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Abstract. A manifold M with a foliation F is minimizable if there exists a
Riemannian metric g on M such that every leaf of F is a minimal submanifold

of (M, g). For a closed manifold M with a Riemannian foliation F , Álvarez

López [1] defined a cohomology class of degree 1 called the Álvarez class whose
triviality characterizes the minimizability of (M,F). In this paper, we show

that the family of the Álvarez classes of a smooth family of Riemannian folia-
tions on a closed manifold is continuous with respect to the parameter. Since
the Álvarez class has algebraic rigidity under certain topological conditions on
(M,F) as the author showed in [18], we show that the minimizability of Rie-
mannian foliations is invariant under deformation under the same topological
conditions.
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1. Introduction

The minimizability of Riemannian foliations. The minimizability of gen-
eral foliations is characterized in terms of dynamical tools, for example, foliation
cycles (Sullivan [24]) or holonomy pseudogroups (Haefliger [10]). On the other
hand, remarkably, the minimizability of Riemannian foliations has a strong rela-
tion with the topology of manifolds. For example,

• The minimizability of an orientable Riemannian foliation of codimension
q on an orientable closed manifold is characterized by the nontriviality
of the basic cohomology of degree q by a theorem of Masa [12].

• For a Riemannian foliation on a closed manifold, Álvarez López [1] de-

fined the Álvarez class, which is a basic cohomology class of degree 1
whose triviality characterizes the minimizability.

• In particular, this characterization of the minimizability by Álvarez López
implies that every Riemannian foliation on a closed manifold with zero
first Betti number is minimizable. This is a generalization of a theorem
of Ghys [8] on simply connected case.

• A Riemannian foliation F on a closed manifold M is minimizable if π1M
is of polynomial growth and F is developable by a result of the author
[19].

In this paper, we show that the Álvarez classes of a smooth family of Riemannian
foliations on a closed manifold is continuous with respect to the parameter. Com-
bining this result with a rigidity theorem of the Álvarez class in Nozawa [18], we
obtain the invariance of the minimizability of Riemannian foliations under defor-
mation under the topological conditions in [18] which imply an algebraic rigidity

of Álvarez class there (see Corollary 4 below).
Note that the invariance of the minimizability under deformation does not hold

for general foliations. We present examples of families of foliations in Section 8
to describe the situation.

A continuity theorem of the Álvarez class. Our main result is as follows:
Let M be a closed manifold. Let U be an open neighborhood of 0 in R

l. Let
{F t}t∈U be a smooth family of Riemannian foliations on M over U .

Theorem 1. The Álvarez class ξ(F t) of (M,F t) is continuous in H1(M ; R) with
respect to t.
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We mention why Theorem 1 does not follow from the definition of the Álvarez
class or the classical deformation theory. By the definition, the Álvarez classes of
(M,F t) is represented by the closed 1-form obtained by orthogonally projecting
the mean curvature form of (M,F t, gt) to the space of basic 1-forms on (M,F t)
for any bundle-like metric gt on (M,F t). But the space of basic 1-form on (M,F t)
changes discontinuously with respect to t in the space of 1-forms on M , when the
dimension of closures of generic leaves changes. Because of this discontinuity of
the spaces of basic 1-forms, we cannot obtain a continuous family of closed 1-forms
which represents the Álvarez classes directly from the definition. Furthermore,
this discontinuity of the spaces of basic 1-forms breaks the continuity of the
domains of the families of basic Laplacians. Thus we cannot apply the classical
technique of deformation theory using smooth families of self-adjoint operators
to show Theorem 1 at least directly.

We mention why Theorem 1 does not follow from the interpretation of the
Álvarez class in terms of the holonomy homomorphism of the Molino’s commuting
sheaf of (M,F t) by a theorem of Álvarez López [2]. If the dimension of closures
of generic leaves changes, the ranks of family of Molino’s commuting sheaves as
flat vector bundles changes. Hence the family of Molino’s commuting sheaves is
not smooth as a family of flat vector bundles, and we cannot prove the continuity
directly by the result of [2].

To prove Theorem 1, we will take a suitable representative of the Álvarez class
at t = 0. Then, we will approximate the Álvarez class by non-closed 1-forms
(see Section 6.3). Some technical consideration on Riemannian foliations will be

needed to take a suitable representative of the Álvarez class at t = 0 in Section
5, which is the main part of this article.

Deformation of minimizable Riemannian foliations. Combining Theorem
1 with the characterization of the minimizability by the triviality of the Álvarez
class by Álvarez López [1], we have

Corollary 2. In parameter spaces of smooth families of Riemannian foliations
on closed manifolds, the subsets consisting of parameters corresponding to mini-
mizable Riemannian foliations are closed.

This corollary is not true for general foliations as we will see in Example 8.2.
A foliation F is defined to be of polynomial growth if the fundamental group

of every leaf of F is of polynomial growth. A group Γ is polycyclic if there exists
a sequence {Γi}

n
i=1 of subgroups of Γ such that Γ0 = Γ, Γn = {1}, Γi−1 ⊲ Γi and

Γi/Γi+1 is cyclic for every i. Let (M,F) be a closed manifold with a Riemannian
foliation. If π1M is polycyclic or F is of polynomial growth, then the integration
of the Álvarez class of (M,F) along every closed path on M is exponential of an
algebraic integer by a result of the author [18]. By the totally disconnectedness
of the set of algebraic integers in R, we have the following corollary of Theorem
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1: Let M be a closed manifold. Let U be a connected open neighborhood of 0 in
R

l. Let {F t}t∈U be a smooth family of Riemannian foliations on M over U .

Corollary 3. If π1M is polycyclic or F t is of polynomial growth for every t, then
ξ(F t) = ξ(F0) in H1(M,R) for every t.

The Álvarez class changes nontrivially for examples of families of solvable Lie
foliations constructed by Meigniez [14] (see also [15]) as we mentioned in [18].
Hence Corollary 3 is not true in general case. By the characterization of the
minimizability by the triviality of the Álvarez class by Álvarez López [1] and
Corollary 3, we have

Corollary 4. If π1M is polycyclic or F t is of polynomial growth for every t, then
one of the following holds:

(i) For every t in U , (M,F t) is minimizable.
(ii) For every t in U , (M,F t) is not minimizable.

Note that F is always of polynomial growth if dimF = 1. Hence for Riemannian
flows, the minimizability is invariant under deformation. As noted above, the
invariance of the minimizability under deformation is not true for general folia-
tions. For Riemannian foliations, it is not clear if the minimizability is invariant
under deformation in general. We ask

Question 5. Is the minimizability of Riemannian foliations on closed manifolds
invariant under deformation ?

Let (M,F) be a closed 4-manifold with a GA(1)-Lie foliation. By a theorem
of Matsumoto and Tsuchiya [13], (M,F) is a homogeneous GA(1)-Lie foliation
up to a finite covering. As a corollary, π1M is isomorphic to a lattice in a con-
nected simply connected solvable Lie group up to finite index subgroups. It is well
known that a lattice of connected simply connected solvable Lie group is poly-
cyclic (see Raghunathan [20]). Therefore π1M is polycyclic. By a generalization

of a minimality theorem of Masa [12] by Álvarez López [1] to nonoriented cases,
a transversely oriented Riemannian foliation on a closed manifold is minimizable
if and only if the top degree component of the basic cohomology is nontrivial.
In the case of a G-Lie foliation, it is easy to see that the nontriviality of the
top degree component of basic cohomology is equivalent to the unimodularity
of G. Hence a GA(1)-Lie foliation is not minimizable, and an R

2-Lie foliation
is minimizable. By Corollary 4, (M,F) cannot be deformed to a minimizable
Riemannian foliation. Thus, we obtained

Corollary 6. A GA(1)-Lie foliation on a closed 4-manifold cannot be deformed
into an R

2-Lie foliation.

In dimensions lower than 4, Corollary 6 is easily confirmed to be true is as a
consequence of classification of Riemannian foliations. In higher dimensions, it is
not clear if a similar result is true or not.
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The invariance of basic cohomology of Riemannian foliations under
deformation. Let H•(M/F t) be the basic cohomology of (M,F t). For a Rie-
mannian foliation on a closed manifold, the dimension of HcodFt

b (M/F t) is 1 or

0 (see El Kacimi, Sergiescu and Hector [9]). As remarked by Álvarez López in

the proof of Corollary 6.2 of [1], the triviality of the Álvarez class directly implies
the nontriviality of HcodF

b (M/F t). Hence Corollary 4 is paraphrased to

Corollary 7. If π1M is polycyclic or F t is of polynomial growth for every t, then
we have HcodFt

b (M/F t) ∼= HcodF0

b (M/F0) for every t in U .

This corollary gives a partial positive answer to the following question asked by
the author in VIII International Colloquium on Differential Geometry at Santiago
de Compostela (see [3]):

Question 8. Is basic cohomology of Riemannian foliations invariant under
deformation ?

The component of the basic cohomology of the degree equal to the codimension
of Riemannian foliations is invariant under deformation if and only if the answer
of Question 5 is true. We note that the answer of Question 8 is negative in
degree lower than the codimension of Riemannian foliations. We have a simple
counterexample as we present in Example 7.4.

Acknowledgement. The author would like to express his deep gratitude
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The author would like to express his deep gratitude to José Ignacio Royo Prieto
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thor at Centre de Recerca Matemàtica in Barcelona in the summer of 2010. The
author would like to express his deep gratitude to Centre de Recerca Matemàtica
for the invitation to the research program “Foliations” and great hospitality.

2. Basic definitions

2.1. Families of foliations. We use the terminology in Molino [17]. We recall
the definition of some basic terminology here to avoid confusion.

Let (M,F) be a foliated manifold. By the integrability of F , the Lie bracket
on C∞(TM) induces the Lie derivative with respect to vector fields tangent to
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the leaves

(1) C∞(TF) ⊗ C∞

(

r
⊗

(TM/TF) ⊗
s
⊗

(TM/TF)∗

)

−→ C∞

(

r
⊗

(TM/TF) ⊗

s
⊗

(TM/TF)∗

)

for every nonnegative integer s and r.

Definition 9. (i) An element X of C∞(TM/TF) is called a transverse field
on (M,F) if LYX = 0 for every Y in C∞(TF). A vector field Y on M
is called a basic vector field if Y is mapped to a transverse field by the
projection C∞(TM) −→ C∞(TM/TF).

(ii) An element g of C∞(
⊗2(TM/TF)∗) is called a transverse metric if the

following three conditions are satisfied:
(1) g(Y, Z) = g(Z, Y ) for every Y and Z in C∞(TM/TF),
(2) LXg = 0 for every X in C∞(TF) and
(3) gx(Z,Z) > 0 for every point x on M for every nonzero vector Z in

TxM/(TF)x.
A Riemannian metric g on M is called a bundle-like metric if the restric-
tion of g to

⊗2(TF)⊥ is a transverse metric under the natural identifi-
cation of

⊗2(TF)⊥ with
⊗2(TM/TF).

(iii) Let q be the codimension of (M,F). A transversal parallelism of (M,F)
is a q-tuple of transverse fields X1, X2, · · · , Xq on (M,F) such that
{(X1)x, (X

2)x, · · · , (X
q)x} is a basis of TxM/(TF)x at each point x on

M .

We recall the definition of smooth families of foliations with transverse struc-
tures. Let U be an open set in R

L which contains 0. Let M be a smooth manifold.

Definition 10. A smooth family of p-dimensional foliations of M over U is
defined by a p-dimensional smooth foliation Famb of M × U such that every leaf
of Famb is contained in M × {t} for some t.

