
Let II: Z — B be any deformation of &j. Let py be its Kodaira-Spencer map
at 0 and let f: (B,0) — (K9,0) be given by completeness of K9. Then we have

(86) wopy=dof

Proof. We have already seen that the natural projection
H =) H'(X,,0,) — S
test

can be endowed with a structure of a sheaf over the circle with stalk H'(X};, ©;)
at t. With this structure, H' identifies with the cohomology group H'(Xp, ©,).

If IT: Z — B is a deformation of A}, recall that (cf. (73))

II;

(87) Yii=s1(t) —=B

is a deformation of X; := 7~1(¢t) C Xp. Associated to (87), when B is finite-
dimensional, we thus have a (classical) Kodaira-Spencer map

(88) pe: ToB — HY (X4, 0,)
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and the family of these maps, when ¢ varies in S', is exactly the Kodaira-Spencer
map defined in (84).

We want to apply these considerations to the Kuranishi family of Ay. In this
case, because of (74), the deformation ), given by (87) reduces to a deformation
over (K., co(t)). Indeed ), is equal to the pull-back of K., — (K., co(t)) by the
evaluation map at ¢t. Hence (88) gives a decomposition of the Kodaira-Spencer
map p of the family I19: K9 — K9 into a family

(89) Pt Tco(t)Kco I Hl(Xt,@t)

and we have a commutative diagram

TyK? —"—~ H'(X),0,)

€Vt l i eVt

Tooy Koy ot H1<Xt7 ©;)

Since we assume that (81) is fulfilled for all ¢, the space K., is versal at cy(?)
and all the p; are isomorphisms. So is the map p.

We define the map ¢ of (85) to be p~*.

Now, because of (72), (74) and (76), the property (86) is satisfied if and only
if it is satisfied for each t € S', that is if

pr 0 py = do ft
which is true by the chain-property of the (classical) Kodaira-Spencer map. [

V. APPLICATIONS AND EXAMPLES

1. Connectedness and extension of deformations. In the classical case
of compact complex manifolds, Kuranishi’s Theorem has as a consequence that
every complex structure J on X%// close enough to a fixed structure .J; is con-
nected to it. That is, there exists a 1-dimensional holomorphic (resp. smooth)
deformation of X, that contains X ;. The proof just consists in choosing a disk
(resp. a path) in the Kuranishi space of X, joining the base point to the point
encoding J.

In our case, the same result is true.
Theorem 6. Let m: X; — S! be a proper CR submersion, represented by an
element cy of Z(X%/7) as usual.

Then, if X is a proper CR submersion close enough to Xy (that is, if X' can be
represented by a path ¢ close enough to ¢ in the topological space Z), there exists
a holomorphic (resp. smooth) 1-dimensional deformation joining Xy and X'

Proof. Since X is close to &), it is represented by a point in the Kuranishi space
K9 of Xy. That means that there exists a loop ¢ in K., encoding X.
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Therefore, to construct a smooth deformation as desired, it is enough to con-
struct an isotopy
H:S'"x[0,1] — K,
such that
Hy:=H(—,0) = ¢ and Hy:=H(—,1)=c.

Now, it is a classical fact that two smooth loops in an analytic space are isotopic
as soon as they are close enough one from the other. Indeed, this is clear for
complex manifolds. For analytic spaces, we may first desingularize and extend
the loops we want to isotope. Observe that the exceptional divisors being simply
connected, there is no additional obstruction. Since we are in this case, the
existence of H follows.

Remark. There is no particular problem if the space K., is not reduced. Indeed,
since we use maps from a reduced base (here a circle or an annulus) into K, they
map into the reduction of K.,. Hence, we only have to desingularize the reduction
of K. The same remark applies below and to the next results (Corollaries 5
and 6).

We treat the case of a 1-dimensional holomorphic family joining Xy to X'. That
amounts to finding some CR morphism of S! x D in K,, whose image contains
co and c. Once again, desingularizing and extending ¢y and c if necessary, we
may assume that K., is smooth. For each exp2imf € S!, the corresponding
holomorphic disk of K., must pass through co(exp 2i76) and c(exp 2imf). We
can always construct such a disk Dy for 6 fixed. And this can be done in a
locally smooth way. The only problem that could appear is that, starting with
Dy and constructing the family by extension, we finish with ID; different from Dj.
Lemma 1 allows us to solve this problem. []

Indeed, we have even a stronger connectedness result.

Corollary 5. Let 7: Xy — S! be a proper CR submersion.

If X is a compact complex manifold close enough to some fiber X; of Ay, then
there exists a holomorphic (resp. smooth) 1-dimensional deformation Z of Xj
such that, for some z in the base, the t-fiber of Z, is biholomorphic to X.

Proof. Choose c in Z(X%//) close to ¢y and satisfying that Xc() is biholomorphic
to X and apply Theorem 7. [J

Finally, we prove that a 1-dimensional deformation of a fiber of A can be
extended as a 1-dimensional deformation of Aj.