For t in U , let F t be the foliation of M × {t} defined by the collection of the
leaves of Famb contained in M×{t}. Families of foliations are written as {F t}t∈U

throughout this paper. (νF)amb denotes the vector bundle over M × U defined
by the kernel of the map T (M × U)/TFamb −→ TU induced by the differential
map of the second projection M × U −→ U . We call (νF)amb the family of
normal bundles of {F t}t∈U . Note that (νF)amb|M×{t} is the normal bundle of the
foliation F t of M × {t} for each t.

Definition 11. (i) A smooth family of Riemannian foliations of M over U
is a pair of a smooth family of foliation of M × U defined by Famb and
a smooth metric gamb on (νF)amb such that the restriction of gamb to
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the orthogonal normal bundle of (M × {t},F t) is a transverse metric on
(M × {t},F t).

(ii) A smooth family of transversely parallelizable foliations of codimension
q of M over U is a pair of a smooth family {F t}t∈U of foliations of M of
codimension q and a q-tuple of global sections X1

amb, X
2
amb, · · · , X

q
amb of

(νF)amb such that {X1
amb|M×{t}, X

2
amb|M×{t}, · · · , X

q
amb|M×{t}} is a trans-

verse parallelism of (M × {t},F t) for each t.

2.2. The Álvarez class. We recall the definition of the Álvarez class of a closed
manifold with a Riemannian foliation by Álvarez López [1]. We restrict ourselves
to the case of oriented manifolds. The definition in nonorientable case is done by
lifting the foliation to the orientation cover as in [1].

Let (M,F) be an oriented closed manifold with a Riemannian foliation. We
fix a bundle-like metric g on (M,F). We have a direct sum decomposition

(2) C∞(∧kT ∗M) = C∞
b (∧kT ∗M) ⊕ C∞

b (∧kT ∗M)⊥

with respect to the metric induced by g where C∞
b (∧kT ∗M) is the space of basic

k-forms on (M,F). Let ρF be the first projection

(3) ρF : C∞(∧kT ∗M) −→ C∞
b (∧kT ∗M).

We denote the mean curvature form of (M,F , g) by κ (see, for example, Section
10.5 of Candel and Conlon [4] for the definition of the mean curvature form of
(M,F , g)).

Definition 12. For an oriented closed manifold M with a Riemannian foliation
F , we define a basic 1-form κb on (M,F) by

(4) κb = ρF (κ)

and call κb the Álvarez form of (M,F). This κb is closed by Corollary 3.5 of

Álvarez López [1]. We define the Álvarez class of (M,F) by the cohomology

class of κb in H1(M ; R). We denote the Álvarez class of (M,F) by ξ(F).

Let H1
b (M/F) be the basic cohomology group of degree 1 of (M,F) (see Sec-

tion 2 of Reinhart [21] or Section 2.3 of Molino [17] for the definition of the basic

cohomology). Álvarez López defined the Álvarez class as an element of H1
b (M/F)

in [1]. Since the canonical map H1
b (M/F) −→ H1(M/F) is injective as easily

confirmed by the definition, Definition 12 gives the essentially same data as in
[1].

The simple proof of the following lemma is due to a comment of Álvarez López
to the author:

Lemma 13. Let (M1,F1) be a closed manifold with a Riemannian foliation. Let
p : M2 −→M1 be a finite covering. We define a Riemannian foliation F2 on M2

by F2 = p∗F1. Then we have ξ(F2) = p∗ξ(F1).
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Proof. We take a bundle-like metric g1 on (M1,F1). Then p∗g1 is a bundle-like
metric on (M1,F1). We consider orthogonal decompositions

(5)
Ω1(M1) = Ω1

b(M1/F1) ⊕ (Ω1
b(M1/F1))

⊥,
Ω1(M2) = Ω1

b(M2/F2) ⊕ (Ω1
b(M2/F2))

⊥

with respect to the metric induced by g1 and p∗g1, respectively. By the definition
of metrics, we have

(6)
p∗Ω1

b(M1/F1) = p∗Ω1(M1) ∩ Ω1
b(M2/F2),

p∗(Ω1
b(M1/F1))

⊥ = p∗Ω1(M1) ∩ (Ω1
b(M2/F2))

⊥.

Let ρF1 and ρF2 be the first projections on decompositions (5). These equalities
imply

(7) p∗ρF1 = ρF2p
∗.

Let κi be the mean curvature forms of (Mi,Fi) with respect to g1 and p∗g1,
respectively. We have κ2 = p∗κ1. By (7), we have

(8) p∗(κ1)b = p∗ρF1(κ1) = ρF2(p
∗κ1) = ρF2(κ2) = (κ2)b. �

3. Fundamentals of Lie foliation theory

We summarize the fundamental facts of Lie foliation theory due to Fedida [6]
and [7] (see also Section 4.2 of Molino [17] or Section 4.3.1 of Moerdijk and Mrčun
[16]) to use in Sections 5 and 6.

Let G be a connected Lie group. Recall that a G-Lie foliation is a foliation
with a transverse (G,G)-structure where G acts on G by the left multiplication.
A G-Lie foliation has a structure of G′-Lie foliation for any covering group G′

of G as easily confirmed. Thus we will assume the simply connectedness of G
throughout this paper. We recall the following

Definition 14. The Lie algebra of G is called the structural Lie algebra of the
Lie foliation.

Let (M,F) be a G-Lie foliation. Let puniv
M : Muniv −→ M be the universal cover

of M . Fix a point xuniv
0 on Muniv. We put x0 = puniv

M (xuniv
0 ).

(I): We have a fiber bundle dev : Muniv −→ G which maps xuniv
0 to the unit

element e of G and whose fibers are the leaves of the foliation (puniv
M )∗F

of Muniv. This dev is called the developing map of (M,F).
(II): We have a group homomorphism hol : π1(M,x0) −→ G such that

(9) dev(γ · x) = dev(x) ·G hol(γ)

for x in Muniv and γ in π1(M,x0) where ·G is the multiplication of G.
The image of hol is called the holonomy group of (M,F). The holonomy
group of (M,F) is dense in G if and only if the leaves of F are dense in
M .
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(III): Recall that the Maurer-Cartan form θ on G is a Lie(G)-valued 1-
form on G defined by θg(v) = (Rg)∗v for g in G and v in TgG where
Rg is the right multiplication map of g. Since a Lie(G)-valued 1-form
dev∗ θ on Muniv is invariant under the π1(M,x0)-action, dev∗ θ induces a
Lie(G)-valued 1-form Ω on M . The structure of a G-Lie foliation (M,F)
is determined by this Lie(G)-valued 1-form Ω on M . This Ω is called the
Maurer-Cartan form of a G-Lie foliation (M,F).

(IV): The Maurer-Cartan form Ω of a G-Lie foliation (M,F) satisfies the
equation

(10) dΩ +
1

2
[Ω,Ω] = 0.

Conversely, if a Lie(G)-valued 1-form Ω on M satisfies (10) and Ωx :
TxM −→ Lie(G) is surjective for every x in M , then Ω is the Maurer-
Cartan form of a G-Lie foliation of M .

(V): Let {X
j
}

cod(M,F)
j=1 be a basis of Lie(G). Let {ωi}

cod(M,F)
i=1 be the dual

basis of Lie(G)∗. Let ωi be the 1-form on M induced from a π1(M,x0)-
invariant 1-form dev∗ ωi on Muniv by the quotient. We define a vector
fieldXj onM by ωi(X

j) = δij for each i and j where δij is the Kronecker’s

delta. Then {Xj}
cod(M,F)
j=1 is clearly a transverse parallelism of (M,F).

Here, the Maurer-Cartan form Ω of (M,F) is given by the equation

Ωx((X
j)x) = X

j
for each point x on M .

4. Reduction to the orientable transversely parallelizable case

We reduce the proof of Theorem 1 to the case where {F t}t∈U is a family of
transversely parallelizable foliations.

Let {F t}t∈U be a smooth family of Riemannian foliations of codimension q of a
closed manifold M over U . Clearly we can assume that U is contractible without
loss of generality. Let Fr(νF)amb be the family of the frame bundles associated
with the family (νF)amb of vector bundles on M . The metric gamb on (νF)amb de-
termines an O(q)-reduction O(νF)amb of Fr(νF)amb. We denote O(νF)amb|M×{0}

by O(νF)0. Since O(νF)amb is the total space of a O(νF)0-bundle over a con-
tractible base space U , we can trivialize O(νF)amb as O(νF)amb ∼= O(νF)0 × U .
By the standard construction of the Molino theory, we have the following lemma:

Lemma 15. There exists a foliation Gamb of O(νF)0 × U and a q(q+1)
2

-tuple

of transverse fields of (O(νF)0 × U,Gamb) defining a smooth family {Gt}t∈U of

transversely parallelizable foliations of codimension q(q+1)
2

of O(νF)0 over U .

Proof. Let {(Vλ, φλ)} be a Haefliger cocycle defining a foliation Famb of
M × U . Then {(O(νF)amb|Vλ

, dφλ)} is a Haefliger cocycle on O(νF)amb where
dφλ is the map induced on the frame bundle by φλ. We define a foliation Gamb
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of O(νF)0 × U pushing out the foliation of O(νF)amb defined by the Haefliger
cocycle {(O(νF)amb|Vλ

, dφλ)} by the trivialization O(νF)amb ∼= O(νF)0 × U .
We put Gt = Gamb|O(νF)0×{t}. For each t, we can construct a transversely

parallelism of (O(νF)0 × {t},Gt) from the transverse Levi-Civita connection on
O(νF)amb|M×{t} and the canonical 1-form on the frame bundle O(νF)amb|M×{t}

as in Section 5.1 of Molino [17] or Theorem 4.20 of Moerdijk and Mrčun [16]. Since
the transverse Levi-Civita connections and the canonical 1-forms on
(O(νF)0×{t},Gt) are smooth with respect to the parameter t, we have a smooth
family of transverse parallelisms. �

Lemma 16. If ξ(Gt) is continuous with respect to t, then ξ(F t) is also continuous
with respect to t.

Proof. Let π : O(νF)0×U −→ M×U be the projection. By Lemma 7 of Nozawa
[18], we have (π|O(νF)0×{t})

∗ξ(F t) = ξ(Gt) for each t. Since (π|O(νF)0×{t})
∗ :

H1(M × {t}; R) −→ H1(O(νF)0 × {t}; R) is injective, the continuity of ξ(F t)
follows from the continuity of ξ(Gt). �

By Lemmas 13 and 16, we have the following

Lemma 17. The general case of Theorem 1 follows from the special case where

(i) {F t}t∈U is a smooth family of transversely parallelizable foliations of M .
(ii) M and the basic fibration of F0 are orientable. Moreover if we have a

foliation F̃ on M , we can assume that F̃ is also orientable.

Here, F̃ in the statement of (ii) will be F̃0 which appears in Section 6.2. For
the proof of Lemma 17, we note that the finite covering p : M1 −→ M2 induces
an injection p∗ : H1(M1; R) −→ H1(M2; R). Then p∗ : H1(M2; R) −→ H1(M1; R)
is injective by the Poincaré duality for closed manifolds M1 and M2.

5. A representative κ̃b of the Álvarez class

5.1. Definition of the F̃-integrated component κ̃b of the mean curvature
form. We will define the F̃ -integrated component κ̃b of the mean curvature form
for transversely parallelizable foliations in a way similar to that of the definition of
the Álvarez form κb for trasnversely parallelizable foliations in Álvarez López [1].
Let (M,F) be a closed manifold with a transversely parallelizable foliation. We
denote the codimension of (M,F) by cod(M,F). We take a transverse parallelism

{Xj}
cod(M,F)
j=1 of (M,F). Let {ωi}

cod(M,F)
i=1 be the set of basic 1-forms on (M,F)

such that ωi(X
j) = δij where δij is the Kronecker’s delta. We put

(11) ωI = ωi1 ∧ ωi2 ∧ · · · ∧ ωik
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for a set I = {i1, i2, · · · , ik} where 1 ≤ i1 < i2 < · · · < ik ≤ cod(M,F). Assume
that we have the following diagram:

(12) M
πb

//

π
F̃ !!B

B

B

B

B

B

B

B

W

��

V

where πb : M −→ W is the basic fibration of (M,F) and πF̃ is a submersion.
Recall that the basic fibration of (M,F) is a fiber bundle whose fibers are closures
of leaves of (M,F). We denote the foliation of M defined by the fibers of πF̃ by

F̃ . We denote V by M/F̃ in below.
We assume that M and the fiber bundle πF̃ are orientable. We fix a bundle-like

metric g on (M,F). Then we define a map ρF̃ by

(13) ρF̃

(

τ +
∑

I⊂{1,2,··· ,cod(M,F)},|I|=k

f IωI

)

=
1

π∗
F̃

(∫

F̃
volF̃

)

∑

I⊂{1,2,··· ,cod(M,F)},|I|=k

(

∫

F̃

f I volF̃

)

ωI

for f I in C∞(M) and τ in C∞
(

T ∗F ⊗ (∧k−1T ∗M)
)

where
∫

F̃
is the integration

along the fiber of πF̃ with respect to the fixed orientation and volF̃ is the fiberwise
volume form of πF̃ determined by the metric g. Note that we have a direct sum
decomposition

(14) C∞(∧kT ∗M) = (ker ρF̃ )⊥ ⊕ ker ρF̃

and ρF̃ is the first projection as the case of ρF .

Definition 18. We define the F̃ -integrated component κ̃b of the mean curvature

form κ of (M,F , g) with respect to the transverse parallelism {ωi}
cod(M,F)
i=1 by

(15) κ̃b = ρF̃(κ).

Note that ρF̃ coincides with ρF if F̃ is the foliation whose leaves are closures

of leaves of F according to according to Álvarez López [1] (see ).In this case, κ̃b

coincides with κb.
Note that ρF̃ depends on the choice of the transverse parallelism {Xj}

cod(M,F)
j=1 .

This is different from the case of ρF , which is determined only by the metric g.

We remark that there will be a natural choice of {ωi}
cod(M,F)
i=1 , when we apply this

construction in Section 6. Note that

(16) ρF̃ρF = ρF̃

by the definition.
Note that κ̃b may not be closed. We do not define κ̃b for the case where M or

πF̃ is not orientable. This is because it is not used in this paper.
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5.2. The statement of Proposition 20. We will state Proposition 20 which
asserts that the Álvarez class of (M,F) is represented by κ̃b under certain condi-
tions. These conditions will be naturally satisfied in our application in Section 6.
The proof of the essential part of Proposition 20 occupies the rest of this section.

Let (M,F) be a closed manifold with a transversely parallelizable foliation. We

fix a bundle-like metric g on (M,F). We assume that orientability of M , F̃ and

the basic fibration of (M,F). Let volF̃ be the characteristic form of (M, F̃ , g). Let

κF̃ be the mean curvature form of (M, F̃ , g). Let d1,0 be the composition of the de
Rham differential and the projection C∞(∧•+1T ∗M) −→ C∞((TF⊥)∗ ⊗∧•T ∗F)

determined by g. We take a transverse parallelism {Xj}
cod(M,F)
j=1 of (M,F). Let

{ωi}
cod(M,F)
i=1 be the set of basic 1-forms on (M,F) such that ωi(X

j) = δij where
δij is the Kronecker’s delta.

Lemma 19. If each leaf of (M, F̃) is minimal with respect to g, then the function
∫

F̃
volF̃ on the leaf space M/F̃ is constant.

Proof. By the assumption, we have κF̃ = 0. By the Rummler’s formula (see the
second formula in the proof of Proposition 1 in Rummler [22] or Lemma 10.5.6
of Candel and Conlon [4]), we have d1,0 volF̃ = −κF̃ ∧ volF̃ . Hence we have
d1,0 volF̃ = 0. Then

(17) d

(
∫

F̃

volF̃

)

=

∫

F̃

d volF̃ =

∫

F̃

d1,0 volF̃ = 0.

Here the second equality follows from the degree counting of the differential
forms. �

Proposition 20. We assume that M , F̃ and the basic fibration πb of (M,F) are
orientable. We assume that

(a): The fixed bundle-like metric g on (M,F) is bundle-like also with re-
spect to F̃ .

(b): Each leaf of (M, F̃) is minimal with respect to g.

(c): We define functions cjki on M by

(18) dωi =
∑

1≤j<k≤cod(M,F)

cjki ωj ∧ ωk.

Then cjki |L̃ is a constant for each fiber L̃ of πF̃ .

(d): Let projF̃ : C∞(TM/TF) −→ C∞(TM/T F̃) be the canonical projec-

tion. Then projF̃ Xi is a transverse field on (M, F̃) for each i.

Then we have

(i) κ̃b is a closed 1-form on M and
(ii) [κb] = [κ̃b] in H1(M ; R).

We will show (i) here. (ii) will be shown in the end of this section.
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Proof of Proposition 20 (i). By Lemma 19, the function π∗
F̃

(∫

F̃
volF̃

)

on M is
constant. We put

(19) C = π∗
F̃

(
∫

F̃

volF̃

)

.

We put

(20) κb =

cod(M,F)
∑

i=1

hiωi.

By the condition (c), we have

(21) ρF̃

(

cod(M,F)
∑

i=1

hidωi

)

=

cod(M,F)
∑

i=1

(
∫

F̃

hi volF̃

)

dωi.

Using (15), (16), (4) in this order, we have

(22) κ̃b = ρF̃κ = ρF̃ρFκ = ρF̃κb.

We have

(23)

dκ̃b

= dρF̃κb

= 1
C
d
(

∑cod(M,F)
i=1

( ∫

F̃
hi volF̃

)

ωi

)

= 1
C

∑cod(M,F)
i=1

( ∫

F̃
dhi ∧ volF̃

)

∧ ωi + 1
C

∑cod(M,F)
i=1

( ∫

F̃
hid volF̃

)

∧ ωi

+ 1
C

∑cod(M,F)
i=1

( ∫

F̃
hi volF̃

)

dωi

= ρF̃

(

∑cod(M,F)
i=1 dhi ∧ ωi

)

+ 1
C

∑cod(M,F)
i=1

( ∫

F̃
hid volF̃

)

∧ ωi

+ρF̃

(

∑cod(M,F)
i=1 hidωi

)

.

Here, we used (22) in the first equality. The second equality follows from the
combination of (13), (19) and (20). We used the commutativity of the integration
along the fiber with d in the third equality. The fourth equality follows from the
equations (13) and (21). We have
(24)

ρF̃

(

∑cod(M,F)
i=1 dhi ∧ ωi

)

+ 1
C

∑cod(M,F)
i=1

( ∫

F̃
hid volF̃

)

∧ ωi+ρF̃

(

∑cod(M,F)
i=1 hidωi

)

= ρF̃

(

d
(
∑cod(M,F)

i=1 hiωi

)

)

+ 1
C

∑cod(M,F)
i=1

( ∫

F̃
hid volF̃

)

∧ ωi

= ρF̃

(

d
(
∑cod(M,F)

i=1 hiωi

)

)

+ 1
C

∑cod(M,F)
i=1

( ∫

F̃
hid1,0 volF̃

)

∧ ωi

= ρF̃ (dκb) −
1
C

∑cod(M,F)
i=1

( ∫

F̃
hiκF̃ ∧ volF̃

)

∧ ωi.

Here, in the first equality, we combined the first and the third terms. The second
equality follows from the degree counting. The third equality follows from (20)
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and the Rummler’s formula (see the second formula in the proof of Proposition 1
in Rummler [22] or Lemma 10.5.6 of Candel and Conlon [4]).

The first term of the last line is 0, because κb is closed by Corollary 3.5 of
Álvarez López [1]. Since κF̃ is 0 by the condition (b), the second term is also 0.
Hence (i) is proved. �

5.3. ξ(F) = [κ̃b] on the fibers of πF̃ . We prove a lemma which will be used in
the proof of Proposition 20 to show the restriction of ξ(F) and [κ̃b] to the fibers
of πF̃ are equal. Here, α will be considered to be ξ(F) − [κ̃b] in the application
in Section 5.6.

Lemma 21. Assume that the conditions (a) and (b) in Proposition 20 are satis-
fied. Let M ′ be an orientable submanifold of M which is a union of fibers of πF̃ .
Let {φt}t∈[0,1] be the flow on M ′ generated by a vector field X on M ′. Assume
that ωi(X) is constant on each fiber of πF̃ for each i. Then we have

(25)

∫

M ′

(

∫

γx

κb

)

volM ′(x) =

∫

M ′

(

∫

γx

κ̃b

)

volM ′(x)

where γx is the orbit of x of {φt}t∈[0,1], and volM ′ is the volume form on M ′

determined by g.

Proof. The function π∗
F̃

(∫

F̃
volF̃

)

on M ′ is constant by the condition (b) and

Lemma 19. We take a real number C and functions hi on M as (19) and (20).
Then we have

(26)

∫

M ′

(

∫

γx
ρF̃(κ)

)

volM ′(x)

=
∫

M ′

(

∫

γx
ρF̃ (κb)

)

volM ′(x)

= 1
C

∫

M ′

(

∫

γx

(

∑cod(M,F)
i=1

∫

F̃
hi volF̃

)

ωi

)

volM ′(x)

= 1
C

∫

M ′

(

∫ 1

0

(

∑cod(M,F)
i=1

∫

F̃
hi volF̃

)

γx(t)
ωi(X)γx(t)dt

)

volM ′(x).

Here, we used (22) in the first equality. We used (13) and (20) in the second
equality.

By the assumption, ωi(X) is constant on the fibers of πF̃ . Then we have

(27)

1
C

∫

M ′

(

∫ 1

0

∑cod(M,F)
i=1

(

∫

F̃
hi volF̃

)

γx(t)
ωi(X)γx(t)dt

)

volM ′(x)

= 1
C

∫

M ′

(

∫ 1

0

(

∑cod(M,F)
i=1

∫

F̃
hiωi(X)γx(t) volF̃

)

dt
)

volM ′(x)

= 1
C

∫

M ′

(

∫ 1

0

(

∫

F̃
γ∗xκb(X) volF̃

)

dt
)

volM ′(x)

= 1
C

∫

M ′

(

∫

F̃

(

∫ 1

0
γ∗xκb(X)dt

)

volF̃

)

volM ′(x)

= 1
C

∫

M ′

(

∫

F̃

(

∫

γx
κb

)

volF̃

)

volM ′(x).



CONTINUITY OF THE ÁLVAREZ CLASS 15

By the condition (a), we have
∫

M ′ f volM ′ =
∫

M ′/F̃

(

∫

F̃
f volF̃

)

volM ′/F̃ for a

function f on M ′ where volM ′/F̃ is the volume form on M ′ determined by g.
Hence we have

(28)

1
C

∫

M ′

(

∫

F̃

(

∫

γx
κb

)

volF̃

)

volM ′(x)

= 1
C

∫

M ′/F̃

(

∫

F̃

(

∫

F̃

(

∫

γx
κb

)

volF̃

)

volF̃

)

volM ′/F̃

=
∫

M ′/F̃

(

∫

F̃

(

∫

γx
κb

)

volF̃

)

volM ′/F̃

=
∫

M ′

(

∫

γx
κb

)

volM ′(x).