Corollary 6. Let m: X, — S! be a proper CR submersion.

If Y — B is a holomorphic (resp. smooth) deformation of some fiber X
of Xy over a 1-dimensional base, then there exists a holomorphic (resp. smooth)
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deformation Z of &} over the same base inducing locally ), i.e. such that we have

(yt)|U =)
for U a neighborhood of 0 in B.
Recall the definition (73) of Y.

Proof. We just do the holomorphic case. Since K., is complete at cy(t), we may
assume that ) is obtained by pull-back of K; (the Kuranishi space of X;) over
some disk of the base. As before, we may assume that K., is smooth. Let
F:(D,0) C (B,0) — (K, co(t))
be the associated map. We just have to extend it into a CR map
H:S'xD— K,
such that
Hy = ¢ and H(l,-)=F

which is not really different from what we did in the proofs of Theorems 4
and 6. [J

2. Rigidity.
As in the classical case, we say that a proper CR submersion 7: X, — S! is

rigid if any deformation II: Z — B of A, is (locally) isomorphic to a product
XO X B.

Here is a trivial example of a rigid CR submersion.

Example 0.1. Example Let X be a rigid compact complex manifold (for exam-
ple, X is P" for some n > 0). Let &y be a CR bundle with fiber Xj.

If this bundle is trivial, then the space K., is nothing else that a point. So is
KY. By Theorem 2, A} is trivial.

If it is not trivial, then K., can be taken as the unit disk (cf. Theorem 2),
but the family K, — K., is trivial by construction and every X close to A} is
isomorphic to

Xo x [0,1]/ ~ where (2,0) ~ (¢(2),1)

for ¢ a biholomorphism representing the monodromy of Aj. Hence it is isomorphic
to Ap. The same argument shows that any deformation of Aj is trivial, hence A}
is trivial.

This is indeed the unique rigid example.

Theorem 7. Let m: X, — S! be a proper CR submersion. Then Xj is rigid if
and only if it is a CR bundle with rigid fiber.

Proof. We have already seen in the previous example that a CR bundle with
rigid fiber is rigid. Conversely let X be rigid. If one of the fiber X; of A&} is not
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rigid, then by Corollary 6, there exists a non-trivial deformation of A&}, so every
fiber is rigid. By connectedness of the circle, this implies that all the fibers are
biholomorphic, hence, by Fischer-Grauert’s Theorem, it is a CR bundle. [J

3. Examples of CR bundles.

Example: the trivial case. Assume that m: X; — S! is a trivial CR bundle.
Then ¢y is just a point of 7 and K, is the same as the Kuranishi space K of the
fiber Xy. So finally the Kuranishi space K¢ of X, is C*(S', Kj).

For example, if X is E,; x S! (where E, is the elliptic curve of modulus 7 € H),
then K| is a neighborhood of 7 in H and K7 is the space of smooth maps from
the circle to this neighborhood.

Example: the non-trivial case. Let w be exp(2im/3) and let E be the elliptic
curve of modulus w. Let Xy be the CR bundle with fiber E and monodromy w.
Here ¢ is also a point, but we are in the special case of Theorem 2 and we cannot
take K., as a neighborhood of w in H. Let D,, be a disk centered at w in H. Let

V={2eC | suplz—(tw+ (1—1))| <e}.
te€[0,1]

This is a neighborhood of the segment joining 1 to w in C. Let D, be the open
disk of radius € centered at 1. Observe that D, is a neighborhood of 1 included
in V. Assume that ¢ is small enough to ensure that D, and wD, are disjoint.

Following the proof of Theorem 2, we define K., to be
K., =D, xV/~ with (7, w) € D, x D, ~ (w - T, ww)
where w- describes the action of the automorphism w onto H, that is
—1—-7

w-T =
-

So K., is biholomorphic to the product of a disk with an annulus. And X, has
non-trivial deformations, even if the situation may at first sight be rigid, due to
the fact that no other elliptic curve than E admits w as an automorphism. A CR
submersion close to but different from Xj is encoded by a path ¢ in H with

c(1) =w - ¢(0).

Such a structure is of course non-constant (in the sense that the fibers of the CR
submersion are not all the same) and this explains how it is possible that the
monodromy is not a biholomorphism of any fiber (c¢f. [M-V]). This is indeed an
example of a non-versal Kuranishi family.

Observe that we are in the special case where the dimension of K, is one more
than the dimension of the Kuranishi space it is constructed with. This extra-
dimension comes from the fact that we need &} to be represented by a path and
not a loop in K,,. Without this trick, one should take as K., the quotient of D,,
by the action generated by w; but we should then consider K., as an orbifold.
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More generally, if we take as A a CR bundle with fiber Xy a compact complex
2-torus and monodromy an automorphism of X, non-isotopic to the identity and
non-periodic (such pairs exist, see [G-V]), the same construction yields as K,
the product of the Kuranishi space K of X, an open set of C*, with an annulus.
Forgetting the extra-dimension, one should take the quotient of K, by the action
generated by this automorphism; but we should then consider a non-Hausdorff
space. Once again, our Kuranishi space is not versal.