The proof of Lemma 21 is completed. �

We fix a point x0 on M . Let F̃ be the fiber of πF̃ containing x0. We assume
that the condition (d) in Proposition 20 is satisfied. We define transverse fields
Y 1, Y 2, · · · , Y cod(M,F) on (M,F) by

(29) Y j =

cod(M,F)
∑

i=1

aj
iX

i

choosing a nondegenerate matrix (aj
i )1≤j≤cod(M,F),1≤i≤cod(M,F) so that (Y 1)x0 ,

(Y 2)x0, · · · , (Y cod(F̃ ,F|
F̃

))x0 are tangent to F̃ . By the condition (d) in Propo-

sition 20, vector fields Y 1, Y 2, · · · , Y cod(F̃ ,F|
F̃

) are basic with respect to F̃ . Hence

Y 1, Y 2, · · · , Y cod(F̃ ,F|
F̃

) are tangent to F̃ at every point on F̃ . We denote the vec-

tor subspace ⊕
cod(F̃ ,F|

F̃
)

j=1 R(Y j |F̃ ) of the Lie algebra of transverse fields on (F̃ ,F|F̃ )
by g.

Lemma 22. Assume that the conditions (c) and (d) in Proposition 20 are satis-
fied.

(i) g is a Lie subalgebra of the Lie algebra of transverse fields on (F̃ ,F|F̃ ).

(ii) (F̃ ,F|F̃ ) is a Lie foliation.

Proof. We prove (i). We take basic 1-forms ζi by ζi(Y
j) = δij where δij is the

Kronecker’s delta. By the condition (c), we have

(30) dζi =
∑

1≤j<k≤cod(M,F)

cjki ζj ∧ ζk.

where cjki are functions on M whose restriction to F̃ is a constant. Clearly we
have

(31) ζi([Y
j , Y k]) = −2dζi(Y

j , Y k) = −2cjki .
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For any transverse field Z on (M,F), we have Z =
∑cod(M,F)

i=1 ζi(Z)Y i. Hence we
have

(32) [Y j , Y k] =

cod(M,F)
∑

i=1

ζi([Y
j, Y k])Y i = −2

cod(M,F)
∑

i=1

cjki Y
i.

Consider the case of 1 ≤ j < k ≤ cod(F̃ ,F|F̃ ). Note that [Y j , Y k] is also tangent

to F̃ at every point on F̃ , because Y j and Y k are tangent to F̃ at every point on
F̃ . Then it follows that cjki must be 0 for cod(F̃ ,F|F̃ ) + 1 ≤ i ≤ cod(M,F) from

(32), because Y cod(F̃ ,F|
F̃

)+1, · · · , Y cod(M,F) are not tangent to F̃ at x0. Hence
[Y j , Y k] is contained in g. (i) is proved.

We prove (ii). Here, g is a Lie algebra by (i). We define a g-valued 1-form Ω

on F̃ by

(33) Ωx((Y
j)x) = Y j

for every point x on F̃ and every j. For the proof of (ii), it suffices to show that
Ω satisfies the Maurer-Cartan equation dΩ + 1

2
[Ω,Ω] = 0 by (III) and (IV) of

Section 3. This is proved in a way similar to the argument of Theorem 4.24 of
Moerdijk Mrčun [16] as follows: For 1 ≤ j < k ≤ cod(F̃ ,F|F̃ ), we have

(34)

dΩ(Y j, Y k) + 1
2
[Ω,Ω](Y j , Y k)

= 1
2

(

Y j(Ω(Y k)) − Y k(Ω(Y j)) − Ω([Y j, Y k])
)

+ 1
2
[Ω(Y j),Ω(Y k)]

= 1
2

(

Y j(Ω(Y k)) − Y k(Ω(Y j))
)

= 0.

In the second equality, we used the equality Ω([Y j , Y k]) = [Ω(Y j),Ω(Y k)] which
follows from the definition of Ω. The last equality follows from the fact that the
g-valued functions Ω(Y j) and Ω(Y k) are constant on F̃ . �

Let Fb be the foliation of M defined by the fibers of πb.

Lemma 23. Assume that the conditions (c) and (d) in Proposition 20 are satis-

fied. Assume that a basic closed 1-form α on (F̃ ,F|F̃ ) satisfies

(35)

∫

F̃

(

∫

γx

α
)

volF̃ (x) = 0

for every flow {φt}t∈[0,1] on F̃ generated by a vector field X such that ωi(X) is

constant on F̃ for each i where γx is the orbit of x of the flow {φt}t∈[0,1]. Then
we have

(i) α|Lb
= 0 for each leaf Lb of (F̃ ,Fb|F̃ ) and

(ii) [α] = 0 in H1(F̃ ; R).

Proof. We show (i) in the case where Lb is the leaf Fb of (F̃ ,Fb|F̃ ) which contains
x0. The proof of the general case is similar.
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Here (F̃ ,F|F̃ ) is a Lie foliation by Lemma 22 (ii). We take a connected Lie

group G so that (F̃ ,F|F̃ ) is a G-Lie foliation. We can assume the simply con-
nectedness of G as noted in the second paragraph of Section 3.

Let puniv
F̃

: F̃ univ −→ F̃ be the universal covering of F̃ . Fix a point xuniv
0 on

the fiber of x0. Let dev : F̃ −→ G be the developing map of the Lie foliation
(F̃ ,F|F̃ ) which maps xuniv

0 to the unit element e of G. Let hol be the holonomy

homomorphism π1(F̃ , x0) −→ G of the Lie foliation (F̃ ,F|F̃ ). By (I) of Section 3,

every basic 1-form on (F̃ univ, (puniv
F̃

)∗(F|F̃ )) is the pullback of a 1-form on G by
dev. Hence there exists a 1-form α on G such that

(36) (puniv
F̃

)∗α = dev∗ α.

By (II) of Section 3 and the invariance of (puniv
F̃

)∗α under the π1(F̃ , x0)-action on

F̃ univ, we have

(37) R∗
hol(γ)α = α

for γ in π1(F̃ , x0) where Rhol(γ) : G −→ G is the right multiplication map of an
element hol(γ) of G. Let H be the closure of the image of hol in G. Note that

H is a proper subgroup of G if the leaves of (F̃ ,F|F̃ ) are not dense by (II) in
Section 3. It follows from (37) that

(38) R∗
gα = α

for every g in H .
In the sequel, for a path γ on F̃ , we denote a lift of γ to F̃ univ by γuniv. By

(38), we have

(39)

∫

γ

α =

∫

γuniv

(puniv
F̃

)∗α =

∫

γuniv

dev∗ α =

∫

dev∗ γuniv

α.

Let γ be a closed path on F̃ whose endpoints are x0. We denote the element
of π1(F̃ , x0) represented by γ by the same symbol γ. Let Xγ be the left invariant

vector field on G such that expXγ = hol(γ). Let Xuniv
γ be a lift of Xγ to F̃ univ

which is invariant by the action of hol(π1(F̃ , x0)). Let Xγ be the vector field on

F̃ whose lift to F̃ univ is Xuniv
γ . Let γx be the orbit of x on F̃ of the flow {φt}t∈[0,1]

generated by Xγ. It follows that dev∗ γ
univ
x is an orbit of the flow generated by

Xγ from the definition of Xγ and γx. Hence we have

(40) dev∗ γ
univ
x (t) = dev∗ γ

univ
x (0) · exp(tXγ).

We take the lifts γuniv and γuniv
x0

of γ and γx0 to F̃ univ so that γuniv(0) = γuniv
x0

(0) =
xuniv

0 , respectively. Then, by (9) and (40), we have

(41)
dev∗ γ

univ
x0

(0) = e = dev∗ γ
univ(0),

dev∗ γ
univ
x0

(1) = hol(γ) = dev∗ γ
univ(1).
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Since G is simply connected, (39), (41) and the Stokes theorem imply

(42)

∫

γ

α =

∫

dev∗ γuniv

α =

∫

dev∗ γuniv
x0

α =

∫

γx0

α.

It follows from (40) and dev(γuniv
x0

(0)) = e that
(43)

dev∗ γ
univ
x = (Rdev(γuniv

x (0))·dev(γuniv
x0

(0))−1)∗ dev∗ γ
univ
x0

= (Rdev(γuniv
x (0)))∗ dev∗ γ

univ
x0

.

If γ and x are contained in Fb, then we can take γuniv
x so that dev(γuniv

x (0)) is
contained in H . By using (39), (43), (38) and (39) in this order, we have

(44)

∫

γx

α =

∫

dev∗ γuniv
x

α =

∫

(R
dev(γuniv

x (0))
)∗ dev∗ γuniv

x0

α =

∫

dev∗ γuniv
x0

α =

∫

γx0

α.

Since Xγ satisfies the condition of X in the statement of Lemma 23, we have

(45)

∫

F̃

(

∫

γx

α
)

volF̃ (x) = 0

by the assumption. By (42), (44) and (45), we have

(46)

∫

γ

α = 0.

Then α|Fb
is exact. Hence there exists a basic function h on (Fb,F|Fb

) such that
dh = α|Fb

. But since the leaves of (Fb,F|Fb
) are dense, h is constant. Then we

have α = dh = 0. We complete the proof of (i).
We show

(47)

∫

γx

α =

∫

γx0

α

for every point x on F̃ .
We show that [α] in H1(F̃ ; R) is contained in the image of (πb|F̃ )∗ :

H1(F̃ /Fb; R) −→ H1(F̃ ; R). Since α is basic with respect to F , we have φ∗α = α
for a diffeomorphism φ which maps each leaf of F to itself. Each leaf L of F
is dense in the leaf Lb of Fb|F̃ which contains L. Hence the orbits of the group
of diffeomorphisms which map each leaf of F to itself is dense in Lb. Hence we
have (LY α)x = 0 for every point x on M and every Y in TxM tangent to Lb.

Since α|Lb
is zero by (i), α is basic with respect to Fb. Thus [α] in H1(F̃ ; R) is

contained in (πb|F̃ )∗(H1(F̃ /Fb; R)) in H1(F̃ ; R).
The path γx may not be closed in general. But we show that (πb)∗γx is closed

where πb : F̃ −→ F̃ /Fb is the projection to the leaf space. Let H be the Lie
subgroup of G defined by the closure of hol(π1(F̃ , x0)). The structural Lie alge-
bra of the Lie foliation (Fb,F|Fb

) is Lie(H), and hence dimH = cod(Fb,F|Fb
).

By the equivariance of the developing map in (9), the map dev : F̃ univ −→ G
induces a map devG/H : F̃ −→ G/H . Furthermore, devG/H induces a map ̟ :
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F̃ /Fb −→ G/H . Since ̟ is a submersion between two manifolds of the same
dimension, ̟ is a covering map. Since ̟ is injective as easily confirmed, ̟ is a
diffeomorphism.

Let Xb be a vector field on F̃ /Fb induced from Xγ. Let XG/H be a vector field

on G/H induced from a vector field Xγ on G. By the definition of Xγ and Xγ ,
we have

(48) ̟∗XG/H = Xb.

Recall that γx is the orbit of x of the flow {φt}0≤t≤1 from time zero to time one
generated by Xγ. Thus (πb)∗γx is the orbit of x of the flow from time zero to
time one generated by Xb. By (48), ̟ maps an orbit of the flow from time zero
to time one generated by Xb to an orbit of the flow from time zero to time one
generated by the vector field XG/H on G/H . Here the time one map of the flow

generated by XG/H is the identity, because this map is induced by the time one

map of the flow on G generated by Xγ , which is the right multiplication map of

an element of hol(π1(F̃ , x0)) by the definition of Xγ . Hence (πb)∗γx is a closed

path on F̃ /Fb for each x.
The homology class determined by (πb)∗γx in F̃ /Fb is independent of x. This is

because γx and γy are bounded by a 1-parameter family of closed paths on F̃ /Fb

of the form {γl(s)}0≤s≤1 where l is a path on F̃ such that l(0) = x and l(1) = y

for every two points x and y in F̃ /Fb.
Thus, by the argument in the previous three paragraphs, [α] is contained in

(πb|F̃ )∗(H1(F̃ /Fb; R)), and (πb)∗γx determines the same homology class in F̃ /Fb

for every x. Hence (47) is proved.
By (42), (45) and (47), we have

(49)

∫

γ

α = 0.

Hence (ii) is proved. �

5.4. Two lemmas on a fiber bundle over S1 with fiberwise Lie foliations.
We prove two lemmas to use in the next section. Note that (F̃ ,Fb|F̃ ) is trans-

versely orientable by the assumption of the orientability of both of F̃ and the
basic fibration πb of (M,F).

Lemma 24. Assume that the conditions (c) and (d) in Proposition 20 are satis-
fied. Let γ : S1 −→ M be a smooth embedding in M . Assume that γ is transverse
to the fibers of πF̃ , and that πF̃ ◦ γ is an embedding. We put M ′ = π−1

F̃
(πF̃(S1)).

Then there exists a flat connection ∇ on πF̃ |M ′ which satisfies the following four
conditions:

(A): The holonomy map f : F̃ −→ F̃ of ∇ preserves the foliation Fb|F̃ .
(B): The holonomy map f of ∇ preserves a transverse volume form µF̃ /Fb

of (F̃ ,Fb|F̃ ).
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(C): We denote the inverse map πF̃ ◦ γ(S1) −→ S1 of πF̃ ◦ γ by ϕ. We
define a section γ1 of πF̃ |M ′ by γ1 = γ ◦ ϕ. Then γ1 is a section parallel
to ∇.

(D): There exists a vector field Z∇ such that the orbits of the flow generated
by Z∇ is parallel to ∇ and the restriction of ωi(Z∇) to each fiber of πF̃
is constant.

Proof. Let X̂j be a section of TM |M ′ onM ′ such that X̂j is projected toXj by the
canonical projection C∞(TM |M ′) −→ C∞((TM/TF)|M ′) for 1 ≤ j ≤ cod(M,F).
There exists a vector field Y tangent to F defined on γ1(S

1) and functions h1,
h2, · · · , hcod(M,F) on S1 such that

(50) (Dγ1)t

(

∂

∂t

)

= Yγ1(t) +

cod(M,F)
∑

j=1

hj(t)(X̂
j)γ1(t)

where (Dγ1)t is the differential map of γ1 at a point t. Let Y ′ be a vector field
on M ′ which is tangent to F and whose restriction to γ1(S

1) is equal to Y . We
define a vector field Z∇ on M ′ by

(51) Z∇ = Y ′ +

cod(M,F)
∑

j=1

((πF̃ |M ′)∗hj)X̂
j.

The restriction of Z∇ to γ1(S
1) is equal to the tangent vectors of γ1 by (50).

Z∇ is basic with respect to F and transverse to the fibers of πF̃ . We define a
connection ∇ on πF̃ by the line field tangent to Z∇ at each point on M ′. It is
trivial that ∇ is flat, because every connection on a fiber bundle over S1 is flat.

We show that ∇ satisfies the conditions (A), (B), (C) and (D). Here, X̂j is

basic with respect to F̃ |M ′ by the condition (d) in Proposition 20. Hence Z∇ is
also basic with respect to F̃|M ′ by the definition. On a foliated manifold, the
flow generated by a basic vector field maps leaves of the foliation to the leaves
by Proposition 2.2 of Molino [17]. Then the flow generated by Z∇ also maps the
fibers of πF̃ |M ′ to the fibers of πF̃ |M ′. The time one map of the flow generated

by Z∇ maps F̃ to F̃ itself. Since the orbits of the flow generated by Z∇ are
parallel to ∇ by the definition, the time one map of the flow generated by Z∇

is the holonomy of ∇. This proves that ∇ satisfies the condition (D). Since the
restriction of Z∇ to γ1(S

1) is equal to the tangent vectors of γ1, the condition (C)
is satisfied. Since Z∇ is basic with respect to F , the flow generated by Z∇ maps
the leaves of F to the leaves of F . Since the leaves of Fb are the closures of the
leaves of F , the flow generated by Z∇ maps the leaves of Fb to the leaves of Fb.
Hence f satisfies the condition (A). By the conditions (c), (d) in Proposition 20

and Lemma 22 (ii), (F̃ ,F|F̃ ) is a Lie foliation. Let G be a connected Lie group

such that (F̃ ,F|F̃ ) is a G-Lie foliation. We can assume the simply connectedness
of G as noted in the second paragraph of Section 3. Let H be the Lie subgroup
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of G such that Lie(H) is the structural Lie algebra of the Lie foliation (Fb,F|Fb
).

We denote the universal cover of F̃ by

(52) puniv
F̃

: F̃ univ −→ F̃ .

Note that dimG = cod(F̃ ,F|F̃ ) and the codimension of H in G is equal to

cod(F̃ ,Fb|F̃ ). We regard (Lie(G)/Lie(H))∗ as a subset of Lie(G)∗ consisting of
the elements whose restriction to Lie(H) is 0. Fix a basis {β1, β2, · · · , βcod(F̃ ,F|

F̃
)}

of Lie(G)∗ so that {β1, β2, · · · , βcod(F̃ ,Fb|F̃ )} is a basis of (Lie(G)/Lie(H))∗. Note

that dev∗
G βj is π1F̃ -invariant. Let βj be the 1-form on F̃ induced by the π1F̃ -

invariant 1-form dev∗
G βj on F̃ univ for 1 ≤ j ≤ cod(F̃ ,F|F̃ ). Then the restriction

of βj on each leaf of F̃ is zero for 1 ≤ j ≤ cod(F̃ ,Fb|F̃ ). Note that the Maurer-

Cartan form of (F̃ ,Fb|F̃ ) is given by the equation (33). Hence, by (V) of Section 3,
we can write

(53) βj =

cod(F̃ ,F|
F̃

)
∑

i=1

bij(ωi|F̃ )

for each j for some constants bij , 1 ≤ i ≤ cod(F̃ ,F|F̃ ).

We define a transverse volume form µF̃ /Fb
on (F̃ ,Fb|F̃ ) by

(54) µF̃ /Fb
= β1 ∧ β2 ∧ · · · ∧ βcod(F̃ ,Fb|F̃ ).

Since µF̃ /Fb
is closed, we have

(55) LZ∇
µF̃ /Fb

= dιZ∇
µF̃ /Fb

= dιZ∇
(β1 ∧ β2 ∧ · · · ∧ βcod(F̃ ,Fb|F̃ )).

Note that ωi(Z∇) is constant on F̃ by the definition of Z∇. Then βj(Z∇) is also

constant on F̃ . We can write dβi as a sum of βj ∧ βk on M as

(56) dβi =
∑

1≤j<k≤cod(M,F)

cjki βj ∧ βk.

Then the restriction of cjki to F̃ is a constant by the condition (c) in Proposi-
tion 20. Then there exists a constant C0 such that

(57) dιZ∇
(β1 ∧ β2 ∧ · · · ∧ βcod(F̃ ,Fb|F̃ ))x = C0

(

β1 ∧ β2 ∧ · · · ∧ βcod(F̃ ,Fb|F̃ )

)

x

for every point x on F̃ . By (55) and (57), we have

(58) (LZ∇
µF̃ /Fb

)x = C0(µF̃ /Fb
)x

for every point x on F̃ . In the same way, there exists a constant Ct
0 such that

(59) (LZ∇
µF̃ /Fb

)x = Ct
0(µF̃ /Fb

)x

for every point x on π−1

F̃
(t) for each t in πF̃ ◦ γ(S1). By (59), f satisfies

(60) f ∗µF̃ /Fb
= C1µF̃ /Fb
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for a constant C1. Let F̃ /Fb be the leaf space of (F̃ ,Fb|F̃ ). F̃ /Fb is a closed

manifold. This F̃ /Fb is orientable by the transverse orientability of (F̃ ,Fb|F̃ ).

Let f be the map induced by f on F̃ /Fb. Since µF̃ /Fb
is basic, µF̃ /Fb

is a pull

back of a volume form µF̃ /Fb
on F̃ /Fb. We have

(61) f
∗
µF̃ /Fb

= C1µF̃ /Fb

Hence C1 is equal to 1, because C1 is equal to the mapping degree of a diffeo-
morphism f : F̃ /Fb −→ F̃ /Fb. It follows from (60) that ∇ satisfies the condition
(B). �

A section of C∞(∧kT ∗F) is called a leafwise k-form on (M,F). If k = dimF ,
a leafwise k-form is called a leafwise volume form on (M,F). The wedge prod-
uct induces a natural operation C∞(∧kT ∗F) ⊗ C∞(∧cod(M,F)(TM/TF)∗) −→
C∞(∧cod(M,F)+kT ∗M).

Lemma 25. Let γ : S1 −→ M be a smooth embedding in M . Assume that
γ is transverse to the fibers of πF̃ , and that πF̃ ◦ γ is an embedding. We put

M ′ = π−1

F̃
(πF̃ (γ(S1))). Fix a fiber F̃ of πF̃ |M ′ and a point x0 on F̃ . Let ∇ be a

flat connection on πF̃ |M ′. Let f : F̃ −→ F̃ be the holonomy of the flat connection

∇ with respect to the path πF̃ ◦ γ. For x on F̃ , let γ∇x be the lift of the path πF̃ ◦ γ
to M ′ such that γx(0) = x and γ∇x is parallel to ∇. Let α be a closed 1-form on

M such that [α|F̃ ] = 0 in H1(F̃ ; R) and α|Lb
= 0 on each leaf Lb of (F̃ ,Fb|F̃ ).

We assume that ∇ satisfies the conditions (A), (B) and (C) in the statement

of Lemma 24. Let volF̃ be a volume form on F̃ . Then we have

(62)

∫

F̃

(
∫

γ∇
x

α

)

volF̃ =

(
∫

F̃

volF̃

)

(

∫

γ∇
x0

α

)

.

Proof. First, we shall show that there exists an isotopy {φs}s∈[0,1] on F̃ such that

(i) φ0 = idF̃ ,
(ii) f ◦ φ1 preserves volF̃ ,

(iii) φs maps each leaf of F̃ to itself and
(iv) φs fixes x0

by the assumption and a leafwise version of Moser’s argument in below. The
leafwise version of Moser’s argument was used by Ghys in [8] and by Hector,

Macias and Saralegui in [11]. Let ηFb
be the leafwise volume form on (F̃ ,Fb|F̃ )

such that

(63) ηFb
∧ µF̃ /Fb

= volF̃ .