On the contrary, when the monodromy of the fiber X is not isotopic to the
identity but extends as an automorphism of any manifold in the Kuranishi space
Ky of Xy, we may take K, as K., and gain one dimension with respect to our
construction. However, with this “reduced” K., there is no equivalent to Theo-
rem 3, because the space K9 of (69) is not complete. There is no hope to obtain
a non-trivial CR bundle as pull-back by a constant map.

Hence, we see that in all these examples, our space K., is not versal but it is
minimal with respect to properties of Theorems 2 and 3.

4. Hopf surfaces.
Consider the quotient of

C*\ {(0,0)} x S*
by the action generated by the map

(90) (z,w,t) — (22 + a(t)w?, (2 + b(t))w, t)

where a and b are two smooth functions from S* C C into Rsg satisfying
(91) a(—1)=a(1)=0 and a(t) >0 for t # —1,1

and

(92) b(1) =0, b(—1) =2 and 0<b(t)<2fort+#—1,1.

This defines a smoothly trivial CR submersion A& over the circle with fibers
(primary) Hopf surfaces. As usual, we denote by X; the fiber over t.

The following facts are well-known (cf. [Da] or [We]).

(i) The Hopf surface X; is the quotient of C*\ {(0,0)} by the linear action
generated by the matrix 2/d. Its Kuranishi space is smooth of dimension four
and a Kuranishi domain can be identified with an open neighborhood V' of 21d
in GLy(C) under the correspondence

(93) AeV i — X4:=(C*\ {(0,0)}) /(A).

(ii) The Hopf surface X_; is the quotient of the quotient of C?\ {(0,0)} by the
linear action generated by the diagonal matrix with eigenvalues 2 and 4. Because
4 is the square of 2, we are in a resonant case and its Kuranishi space is a bit
different from the previous one. It is smooth of dimension three and a Kuranishi
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domain can be identified with an open neighborhood W of (2,4,0) in C* under
the correspondence

(94) (@, B,8) €W — X(aps = (C*\ {(0,0)}) /{(z,w) — (az + sw?, fw)).

(iii) For t # —1, 1, the Hopf surface X; is biholomorphic to the linear Hopf surface
defined by the matrix

(95) Ale) = (g 2+)\b(t))

for any choice of A € C. Its Kuranishi space is smooth of dimension two and a
Kuranishi domain can be identified with an open neighborhood of Ay(t) in the
space of diagonal matrices.

(iv) The Kuranishi domain V' can be assumed to contain all matrices A, (t) for
t different from —1. In the same way, the Kuranishi domain W can be assumed
to contain all triple (2,2 + b(t), a(t)) for ¢ different from 1.

Taking these facts into account, we see that it is enough to choose adequately
V and W and to glue V' to W x C along a well-chosen open set to construct K.

To be more precise, consider the closed path
(96) teS'N{Rt >0} — ct(t) := Ay () € GLy(C).

Let || — || be the standard euclidian norm on C*. Tt induces a norm on V C
GL(C) by identifying GLy(C) to an open set of C*. Let € be a positive real
number and define

(97) V={AcGLy(C) | [|[A—ct(t)| < eforsometec S n{Rt>0}

Symmetrically, consider the closed path

(98) teS'N{Rt <0} — ¢ () := (2,2 + b(t),a(t),0) € C.
Define
(99) W={AecC* | ||[A—c (t)| < e forsometeS'N{Rt <0}.

Assume that € is small enough so that
(i) The open sets V' and W are Kuranishi domains.
(ii) The subset

Vo={A€eGLy(C) | [[A-c'(t)]|<efort=4i} CV
has two connected components and any point A = (A4;;); j=12 of V| satisfies

where \;(A) (respectively As(A)) is the smallest (respectively biggest) eigenvalue
of A.



CRM Preprint Series number 1121

42 LAURENT MEERSSEMAN

(iii) The subset
Wo={AecC" | [[A-—c ()| <efort==i}CcW
has two connected component and any point A = (A4;);=1,.. 4 of Wy satisfies
(101) 0<|A| <|As] <4 and |A3] > 0.
Then, because of (101) and (100), the map
(102) AeVor— (M(A), Aa(A), Agy, Aro) € Wy

is a biholomorphism. Because of the facts recalled above, (102) is an a.c. isomor-
phism. Gluing V' to W through (102) gives the analytic space K., we are looking
for. Here it is smooth of dimension four and it has the homotopy type of a circle.
The paths (98) and (96) glue together to give the path co.

According to Theorem 4, the associated space K9 is not versal at ¢o. This is
easy to see in this case. Modifying the path (98) by replacing the zero fourth
coordinate with any bump function (small enough in modulus) and gluing it to
(96) gives a path encoding Xj although it is different from c¢;.

Moreover, taking a bump function depending on a smooth parameter and per-
forming the same construction, one obtains a trivial deformation of &} over the
interval with injective image in K9. This contradicts versality.
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