Since each leaf Lb of Fb|F̃ is compact and oriented by the assumption, f maps
the fundamental class of Lb to the fundamental class of f(Lb). Then we have a
leafwise (dimFb −1)-form σ on (F̃ ,Fb|F̃ ) such that dσ = f ∗ηFb

− ηFb
. By adding

a closed (dimFb − 1)-form supported on an open neighborhood of x0 to σ, we
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can modify σ so that σx0 = 0 and dσ = f ∗ηFb
− ηFb

are satisfied. Since ηFb
is a

leafwise volume form on (F̃ ,Fb|F̃ ), there exists a vector field Y on F̃ tangent to

leaves of F̃ such that −ιY ηFb
= σ. We put ηs = ηFb

+ sdσ. We have

(64)

d(φ∗
sηs)
ds

= φ∗
s(LY ηs + dηs

ds
)

= φ∗
sd(ιY ηFb

+ σ)
= 0.

Hence we have

(65) φ1∗f ∗ηFb
= φ1∗η1 = η0 = ηFb

.

Thus f ◦ φ1 preserves ηFb
. Here, φs maps each leaf of F̃ to itself, because Y is

tangent to leaves of F̃ . Then clearly φ1 preserves the transverse volume form
µF̃ /Fb

. Since f preserves µF̃ /Fb
by the assumption, by (63) and (65), we have

(66) (f ◦ φ1)
∗ volF̃ = (f ◦ φ1)

∗ηFb
∧ (f ◦ φ1)

∗µF̃ /Fb
= ηFb

∧ µF̃ /Fb
= volF̃ .

Hence f ◦ φ1 preserves volF̃ . Since σx0 = 0, we have Yx0 = 0. This implies that
φs fixes x0.

Using {φs}s∈[0,1], we can construct a smooth family {∇s}s∈[0,1] of flat connec-
tions on πF̃ |M ′ such that ∇0 = ∇ and the holonomy of ∇s with respect to πF̃ ◦ γ
is f ◦ φs. Since each φs fixes x0, we can take {∇s}s∈[0,1] so that

(67) γ∇x0
= γ∇s

x0

for 0 ≤ s ≤ 1. For x in F̃ , let γ∇1
x be the lift of the path πF̃ ◦ γ to M such that

γx(0) = x and γx is parallel to ∇1. We take a function h on F̃ so that dh = α|F̃ .

For each point x on F̃ , we have

(68)
∫

γ
∇0
x
α +

(

h(φ1 ◦ f(x)) − h(f(x))
)

−
∫

γ
∇1
x
α = 0

by the Stokes’ theorem. By the assumption on α, the restriction of h to each
leaf of Fb|F̃ is constant. Since φ1 ◦ f maps each leaf of F̃ to itself, we have
h(φ1 ◦ f(x)) − h(f(x)) = 0. Hence, by (68), we have

(69)

∫

γ
∇0
x

α−

∫

γ
∇1
x

α = 0

for each point x on F̃ . Then we have

(70)

∫

F̃

(
∫

γ
∇0
x

α

)

volF̃ −

∫

F̃

(
∫

γ
∇1
x

α

)

volF̃ =

∫

F̃

(
∫

γ
∇0
x

α−

∫

γ
∇1
x

α

)

volF̃ = 0.

For each point x on F̃ , we have

(71)
(

h(x) − h(x0)
)

+
∫

γ
∇1
x
α +

(

h(f ◦ φ1(x0)) − h(f(x))
)

−
∫

γ
∇1
x0

α = 0
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by the Stokes’ theorem. Then we have

(72)

∫

F̃

(

∫

γ
∇1
x
α
)

volF̃ −
(∫

F̃
volF̃

)

(

∫

γ∇
x0

α
)

=
∫

F̃

(

∫

γ
∇1
x
α
)

volF̃ −
(∫

F̃
volF̃

)

(

∫

γ
∇1
x0

α
)

=
∫

F̃

(

∫

γ
∇1
x
α
)

volF̃ −
∫

F̃

(

∫

γ
∇1
x0

α
)

volF̃

=
∫

F̃

(

∫

γ
∇1
x
α−

∫

γ
∇1
x0

α
)

volF̃

=
∫

F̃

(

−
(

h(x) − h(x0)
)

−
(

h(f ◦ φ1(x0)) − h(f ◦ φ1(x))
)

)

volF̃
= −

∫

F̃
(h(x) − h(x0)) volF̃ +

∫

F̃
(h(x) − h(x0))φ

∗
1f

∗ volF̃
= 0.

Here we used (67) in the first equality, (71) in the fourth equality and φ∗
1f

∗ volF̃ =
volF̃ in the last equality. The equation (62) follows from (70) and (72). �

5.5. ξ(F) = [κ̃b] on M . We prove a lemma which will be used to complete the
proof of Proposition 20 (ii). Note that α will be considered to be ξ(F) − [κ̃b] in
the application in Section 5.6.

Lemma 26. Assume that the conditions (a), (b), (c) and (d) in Proposition 20
are satisfied. Assume that γ0 in π1(M,x0) satisfies the following conditions: γ0 is
represented by a smooth path l′0 : [0, 1] −→ M which factors a smooth embedding
l0 : S1 −→ M and is transverse to the fibers of πF̃ , and πF̃ ◦ l0 is a smooth
embedding. Let α be a closed basic 1-form on (M,F) which satisfies the following
conditions:

(i) α|Lb
= 0 for each leaf Lb of (F̃ ,Fb|F̃ ).

(ii) α|F̃ is exact.
(iii) For any submanifold M ′ of M which is a union of fibers of πF̃ ,

(73)

∫

M ′

(

∫

γx

α
)

volM ′(x) = 0

is satisfied for every flow {φt}t∈[0,1] generated by vector field X such that
ωi(X) is constant on each fiber of πF̃ for each i where γx is the orbit of
x of the flow {φt}t∈[0,1].

Then we have

(74)

∫

γ0

α = 0.

Proof. We put

(75) K = πF̃ ◦ l0(S
1),M ′ = π−1

F̃
(K).

M ′ is a submanifold of M which is a union of fibers of πF̃ by the assumption on
γ0.
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By the condition (a), we have

(76)

∫

M ′

(

∫

γx

α
)

volM ′(x) =

∫

K

(

∫

π
F̃

(

∫

γx

α
)

volF̃

)

volK .

By the conditions (c), (d) and Lemma 24, there exists a flat connection ∇ on
the fiber bundle M ′ −→ K which satisfies the conditions (A), (B), (C) and (D)
in the statement of Lemma 24. By condition (D) and the assumption (iii), we
have

(77)

∫

M ′

(

∫

γx

α
)

volM ′(x) = 0.

Since the assumptions of Lemma 25 are satisfied by the conditions (A), (B) and
(C), we have

(78)

∫

π−1

F̃
(t)

(

∫

γx

α
)

volπ−1

F̃
(t) =

(

∫

π−1

F̃
(t)

volπ−1

F̃
(t)

)(

∫

γx0

α

)

for each t in K by Lemma 25. By condition (b) and Lemma 19, the volume of
fibers of πF̃ is constant. By (76), (77) and (78), we have

(79)

∫

γx0

α = 0.

Hence Lemma 26 is proved. �

5.6. Proof of Proposition 20 (ii). By the homotopy exact sequence of the
fiber bundle πF̃ , we have an exact sequence
(80)

π2(M/F̃ , πF̃ (x0)) // π1(F̃ , x0)
ι

// π1(M,x0)
(π

F̃
)∗

// π1(M/F̃ , πF̃(x0)) // 0.

By Lemmas 21 and 23, we have κb|Lb
− κ̃b|Lb

for every leaf Lb of (F̃ ,Fb|F̃ ) and
[κb|F̃ ]− [κ̃b|F̃ ] = 0. This implies that [κb]− [κ̃b] vanishes on the image of ι. Then
Lemma 26 implies

∫

γ
(κb − κ̃b) = 0 for γ in π1(M,x0) such that

• γ is transverse to the fibers of πF̃ and
• πF̃ ◦ γ is an embedding.

Note that π1(M/F̃ , πF̃(x0)) is generated by the loops of the forms (πF̃)∗γ where
γ runs all of the closed paths satisfying these two conditions. Hence we have
[κb] = [κ̃b] in H1(M ; R).

6. Continuity of the Álvarez classes

We show Theorem 1 for smooth families of orientable transversely parallelizable
foliations using Proposition 20.
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6.1. A family version of the Molino theory. Let U be a connected open set
in R

L which contains 0. Let M be a closed manifold, and {F t}t∈U be a smooth
family of orientable transversely parallelizable foliations of M over U given by a
smooth foliation Famb of M × U . We define a distribution D on M × U by

(81) D(x,t) = {v ∈ T(x,t)(M × U) | vf(x, t) = 0, ∀f ∈ C∞
b (M × U,Famb)}.

where C∞
b (M × U,Famb) is the space of basic functions on (M × U,Famb). By

the standard argument of the Molino theory on D, we shall obtain the following
properties of D similar to the properties of the basic foliation of transversely
parallelizable foliations:

Lemma 27. (i) (M × U,Famb) is fiberwise transitive, that is, for each two
points (x, t) and (y, t) in M ×U with the same second coordinates, there
exists a diffeomorphism f of M × U which preserves Famb and satisfies
f(x) = y.

(ii) The dimension of D(x,t) is independent of x.
(iii) D|M×{t} is integrable, and we have a foliation Dt of M × {t} defined by

D|M×{t}.
(iv) The leaf space (M ×{t})/Dt is a closed manifold and the canonical pro-

jection M ×{t} −→ (M ×{t})/Dt is a smooth fiber bundle with compact
fibers for each t.

Proof. Fix t0 on U . Let X̂j
amb be a vector field onM×U which is projected toXj

amb

by the canonical projection C∞(TM) −→ C∞(TM/TF). By the compactness of

M , for a relative compact open neighborhood U ′ of t0 in U , each X̂ i
amb generates a

flow {φs
i}s∈R onM×U ′. By the proof of Theorem 4.8 of Moerdijk and Mrčun [16],

for each two points (x, t0) and (y, t0) in M×{t0}, there exists a diffeomorphism f
of M ×{t0} which is a composition of φs1

1 |M×{t0}, φ
s2
2 |M×{t0}, · · · , φ

scod(M,F)

cod(M,F)|M×{t0}

for some si and diffeomorphisms of M × {t0} preserving each leaf of F t0 whose
supports are contained in a foliated chart of F t0 . Since X i

amb is basic with respect
to (M×U ′,Famb), φsi

i preserves Famb. We can extend diffeomorphisms ofM×{t0}
which preserve each leaf of F t0 and whose supports are contained in a foliated
chart of F t0 to diffeomorphisms of M ×U ′ preserving each leaf of Famb. Then f
extends to a diffeomorphism of M × U ′ preserving Famb as a composite of φs1

1 ,
φs2

2 , · · · , φ
scod(M,F)

cod(M,F) and diffeomorphisms of M × U ′ preserving each leaf of Famb.

This proves (i).
(ii), (iii) and (iv) follow from (i) and the proof of Theorem 4.3 of Moerdijk

and Mrčun [16]. We write down the proof for the sake of completeness. Since
D|M×U ′ is preserved by a diffeomorphism of M × U ′ preserving Famb by the
definition, (ii) directly follows from (i). Let (x, t0) be a point on M × {t0}. By
(ii), D|M×{t0} is a vector bundle on M×{t0}. Let Z1 and Z2 be two local sections
of D|M×{t0} defined near (x, t0). For every f in C∞

b (M × U,Famb), we have
[Z1, Z2]f = Z1Z2f − Z2Z1f = 0. Then [Z1, Z2] is a section of D|M×{t}. Hence
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D|M×{t} is integrable. (iii) is proved. Let L be a leaf of the foliation defined
by D|M×{t0}. Let x be a point in L. We put k(t0) = dimM − dimDt0 . By the
definition of D, there exists basic functions f1, f2, · · · , fk(t0) on (M×U,Famb) such
that df1∧df2∧· · ·∧dfk(t0) is nonzero at x. Since each fi is basic, df1∧df2∧· · ·∧dfk(t0)

is nowhere vanishing on an open saturated neighborhood U ′ of L in (M×U,Famb).
Then the map φ defined by

(82)
φ : U ′ −→ R

k(t0)

z 7−→ (f1(z), f2(z), · · · , fk(t0)(z))

is a submersion such that one of the fibers of φ is equal to L. Shrinking U ′, we
can assume that the fibers of φ is connected. Since each fiber of φ is saturated
by Dt, each leaf of Dt near L coincides with a fiber of φ. Then φ gives a local
trivialization of a fiber bundle. Hence (iv) is proved. �

Since D is a closed subset of T (M × U) by the definition of D, the di-
mension of D(x,t) is upper semicontinuous with respect to t. If the dimension
of D(x,t) is constant with respect to t, then the leaves of D are fibers of a
smooth submersion whose restriction to M × {t} is equal to the canonical map

M ×{t} −→ (M ×{t})/Dt for each t. In this case, the continuity of the Álvarez
class follows without Proposition 20 (see Example 7.1). When the dimension of
D jumps, we have only a family of smooth proper submersions defined by D
which changes discontinuously with respect to t.

6.2. Verification of the conditions in Proposition 20. Let U be a connected
open set in R

l which contains 0. Let M be a closed manifold, and {F t}t∈U be
a smooth family of orientable transversely parallelizable foliations of M over U
given by a smooth foliation Famb of M×U . We define a distribution D on M×U
by (81). By Lemma 27 (iv), D|M×{t} defines a foliation Dt of M×{t} whose leaves
are fibers of a submersion. We denote the projection M ×{0} −→ (M ×{0})/D0

by π0
F̃
.

To apply Proposition 20 to our situation, we prepare two lemmas.

Lemma 28. There exist an open neighborhood U ′ of 0 in U and a smooth proper
submersion πamb

F̃
: M × U ′ −→ (M × {0})/D0 such that

(i) πamb
F̃

|M×{0} = π0
F̃

and

(ii) each fiber of πF̃ |M×{t} is saturated by the leaves of F t for each t in U ′.

Proof. We put k = dimM − dimD0. For each point (x, 0) on M × {0}, there
exists a k-tuple of leafwise constant functions fx1, fx2, · · · , fxk globally defined
on (M×U,Famb) such that (dfx1∧dfx2∧· · ·∧dfxk)(x,0) is nonzero by the definition
of D. Then dfx1 ∧ dfx2 ∧ · · · ∧ dfxk is nowhere vanishing on an open saturated
neighborhood Vx of (x, 0) in (M × U,Famb). We define a map φx by

(83)
φx : Vx −→ R

k

z 7−→ (fx1(z), fx2(z), · · · , fxk(z)).
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This φx is a submersion, because dfx1 ∧ dfx2 ∧ · · · ∧ dfxk has no zero on Vx.
We can assume that the fibers of φx is connected after shrinking Vx. We put
V ′

x = φ−1
x

(

φx(Vx ∩ (M × {0}))
)

. This V ′
x is also an open neighborhood of x in

M × U . Since φx(V
′
x) = φx(Vx), for each point z on V ′

x, there exists a leaf Lz of
D0 such that φx(z) = φx(Lz). Since the fibers of φx are connected, Lz is unique.
We define a map by

(84)
ψx : V ′

x −→ V ′
x/D

0

z 7−→ Lz .

ψx is a smooth submersion which maps each leaf of F t to a point. Note that
ψx|M×{0} is the restriction of the projection π0

F̃
to M × {0} by the definition.

It follows that ψx|M×{t} is a submersion, because ψx|M×{t} is of the same rank
with ψx|M×{0}. By the compactness of M , there exists finite points {xj}

n
j=1 such

that ∪n
j=1V

′
xj

contains M × {0}. There exists an open neighborhood U1 of 0 in

U such that M × U1 is contained in ∪n
j=1V

′
xj

. Let {ρj}
n
j=1 be a partition of unity

on (M × {0})/D0 with respect to a covering {π
(

V ′
xj

∩ (M × {0})
)

}n
j=1. We fix

a smooth embedding ι : M × {0} −→ R
m to the m-dimensional Euclidean space.

We define a map Ψ1 by

(85)
Ψ1 : M × U1 −→ R

m

z 7−→
∑n

j=1 ρj(ψxsj
(z))ι(ψxsj

(z)).

Note that each leaf of F t is mapped to a point by Ψ1 by the definition. Ψ|M×{0} is

equal to j ◦π0
D by the definition. Since ψx|M×{t} is a submersion to (M ×{0})/F̃

and ι is an embedding, there exists an open neighborhood U2 of 0 in U1 such that
Ψ1|M×{t} is a map of constant rank for every t in U2. Hence Ψ1(M × {t}) is a
smooth submanifold of R

m, and Ψ1|M×{t} is a smooth submersion on the image for
t in U2. There exists an open neighborhood U ′ of 0 in U2 such that Ψ1(M ×{t})
is the image of a section of the normal bundle in a tubular neighborhood W of
ι(M ×{0}) for every t in U ′. We denote the projection W −→ ι(M ×{0}) of the
tubular neighborhood by pW . We put πamb

F̃
= pW ◦ j ◦ Ψ1|M×U ′. Then πamb

F̃
is a

submersion and an extension of π0
F̃

which satisfies the given conditions. �

We put πt
F̃

= πamb
F̃

|M×{t} for t in U ′. We write F̃ t for a foliation of M × {t}

defined by the fibers of πt
F̃
.

Lemma 29. There exists a smooth family {gt}t∈U ′ of Riemannian metrics on M
such that

(i) gt is bundle-like with respect to both of (M,F t) and (M, F̃ t) and
(ii) the leaves of F̃ t are minimal submanifolds of (M × {t}, gt) for each t in

U ′.

In particular, the conditions (a) and (b) in Proposition 20 are satisfied by M×{0},
F0, F̃0 and g0.
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Proof. It is well known that a Riemannian foliation G on a closed manifold N
defined by a proper submersion is minimizable. For example, see Corollary 2 of
Haefliger [10]. Then there exists a Riemannian metric gamb

1 on M × U ′ which
is bundle-like with respect to the foliation defined by the fibers of πF̃ and each

leaf of F̃ is a minimal submanifold of (M × U ′, gamb
1 ). We put gt

1 = gamb
1 |M×{t}.

Then the leaves of F̃ t are minimal submanifolds of (M × {t}, gt
1). Let χ̃t be the

characteristic form of (M × {t}, F̃ t, gt
1). We can take a family of metrics {gt

2}t∈U

on a family of vector bundles T (M × {t})/TF t ∼= (TF t)⊥ on M such that gt
2

is transverse with respect to both of F t and F̃ t. We can extend the family of
metrics {gt

2}t∈U on {(TF t)⊥}t∈U to a family of Riemannian metrics {gt}t∈U on

M so that the characteristic form of (M, F̃ t, gt) is equal to χ̃t. Then gt is bundle-
like with respect to both of F t and F̃ t. By the Rummler’s formula (see the
second formula in the proof of Proposition 1 in Rummler [22] or Lemma 10.5.6
of Candel and Conlon [4]), the mean curvature form of a Riemannian manifold
with a foliation is determined only by the characteristic form and the orthogonal
complement of the tangent bundle of the foliation. Since the characteristic form
of (M × {t}, F̃ t, gt) is equal to χt, the leaves of F̃ t are minimal submanifolds of
(M × {t}, gt). �

We will confirm that the conditions (c) and (d) in Proposition 20 are satisfied
in the present situation.

Lemma 30. The conditions (c) and (d) in Proposition 20 are satisfied by
(M,F0, g0) and π0

F̃
.

Proof. Let {ωi}
cod(M,F)
i=1 on (M × U,Famb) be the set of basic 1-forms on (M ×

U,Famb) such that ωi(X
j
amb) = δij where δij is the Kronecker’s delta. dωi is

written as

(86) dωi =
∑

1≤j<k≤cod(M,F)

cjki ωj ∧ ωk

for some functions cjki on M × U . We have

(87) dωi(X
j
amb, X

k
amb) = cjki .

Since dωi and each ωj are basic forms and Xj
amb is a transverse field on

(M × U,Famb), cjki is a basic function on (M × U,Famb). Hence the restric-

tion of cjki to each fiber of F̃0 is a constant by the definition of D. This proves
that the condition (c) is satisfied.

Let β be a 1-form on (M × {0})/F̃0. Then π∗
F̃
β is a basic 1-forms on

(M × U,Famb). It follows that π∗
F̃
β(X i

amb) is a global basic function on

(M × U,Famb). Hence the restriction of π∗
F̃
β(X i

amb) to each fiber of F̃0 is a

constant by the definition of D. Hence the image of X i
amb|M×{0} by the canonical
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projection C∞(T (M×{0})/TF0) −→ C∞(T (M×{0})/T F̃0) is a transverse field

on (M × {0}, F̃0). This proves that the condition (d) is satisfied. �

6.3. Proof of the continuity Theorem 1. Let M be a closed manifold and
{F t}t∈U be a smooth family of transversely parallelizable foliations of M over U .
We consider the distribution D defined by the equation (81). By Lemma 27, a
proper submersion π0

F̃
: M×{0} −→ (M×{0})/D0 is defined by the restriction of

D to M×{0}. By Lemma 28, we can take an open neighborhood U ′ of 0 in U and
a proper submersion πamb

F̃
: M × U ′ −→ (M × {0})/D0 such that πF̃ |M×{0} = π0

F̃

and each fiber of πF̃ |M×{t} are saturated by the leaves of F t for each t in U ′.

We denote the foliation of M × {t} defined by the fibers of πF̃ |M×{t} by F̃ t. By
Lemma 29, we take a smooth family of metrics {gt}t∈U ′ on M such that the fibers
of πt

F̃
are minimal submanifolds of (M×{t}, gt), and gt is bundle-like with respect

to both of (M,F t) and (M, F̃ t) for each t in U ′. We denote the mean curvature

form and the Álvarez form of (M,F t, gt) by κt and κt
b, respectively. We define

κ̃t
b = ρF̃(κt).
We prove Theorem 1 by using Proposition 20 and Corollary 4.23 of Domı́nguez

in [5].

Proof of Theorem 1. By Lemma 17, it suffices to show the case where M , F̃0 and
the basic fibration of (M,F0) are orientable. By Lemmas 29 and 30, the condi-
tions (a), (b), (c) and (d) in Proposition 20 are satisfied. Hence, by Proposition
20, κ̃0

b is closed and [κ̃0
b ] = [κ0

b ]. By Corollary 4.23 of Domı́nguez [5], we can
modify the component gt|TFt⊗TFt along the leaves of {gt}t∈T ′ so that κ0 = κ̃0

b .
Note that κ̃t

b may not be closed for nonzero parameter t in T ′.
For a smooth loop γ in M , we have the following evaluation:

(88)

∣

∣

∣

∫

γ

(

κ̃0
b − κt

b

)
∣

∣

∣

≤
∣

∣

∣

∫

γ

(

κ̃0
b − κ̃t

b

)
∣

∣

∣
+
∣

∣

∣

∫

γ

(

κ̃t
b − κt

b

)
∣

∣

∣

=
∣

∣

∣

∫

γ

(

κ̃0
b − κ̃t

b

)
∣

∣

∣
+
∣

∣

∣

∫

γ
ρF

(

κ̃t
b − κt

)
∣

∣

∣

≤
∣

∣

∣

∫

γ

(

κ̃0
b − κ̃t

b

)
∣

∣

∣
+
(

sups∈S1 ||dγ
ds

(s)||
)

(

supx∈M×{t}

∣

∣

∣

∣

∣

∣
κ̃t

b(x) − κt(x)
∣

∣

∣

∣

∣

∣

)

where || · || is a norm induced by gt. Since κ̃t
b converges to κ̃0

b = κ0, the first and
the second term converges to 0 as t tends to 0. Then we have limt→0

∫

γ
κt

b =
∫

γ
κ̃0

b

and the proof is completed. �

By Proposition 5.3 of Álvarez López [1], every closed 1-form cohomologous to

the Álvarez class of (M,F0) is realized as the Álvarez form of (M,F0, g) for some

bundle-like metric g. Proposition 5.3 of of Álvarez López is simpler to prove than
the Corollary 4.23 of Domı́nguez [5] used in the proof of Theorem 1 above. But
we do not know if we can replace Corollary 4.23 of [5] by Proposition 5.3 of [1]
in the proof of Theorem 1.
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In fact, by Proposition 5.3 of [1], we can modify the component gt|TFt⊗TFt

along the leaves of {gt}t∈T ′ so that κ0
b = κ̃0

b . But we do not know if
∣

∣

∣

∫

γ

(

κ̃t
b−κ

t
b

)
∣

∣

∣

converges to 0 as t goes to 0 here. Note that
∣

∣

∣

∫

γ

(

κ̃t
b − κt

)
∣

∣

∣
may not converge to

0 as t goes to 0 in this situation. This is because κt
b is defined by integrating the

mean curvature form on each leaf closure of F t and the dimension of the closures
of leaves of F t can change on any small open neighborhood of 0.

7. Examples of Riemannian foliations

7.1. A special case where the families of Molino’s commuting sheaves
are smooth. Let {F t}t∈T be a family of Riemannian foliation on a closed man-
ifold M . If the dimension of the closures of generic leaves of F t is constant with
respect to t, then the family of Molino’s commuting sheaves of {F t} is smooth
(see pages 125–130 and Section 5.3 of Molino [17] for the definition of the Molino’s

commuting sheaf of a Riemannian foliation). Since the Álvarez class of (M,F t)
is computed from the holonomy homomorphism of the Molino’s commuting sheaf
of (M,F t) by Theorem 1.1 of Álvarez López [2], the Álvarez classes of this family
are continuous with respect to t. Our main continuity Theorem 1 is essential in
the case where the dimension of the closures of leaves change. If the dimension
of the closures of leaves change, we cannot prove the continuity of the Álvarez
class as above or directly by an application of deformation theory to Molino’s
commuting sheaves. In fact, the family of the Molino’s commuting sheaves must
be discontinuous in this case, because the rank of the Molino’s commuting sheaf
is equal to the dimension of the closures of generic leaves of F t.

7.2. Families of homogeneous Lie foliations. Let p : L −→ G be a surjective
homomorphism between Lie groups. Let Γ be a uniform lattice of L. A foliation
F on a homogeneous space Γ\L is induced by the fibers of p. This F has a
structure of a G-Lie foliation. Such F is called a homogeneous G-Lie foliation. By
deforming L, G, p and Γ, we may produce families of homogeneous Lie foliations.
The Álvarez class is computed in terms of Lie theory by the interpretation of the
Álvarez class as a first secondary characteristic class of Molino’s commuting sheaf
by Álvarez López (Theorem 1.1 of [2]). But the author does not know an example

of a family of Riemannian foliations whose Álvarez classes change nontrivially
obtained in this way. In many cases, the Álvarez class does not change as we will
see in the following. If G is nilpotent, then the F is of polynomial growth. Then
the Álvarez class does not change under deformation of F by Corollary 3. If L
is solvable, then Γ is polycyclic (see Proposition 3.7 of Raghunathan [20]). Then

the Álvarez class does not change under deformation of F by Corollary 3. If G is
semisimple, the structural Lie algebra of the Lie foliation defined on the closure
of leaves of F is semisimple. Then F is minimizable by Theorem 2 of Nozawa
[18].
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7.3. Meigniez’s examples: Families of solvable Lie foliations. Meigniez
constructed plenty of families of solvable Lie foliations which are not homogeneous
by a surgery construction on homogeneous Lie foliations in [14] (see also [15], in
particular, pages 119–122 for an explicit example). These families contains many

examples of families of Lie foliations whose Álvarez classes change nontrivially.

7.4. Basic cohomology of Riemannian foliations is not invariant under
deformation. We present an example of a family of Riemannian foliations whose
basic cohomology changes. Let M = S1 × S3. Let σ be the free S1-action on
S3 whose orbits are fibers of the Hopf fibration. Let ρ be the T 2-action on M
which is the product of the principal S1-action on the first S1-component and
σ. For each element v of Lie(T 2) − {0}, let Fv be the Riemannian flow on M
whose leaves are the orbits of an R-subaction of ρ whose infinitesimal action
is given by v. Then we have a smooth family {Fv}v∈Lie(T 2)−{0} of Riemann-
ian flows on M . Let v1 and v2 be the infinitesimal generators of the principal
S1-action on the first S1-component and σ, respectively. Since M/Fv1 = S3 and
M/Fv2 = M/σ = S1 × S2, clearly the dimension of H1

b (M/Fv1) and H1
b (M/Fv2)

are different.

8. Examples of non-Riemannian foliations

8.1. Turburization. Let F1 be a product foliation T 2 = ⊔θ1∈S1{θ1}×S
1 on T 2.

Let F0 be a turbulization of F1 along a closed curve {1
2
}×S1. This F0 is not min-

imizable by a theorem of Sullivan (see [24]), because F0 has a tangent homology
defined by the Reeb component. Note that F0 is a limit of 1-dimensional foliations
on T 2 which are diffeomorphic to F1. Thus we have a family of 1-dimensional
foliations on T 2 parametrized by [0, 1] such that only F0 is not minimizable.

F0 F1

8.2. Deformation of an example of Candel and Conlon. We present an
example of a family {F t}t∈[0,1] of 1-dimensional foliations on S3 such that F0 is
not minimizable and F t is minimizable if t is nonzero. In a similar way, we will
construct a family {Ht}t∈[0,1] of 1-dimensional foliations on S3 such that H1 is
minimizable and Ht is minimizable if t is not equal to 1. Here F0 and H0 are the
example constructed by Candel and Conlon in Example 10.5.19 of [4].

We restate the construction of the example F0 of Candel and Conlon here.
We consider the 2-dimensional product foliation S1 × D2 = ⊔t∈S1{t} × D2 on
the solid torus. Turburizing this product foliation around the axis S1 × {0}, we
obtain a singular foliation S on S1 × D2 whose leaves are trumpet-like surfaces
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and the axis S1 ×{0}. We foliate S1×D2 by a 1-dimensional foliation G0 so that
each leaf of S is saturated by leaves of G0 and the leaves of G0 is transverse to
the boundary of the solid torus. We obtain a foliation F0 on S3 by pasting two
copies of (S1 ×D2,G0). This (S3,F0) is nonminimizable as Candel and Conlon
showed by a theorem of Sullivan in [4].

We construct F t for nonzero t in [0, 1]. Let L1 and L2 be two closed leaves
of F0 which are axes of solid tori. For t in [0, 1], let F t be the smooth foliation
obtained from F0 by replacing both of L1 and L2 to solid tori Kt

1 and Kt
2 of

radius t with the product foliation Kt
i = S1 ×D2 = ⊔x∈D2S1 ×{x} for i = 1 and

2. Thus we have a smooth family {F t}t∈[0,1] of 1-dimensional foliations on S3.

(S1 × T 2,G0) After inserting a sorid torus.

We can decompose S3 into F t-saturated subsets Kt
1, K

t
2 and T 2 × [0, 1]. Let

(θ1, θ2, s) be the coordinates on T 2 × [0, 1] such that

• θ1 parametrizes a meridian of Kt
1 and a longitude of Kt

2, and
• θ2 parametrizes a meridian of Kt

2 and a longitude of Kt
1.

By the construction, we can construct F t so that the leaves of F t are transverse
to a 1-form dθ1 + dθ2 on T 2 × [0, 1].

By the Rummler-Sullivan criterion, we show

Proposition 31. F t is minimizable for nonzero t in [0, 1].

Proof. By the Rummler-Sullivan criterion (see Sullivan [23]), F t is minimizable
if and only if there exist a 1-form χ on S3 such that χ|TFt has no zero and
dχ|TFt = 0.

We take the decomposition of S3 into F t-saturated subsets

(89) S3 = Kt
1 ⊔K

t
2 ⊔ (T 2 × [0, 1])

as above. We take a coordinate (θ1, θ2, s) on T 2× [0, 1] as noted in the paragraph
previous to Proposition 31. We assume that F t is transverse to dθ1 + dθ2 on
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T 2 × [0, 1], while F t|Kt
i

is the product foliation on a solid torus for i = 1 and 2.

Let Ai be the axis of Kt
i . We can extend θ1 from T 2 × [0, 1] to S3 − A1 so that

• θ1 is the composite of a diffeomorphism S3 −A1
∼= S1 ×D2 and the first

projection S1 ×D2 −→ S1 and
• dθ1 is transverse to F t on S3 −Kt

2.

We extend θ2 to S3 − A2 in a similar way.
Let ri be the radius coordinate on the D2-component of Kt

i . Let φi be a
nonnegative smooth function on S3 such that

• φi = 0 on S3 −Kt
i ,

• φi is a function of ri on Kt
i and

• φi is 1 on an open neighborhood of Ai.

We define a 1-form χ on S3 by

(90) χ = (1 − φ1)dθ1 + (1 − φ2)dθ2.

Note that (1− φi)dθi is well-defined on S3, though dθi is not defined on the axis
Ai of Kt

i .
We will confirm that χ satisfies the conditions in the Rummler-Sullivan’s crite-

rion for F t on the each component of the decomposition (89). Since the restriction
of χ to T 2 × [0, 1] is equal to dθ1 + dθ2, χ|T 2×[0,1] is transverse to F t|T 2×[0,1] and
dχ = 0. On Kt

1, we have

(91) χ|Kt
1

= (1 − φ1)dθ1 + dθ2

Since dθ2 is transverse to F t|Kt
1

and dθ1|TFt is zero, χ|Kt
1

is transverse to F t|Kt
1
.

We have dχ|Kt
1

= dφ1 ∧ dθ1, and hence (dχ|Kt
1
)|TFt = 0. We can prove that χ|Kt

2

also satisfies the two conditions in the Rummler-Sullivan’s characterization in the
same way. Hence F t is minimizable. �

Let Xs be a nowhere vanishing vector field tangent to F s for s = 0 and 1.
We put X t = tX1 + (1 − t)X0. Then X t is also nowhere vanishing and defines
a foliation Ht. In this family {Ht}t∈[0,1] of foliations, Ht is not minimizable for
0 ≤ t < 1 and H1 is minimizable. Hence

References
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[6] E. Fedida, Feuilletages du plan, feuilletages de Lie, Thesis, Strasbourg (1983).
[7] E. Fedida, Sur les feuilletages de Lie, C. R. Acad. Sci. Paris Sér. A-B 272 (1971),

999–1001.
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